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1. INTRODUCTION 

Th is  paper i s  concerned w i t h  an eva lua t ion  o f  the  perfoniiance o f  

f o u r  pseudo-random number generators i n  generat ing numbers from t h e  two 

parameter lognormal and gamma d i s t r i b u t i o n s .  It i s  a n t i c i p a t e d  t h a t  one 

o r  two o f  these generators w i l l  be used i n  s tud ies  o f  sampling s t r a t e g i e s  

f o r  s tudying the  movement o f  t r a c e  substances i n  food chains. The 

lognormal and gamma d i s t r i b u t i o n s  have been suggested (Eberhardt (1972)) 

as su i  tab1 e frequency d i s t r i b u t i o n s  t o  represent  observat ions o f  t h e  

concent ra t ion  o f  substances such as rad ionuc l i des  and DDT i n  samples o f  

b io ta .  

The f o u r  generators used here a re  denoted by RANDLI1, RND, RN2 and 

RN4. Each o f  these i s  designed t o  generate independent un i f o rm ly  d i s t r i b u t e d  

pseudo-random numbers between 0 and 1. These numbers a re  transformed t o  

lognormal o r  gamma va r i a tes  us ing  equat ions ( 3 )  and (4 )  g iven below. 

It i s  perhaps impossib le t o  come t o  a d e f i n i t i v e  s o l u t i o n  t o  t he  

problem o f  choosing between RANDU1, RND, RN2 and RN4, s i nce  each can 

generate m i  11 ions  o f  d i f f e r e n t  sequences o f  pseudo-random numbers. For 

a g iven  generator, some o f  these sequences may have undesi rable s t a t i s t i c a l  

p rope r t i es  and o thers  may not.  (See Marsagl ia (1968) f o r  a d iscuss ion  of 

why c e r t a i n  random number generators may be unsu i tab le  f o r  some Monte 

Car l  o problems. ) 

The approach used here t o  evaluate these generators was t o  generate 

j u s t  one sequence o f  pseudo-random U(0, l )  numbers f o r  each generator and 

t o  app ly  var ious  d i s t r i b u t i o n a l  and randomness t e s t s  t o  t he  same numbers 



a l o n g  t h i s  one sequence. T h i s  approach c o u l d  be c h a r a c t e r i z e d  as an 

i n t e n s i v e  i n v e s t i g a t i o n  of  t h e  numbers i n  one p a r t  o f  one sequence r a t h e r  

t h a n  an e x t e n s i v e  e v a l u a t i o n  of t h e  genera to rs  by i n v e s t i g a t i n g  many 

d i f f e r e n t  sequences o r  d i f f e r e n t  s e c t i o n s  o f  t h e  same sequence. T h i s  

approach would appear t o  be adequate f o r  o u r  purposes s i n c e  a l l  t h a t  i s  

r e q u i r e d  f o r  t h e  s t u d y  o f  sampl ing s t r a t e g i e s  (and most any o t h e r  Monte 

C a r l o  s t u d y )  i s  a  s i n g l e  sequence of  pseudo-random U(0 , l )  numbers t h a t  i s  

known as f a r  as p o s s i b l e  t o  have d e s i r a b l e  s t a t i s t i c a l  p r o p e r t i e s  p l u s  

speed and l o n g  p e r i o d i c i t y .  The reader  shou ld  n o t  assume, however, t h a t  

t h e  r e s u l t s  o b t a i n e d  here  u s i n g  j u s t  a  p a r t  o f  one sequence n e c e s s a r i l y  

a p p l y  t o  o t h e r  sequences f o r  t h a t  generator .  

Each g e n e r a t o r  was eva lua ted  f o r  randomness by ( i )  comput ing t h e  

ch i -square  goodness-o f - f i  t t e s t  on generated U(0, l )  numbers f a 1  1  i ng i n  

100 equal  i n t e r v a l s  o f  s i z e  .O1 between 0  and 1, and ( i i )  b y  pe r fo rm ing  

t h e  l a g  p r o d u c t  t e s t  (Nay lor ,  Bal i n t f y ,  Burd ick ,  and Chu (1968))  f o r  l a g s  

k  between 1  and 25 (a t e s t  f o r  c o r r e l a t i o n  between numbers i n  t h e  sequence 

wh ich  a r e  k  u n i t s  a p a r t ) .  I n  a d d i t i o n ,  each genera to r  was used i n  

c o n j u n c t i o n  w i t h  equa t ions  ( 1 )  th rough  ( 4 )  below t o  genera te  log-normal 

and gamma v a r i a t e s .  The goodness o f  f i t  o f  these generated d i s t r i b u t i o n s  

was e v a l u a t e d  b y  ch i -square  goodness-of - f i  t t e s t s  as we1 1  as o t h e r  t e s t s  

o f  s i g l i i f i c a n c e  based on normal t h e o r y  desc r ibed  i n  s e c t i o n s  5, 6  and 7. 

I n  a d d i t i o n ,  some i n f o r m a t i o n  i s  o b t a i n e d  on t h e  speed and p e r i o d  o f  each 

genera to r .  A l l  computat ions were performed on t h e  UNIVAC 1108 computer. 



On the  whole, t h e  above t e s t s  p o i n t  t o  t h e  conc lus ion  t h a t  RN4 and 

RN2 a r e  about  equal i n  performance f o l l owed  by RND and RANDUl i n  t h a t  

order.  RANDUl seems t o  be p a r t i c u l a r l y  suscep t i b l e  t o  s e r i a l  c o r r e l a t i o n  

between members o f  t he  generated sequence. Th is  i n  t u r n  appears t o  

r e s u l t  i n  r e l a t i v e l y  poor performance o f  RANDUl i n  genera t ing  gamma 

v a r i a t e s  which r e q u i r e  summing severa l  U(0, l )  numbers. RANDUl a1 so 

appears t o  be t h e  s lowes t  o f  t he  4  generators  tested.  RND i s  appa ren t l y  

o n l y  s l i g h t l y  l e s s  accura te  than RN2 and RN4, and has t he  advantage t h a t  

i t  i s  a v a i l a b l e  on t he  t e l e t y p e  t e rm ina l .  More d e t a i l e d  conc lus ions and 

d iscuss ions  a r e  g iven  i n  s e c t i o n  8. 



2. RANDOM NUMBER GENERATORS 

RAND111 i s  a s l i g h t l y  mod i f ied  v e r s i o n  of RANDU which i s  a MATH-PACK 

l i b r a r y  subprogram on t h e  UNIVAC 1108 computer descr ibed  i n  t h e  Computer 

Science Corpora t ion  (CSC) pub1 i c a t i o n  number UP-7542. RANDUl and RANDU 

use t h e  CSC subprogram NRAND ( a l s o  descr ibed  i n  UP-7542) which generates 

27 i n t e g e r s  on t h e  i n t e r v a l  (0, 2 ) by a congruence method (Abramowitz and 

Stegun (1967)) .  The CALL s ta tement  f o r  RANDU i s  

CALL RANDU (X,N) 

where X i s  t h e  s t a r t i n g  va lue  o f  t h e  genera to r  and N t h e  number o f  U(0, l )  

pseudo-random numbers t o  be generated. RANDU was modi f ied and renamed 

RAND111 f o r  two reasons: 

( i )  i t  was decided t o  always use f4 = 1 so t h a t  o n l y  one U(0 , l )  

random number would be generated f o r  each CALL statement.  

( i i )  I t  was a n t i c i p a t e d  t h a t  t h e  e v a l u a t i o n  o f  RANDUl would r e q u i r e  

more than one computer execu t ion  ( r un )  making i t  advantageous 

t o  know t h e  arguments o f  NRAND a t  t h e  end o f  each r u n  so t h e  

sequence cou ld  be cont inued i n  t he  nex t  computer r u n  w i t h  no 

p o s s i b i l i t y  o f  over lap.  The CALL s ta tement  o f  RANDUl i s  

CALL RANDUl (X,l,J,K) 

where X i s  t h e  generated U(0, l )  number and J and K a r e  t h e  

arguments o f  NRAND which a r e  p r i n t e d  o u t  a t  t h e  end o f  each 

computer run. The second argument 1 mere ly  i n d i c a t e s  t h a t  



o n l y  one X i s  generated f o r  each CALL RANDUl statement. Program 

l i s t i n g s  o f  RANDU, RANDUl and NRAND a r e  g i ven  i n  t h e  appendix. 

The va lues o f  J and K used here a r e  4048130 and 2207286, 

r espec t i ve l y ,  which were chosen a t  random. These va lues i d e n t i f y  

t h e  s t a r t i n g  p o i n t  o f  t h e  sequence o f  U(0, l )  numbers evaluated 

here. 

I n  t h e  CSC p u b l i c a t i o n  LIP-7542, f o u r  se t s  of  500 un i f o rm  numbers were 

generated by RANDU (each s e t  us ing  a d i f f e r e n t  s t a r t i n g  number X) and t h e  

ch i -square goodness-o f - f i t  t e s t  app l i ed  t o  t he  data.  None of t he  t e s t s  were 

s i g n i f i c a n t ,  b u t  i t  was concluded t h a t  t he  ch i -square s t a t i s t i c  ob ta ined  

depends h e a v i l y  on t h e  i n i t i a l  number X supp l ied  t o  RANDU. 

RN4 was o r i g i n a l l y  w r i t t e n  by Kronmal (1964) f o r  t he  IBM 7094. Two 

un i fo rm random numbers U1 and Up a r e  generated w i t h  one CALL statement, 

each by a d i f f e r e n t  mixed cong ruen t i a l  generator.  Box and M u l l e r  (1958) showed 

t h a t  i f  U1 and U2 a r e  independent random v a r i a b l e s  from t h e  U(0, l )  

d i s t r i b u t i o n  then 

and 

X2 = ( -2  i n  u1 1% s i n  (2n U2) ( 2 )  

a re  norma l l y  d i s t r i b u t e d  w i t h  mean equal t o  zero and var iance  equal t o  one. 

Kronmal t e s t e d  severa l  mi xed congruen t i  a1 generators  f o r  genera t ing  

independent U(0, l )  numbers. These generators  were evaluated by us ing  



equa t ions  ( 1 )  and ( 2 )  t o  produce a sequence of  numbers wh ich  were s t a t i s t i c a l l y  

t e s t e d  f o r  n o r m a l i t y  and randomness. The mixed c o n g r u e n t i a l  genera to rs  

u l t i m a t e l y  chosen by Kronmal s a t i s f i e d  these t e s t s  on e i g h t  samples o f  

one m i l l  i o n  numbers each. The t e s t s  f o r  randomness were ( i  ) s e r i a l  

c o r r e l a t i o n s  o f  l a g  1 and l a g  2, ( i  i )  number o f  runs above and below 

zero, and ( i i i )  t h e  random d i s p e r s i o n  o f  extreme va lues  ( >  - + 3.891). 

N o r m a l i t y  was t e s t e d  b y  computing means and va r iances  o f  each sample, 

comparing e m p i r i c a l  and cumu la t i ve  d i s t r i b u t i o n s ,  and g e n e r a t i n g  t h e  

d i s t r i b u t i o n  o f  t h e  range and t h e  o r d e r  s t a t i s t i c s  f o r  smal l  samples. 

The r e s u l t s  i n d i c a t e d  c l o s e  agreement w i t h  normal theory .  

RN4 was m o d i f i e d  f o r  use on t h e  UNIVAC 1108 and i s  c a l l e d  by 

CALL RN4 (uU1, UU2, U1, U2) 

where UU1 and UU2 a r e  two 12 d i g i t  o c t a l  s t a r t i n g  va lues (arguments) f o r  

t h e  congruence genera to rs  and U1 and U2 a r e  t h e  generated u n i f o r m  v a r i a t e s .  

The numbers UU1 = 233362477003 and UU2 = 212312312323 used by Kronmal were 

a l s o  used i n  t h e  p r e s e n t  paper. 

RN2 i s  s i m i l a r  t o  RN4 excep t  t h a t  i t  uses o n l y  one mixed c o n g r u e n t i a l  

U(0, l )  genera to r .  It i s  c a l l e d  b y  

CALL RN2 (UU1, U1) , 

where UU1 and U1 a r e  as d e f i n e d  above f o r  RN4. The sequence o f  numbers 

o b t a i n e d  u s i n g  RN2 was begun w i t h  UU1 = 011060471625 which was chosen a t  

random. The l a s t  va lues  o f  UU1 and UU2 f o r  a g i v e n  r u n  o f  RN4 and RN2 



were p r i n t e d  o u t  and used t o  con t inue  t he  sequence on t h e  n e x t  occasion. 

Program l i s t i n g s  o f  RN4 and RN2 a re  g i ven  i n  t h e  appendix. 

The generator  RND i s  t h e  f u n c t i o n  RND a v a i l  ab le  on t h e  Computer 

Sciences Conversat ional  Execut ive (CSCX) BASIC p r o g r a m i n g  1  anguage which 

i s  used when communication w i t h  t h e  LINIVAC 1108 i s  by remote t e l e t y p e  

t e rm ina l .  No i n f o r m a t i o n  i s  r e a d i l y  a v a i l a b l e  on t h e  method o f  genera t ion  

used i n  RND o r  on i t s  performance i n  genera t ing  U(0, l )  numbers. A  t o t a l  

o f  200,000 U(0, l )  numbers were generated us ing  RND and s to red  on f i l e  f o r  

e v a l u a t i o n  us ing  t he  UIVIVAC 1108 i n  Fo r t r an  V. Un fo r tuna te ly ,  i t  i s  n o t  

p o s s i b l e  t o  r e c o n s t r u c t  t h i s  sequence o f  200,000 numbers s i n c e  t h e  

s t a r t i n g  values a re  n o t  supp l i ed  by t h e  user  and a r e  consequent ly unknown. 

Hence, f u t u r e  Monte Car lo  s tud ies  us ing  RND w i l l  n o t  i n  a l l  p r o b a b i l i t y  use 

t he  sequence s t a t i s t i c a l l y  eva lua ted  i n  t h i s  paper. 



3. METHODS 

For t he  purposes o f  i n v e s t i g a t i n g  sampl ing s t r a t e g i e s  us ing  non- 

l i n e a r  models, we wish t o  generate lognormal and gamna v a r i a b l e s  w i t h  

expec ta t i on  1 and s tandard d e v i a t i o n  C. Note t h a t  t h i s  i m p l i e s  t h e  

c o e f f i c i e n t  o f  v a r i a t i o n  d e f i n e d  t o  be C.V. = (s tandard  dev ia t ion lmean)  

i s  a l s o  equal t o  C. Consider f i r s t  t h e  2-parameter lognormal d i s t r i b u t i o n  

whose d e n s i t y  f u n c t i o n  i s  g i ven  by  

' 
exp [ -  4 ( l n  y - f (y;p,a) = - 

ay fi 20 

f o r  y > 0, -m < p < rn, a  > 0. We have t h a t  

and 

a 2 
( ~ a h n  and Shapi ro  (1967)) .  It f o l l o w s  t h a t  i f  LI = - 7 , then  E (y )  = 1 

2  2  
and Va r ( y )  = exp(0 ) - 1 = C . Furthermore, i f  x % N(0 , l )  then 

i s  d i s t r i b u t e d  lognorma l l y  w i t h  parameters p and a (Hahn and Shapi ro  

(1967), p. 242). Thus, lognormal v a r i a t e s  w i t h  expec ta t i on  1 and 

s tandard d e v i a t i o n  C were generated by s p e c i f y i n g  a va lue f o r  C, s o l v i n g  

2 2 2 
t he  equat ion  exp(a ) - 1 = C f o r  a, s e t t i n g  p = - a 12, genera t ing  x  



us ing  one o f  t he  random number generators  i n v e s t i g a t e d  here, and us ing  

equat ion  (3 )  t o  o b t a i n  y. C l e a r l y  t he  d i s t r i b u t i o n  of y depends e n t i r e l y  

on x  f o r  a  g iven  va lue  o f  C. The lognormal d i s t r i b u t i o n  i s  s t u d i e d  i n  

some d e t a i l  i n  t he  monograph by A i t c h i s o n  and Brown (1969). 

The d e n s i t y  f u n c t i o n  o f  t he  2-parameter gama  d i s t r i b u t i o n  i s  g i ven  

by 

f o r  y 2 0, A > 0, > 0, where r ( n )  i s  t h e  w e l l  known gamma func t i on  (Hahn 

and Shapi ro  (1967)). It f o l l o w s  t h a t  

E(Y)  = n/A and Var (y )  = n/A 
2  

which imp1 i e s  

c2 = l / n  

Our c o n d i t i o n s  t h a t  E (y )  = 1  and Var (y )  = C a r e  hence s a t i s f i e d  i f  we s e t  

n  = A. Fu r t he r f o re ,  if Ui U(0,1), then t h e  t r ans fo rma t i on  

y i e l d s  a  gamma v a r i a t e  y w i t h  parameters A and n  ( f o r  i n t e g e r  n )  (Hahn 

and Shapi ro  (1 967), p. 242). Consequently, gama v a r i a t e s  w i t h  expec ta t i on  

1  and s tandard d e v i a t i o n  C were generated by s p e c i f y i n g  a  va lue f o r  C, 

2  
s o l v i n g  C = l / n  f o r  TI, s e t t i n g  n  = A,  genera t ing  Ui us i ng  RAHDUI, RND, 

RN2 o r  RN4 and s o l v i n g  equat ion  ( 4 )  f o r  y. 



When u s i n g  RN4 a  ques t i on  a r i s e s  concern ing which, o r  i n  what 

p r o p o r t i o n  t h e  two mixed congruen t i  a1 number genera to rs  shou ld  be used 

t o  supp ly  n un i f o rm  numbers Ui r e q u i r e d  i n  equa t ion  (4) .  An examinat ion 

o f  t h i s  ques t i on  i s  beyond t h e  scope o f  t h i s  paper. Our r e s u l t s  a r e  

based on us i ng  n/2 f rom each genera to r  i f  Q i s  even. When Q i s  odd 

t h e  e x t r a  un i form number r e q u i r e d  i s  taken f rom t h e  f i r s t  generator .  



4. TESTS FOR PERIODICITY 

By the period of a pseudo-random number generator we mean the length 

of the sequence of numbers which can be generated before the generator 

begins repeating i t s e l f ,  i .e.,  generating the same sequence over again. 

In general, generators are constructed so that their  periods are as large 

as possible, usually 227 or 236, while s t i l l  retaining good s t a t i s t i ca l  

properties and speed of generation. The period of the four generators 

used here are  be1 ieved to be a t  leas t  227 (approximately 134 mill ion). 

However, to  insure that  the i r  periods are a t  leas t  2 or 3 million, the 

generators were a1 lowed to generate a sequence of pseudo-random U(0,l) 

numbers for  approximately 250 seconds of 1108 computer time. The s tar t ing 

values for each generator were as indicated in the previous section, i .e. ,  

the same sequences were used to  evaluate the period of R A N D U 1 ,  R N 2  and 

RN4 as were used to t e s t  the i r  s t a t i s t i ca l  properties. The period of 

R N D  was examined using the teletype terminal and hence used different  

pseudo-random nurabers than those stored on tape for  s t a t i s t i ca l  testing 

purposes using the UNIVAC 1108. 

R N 2  and RN4 each generated between 6 and 6.5 million U(0,l) pseudo- 

random numbers in the al lot ted time period, while RANDUl generated between 

3 and 3.5 million. R N D  generated 2,400,000 numbers in 137 seconds 

indicating approximately 4,400,000 numbers would be generated in 250 

seconds. None of the 4 generators began repeating during th is  time. 



Th i s  was determined f o r  RANDU1, RN4 and RN2 by t e s t i n g  whether t h e  

arguments o f  each newly generated U(0, l )  number i n  t h e  sequence were 

equal t o  t he  arguments used f o r  t h e  f i r s t  number i n  t he  sequence. (These 

arguments a re  J and K f o r  RANDUl, UU1 and UU2 f o r  RIV4, and UU1 f o r  RN2.) 

I n  t h e  case o f  RIJD, s i nce  t he  argument s t a r t i n g  t he  genera to r  i s  n o t  

supp l i ed  by t he  used and i s  unknown, t h e  p e r i o d i c i t y  was eva lua ted  by 

t e s t i n g  whether each newly generated U(0, l )  number was equal t o  t he  f i r s t  

such number generated i n  t he  sequence. The r e s u l t s  o f  t h e  above t e s t s  

i n d i c a t e  t h e  per iods  o f  RANDU1, RND and bo th  generators  o f  RN4 a r e  a t  

l e a s t  3,000,000 and t h a t  o f  RN2 a t  l e a s t  6,000,000. 

The above genera t ion  t imes g i v e  o n l y  a rough guide t o  t h e  speed o f  

t he  genera to rs  s i nce  t he  l e n g t h  o f  t he  computer programs v a r i e d  s l i g h t l y  

between generators ,  and RND was used over  a remote t e rm ina l  us ing  t he  

BASIC language. However, t h e  above r e s u l t s  suggest t h a t  RN2, RN4 and 

RND may be somewhat f a s t e r  than RANDUl. 



5. TESTS FOR RANDOMNESS 

( a )  Goodness-of-Fi t Tests  

E i g h t  samples o f  pseudo-random U(0, l )  numbers from each generator  

were cons t ruc ted  and t he  ch i -square t e s t  computed on each. Two samples 

each of s i zes  500,1000,5000 and 10000 were generated. I n  a d d i t i o n ,  

the  ch i -square t e s t  was computed on t he  pooled f requencies o f  each 

o f  t h e  100 i n t e r v a l s  over  t he  e i g h t  samples (a  t o t a l  o f  33,000 

observa t ions) .  The sum o f  t he  r e s u l t i n g  e i g h t  ch i -square va lues was 

a l s o  ob ta ined  s i nce  under t he  hypothes is  o f  randomness i t  i s  

d i s t r i b u t e d  as a  ch i -square w i t h  ( i n  t h i s  i ns tance )  792 degrees o f  

freedom. These r e s u l t s  a re  g i ven  i n  Table 1. We see t h a t  RANDUl 

and RN4 had no s i g n i f i c a n t  ch i -square values w h i l e  RND and RN2 had 

one and two s i g n i f i c a n t  r e s u l t s ,  r espec t i ve l y .  Furthermore, t h e  

pooled and sum chi-squares f o r  RND were s i g n i f i c a n t .  F igure  1  i s  

a  p l o t  o f  t he  pooled f requencies obta ined us ing  RND. There a r e  no 

apparent pa t t e rns  t o  t h e  dev ia t i ons  f rom the  expected frequency o f  

330 i n each i n t e r v a l  . 
The computer t ime requ i red  t o  generate t h e  e i g h t  samples of 

pseudo-random numbers and t o  per form t h e  above i n d i c a t e d  ch i -square 

t e s t s  a re  a l s o  g i ven  i n  Table 1  f o r  each generator  except  RND. The 

computer programs w r i t t e n  t o  c a l c u l a t e  these ch i -square t e s t s  a r e  

n e a r l y  i d e n t i c a l  except  f o r  t he  s p e c i f i c  CALL, READ and WRITE 

statements which o f  necess i t y  must be unique f o r  each generator.  Hence 

t he  d i f f e r e n t  t imes repor ted  i n  Table 1  a r e  be1 ieved t o  be due p r i m a r i l y  

t o  d i f f e r e n c e s  i n  t he  speeds o f  the  number generators.  RN2 and RN4 



appear t o  be cons ide rab l y  f a s t e r  than RANDU1, t h e  same conc lus i on  

reached above i n  o u r  d i scuss ion  of p e r i o d i c i t y .  The t ime  r e q u i r e d  

f o r  RND i s  n o t  g i ven  s i n c e  i t  i s  a  f u n c t i o n  o f  opening and c l o s i n g  

f i l e s  c o n t a i n i n g  t h e  U(0, l )  numbers and thus  cannot  be corr~pared w i t h  

t h e  t imes shown f o r  t h e - o t h e r  generators .  

b. Lag Product  Tes t  

The l a g  p roduc t  t e s t  f o r  a  g i ven  l a g  k  i s  a  t e s t  o f  t h e  

hypo thes is  o f  no c o r r e l a t i o n  between numbers k  p o s i t i o n s  a p a r t  i n  

a  sequence o f  numbers o f  l e n g t h  N. The s t a t i s t i c  i s  de f i ned  t o  be 

where k  i s  t h e  l e n g t h  o f  t h e  l ag .  If t h e r e  i s  no c o r r e l a t i o n  between 

Ui and Ui+k f o r  i = 1 2  . . N-k t hen  Ck i s  approx imate ly  no rma l l y  

d i s t r i b u t e d  w i t h  LI = .25 and s tandard d e v i a t i o n  

f o r  l a r g e  N (Nay lor ,  et .a l . ,  (1968)) .  

The procedure used here t o  compare t h e  4 random number genera to rs  

was t o  generate  100 sequences o f  200 U(0, l )  pseudo-random numbers on 

each genera to r  and compute Ck f o r  k  = 1,2, . . . 25 on each sequence. 

For each va lue  o f  k  between 1 and 25, t h e  mean ck and s tandard 



d e v i a t i o n  sk  o f  t h e  100 computed va lues o f  Ck were ob ta ined  and 

compared w i t h  t h e i r  expected values of .25 and ok ( equa t i on  ( 6 ) ) ,  

r e s p e c t i v e l y .  A  f requency d i s t r i b u t i o n  o f  100 va lues o f  t he  

t ransformed v a r i a b l e s  

was cons t ruc ted  f o r  each k  f rom 1  t o  25 and compared w i t h  t h e  expected 

f requenc ies  us i ng  a  ch i -square goodness-o f - f i t  t e s t  assuming Zki 

i s  N(0, l ) .  The r e s u l t s  a re  g i ven  i n  Table  2, where each ch i -square 

va lue  has 7 degrees o f  freedom. The numbers i n  columns 1  and 2  under 

each genera to r  i n  Table  2  a re  d e v i a t i o n s  de f i ned  as 

and 

r e s p e c t i v e l y  ( d  stands f o r  d e v i a t i o n ) .  Ckd and skd should  be 

approx imate ly  zero i f  t h e  generators  a r e  ope ra t i ng  p rope r l y ,  i.e., 

gene ra t i  ng U  (0 , l )  numbers. 

No s i g n i f i c a n t  ch i -square values a t  t h e  a = .05 l e v e l  were ob ta ined  

f o r  RN2 and RN4 f o r  any va lue  o f  t h e  l a g  k between 1  and 25. RND gave 

one s i g n i f i c a n t  ch i -square f o r  k  = 19, b u t  RANDUl r e s u l t e d  i n  9  

s i g n i f i c a n t  ch i -squares.  These were f o r  k  equal t o  5, 11, 13, 16, 19, 

22, 23, 24 and 25. The sum o f  t h e  25 ch i -squares ob ta ined  f o r  RANDUl 



was a l s o  s i g n i f i c a n t  w i t h  175 degrees o f  freedom. Thus, i t  appears 

t h a t  t he  numbers generate,d here by RANDUl a r e  co r re l a ted .  We a l s o  

no te  f rom Tab1 e  2  t h a t  t he  mean ck o f  t he  computed C k  va lues f o r  

most va lues o f  k  between 1  and 25 overest imates s l i g h t l y  t h e  expected 

mean .25 (none were s t a t i s t i c a l l y  s i g n i f i c a n t  us ing  t h e  t t e s t  w i t h  

99 d.f.).  Th is  i s  e s p e c i a l l y  t r u e  o f  RND. S i m i l a r l y ,  t he  s tandard 

d e v i a t i o n  sk o f  t h e  100 va lues o f  Ck tends t o  underest imate t h e  

expected va lue  ak, p a r t i c u l a r l y  f o r  RANDUl and RllD a l though i t  a l s o  

occurs f o r  RIV2 and RN4. It i s  n o t  known whether these d e v i a t i o n s  

f rom expec ta t i on  a r e  a  m a n i f e s t a t i o n  o f  t he  s i g n i f i c a n t  ch i -squares 

i n  t h e  case o f  RANDU1. It seems u n l i k e l y  s ince  these  dev ia t i ons  

a r e  f o r  t h e  most p a r t  q u i t e  smal l .  Another p o s s i b i l i t y  i s  t h a t  t h e  

l e n g t h  o f  t h e  sequence (200-k f o r  l a g  k )  i s  n o t  s u f f i c i e n t l y  l a r g e  f o r  

t h e  normal approx imat ion o f  t h e  d i s t r i b u t i o n  o f  C k  t o  be accurate.  

For purposes o f  conipar-iug t he  f o u r  generators,  however, t h e  adequacy 

of t h e  approx imat ion i s  n o t  o f  c r u c i a l  importance s i nce  i t  i s  t h e  

same f o r  each generator.  



6. EVALUATIOIV OF GENERATED LOGIVORMAL VARIATES 

The performance o f  RANDU1, RND, RN2 and RN4 i n  genera t ing  lognormal 

v a r i a t e s  was evaluated f o r  values o f  t he  s tandard d e v i a t i o n  C equal t o  

.2, .5 and .7. These d i s t r i b u t i o n s  a re  p l o t t e d  i n  F igure  2. We remind 

2  t h e  reader  t h a t  s i nce  a2 = I n  [C + 11, C complete ly  s p e c i f i e s  t h e  

parameters p and a  o f  t h e  lognormal d i s t r i b u t i o n  under ou r  s p e c i f i c a t i o n  

2  2  t h a t  p = - a  12. The r e s t r i c t i o n  t h a t  p = - a  1 2  i nsu res  t h a t  E (y )  = 1  

and Var (y )  = c'. 

These generators  were eva lua ted  f o r  each va lue  o f  C by genera t ing  a  

t o t a l  o f  50 samples o f  lognormal v a r i a t e s  o f  s i z e  500 each us ing  equat ion  

(3 ) .  The normal v a r i a t e  x  r e q u i r e d  i n  equa t ion  ( 3 )  was ob ta ined  us ing  

equat ions ( 1 )  and (2 )  (Box and M u l l e r  (1958)).  Two ch i -square 

goodness-o f - f i t  t e s t s  t o  t h e  lognormal d i s t r i b u t i o n  were obta ined 

f o r  each C by s p l i t t i n g  t he  50 samples i n t o  two equal groups o f  s i z e  25 

samples each, which gave a  t o t a l  o f  12,500 numbers f o r  each ch i -square 

t e s t .  The number o f  i n t e r v a l s  f o r  these t e s t s  were 44, 70 and 90 f o r  

C = .2, .5 and .7, r espec t i ve l y .  More i n t e r v a l s  were used f o r  l a r g e r  

values o f  C s i nce  t he  lognormal d i s t r i b u t i o n  becomes h i g h l y  skewed t o  

t he  r i g h t  as C increases (F igure  2). The l e n g t h  o f  t he  i n t e r v a l s  i n  t he  

t a i l s  o f  t he  d i s t r i b u t i o n  i s  g e n e r a l l y  g r e a t e r  than i n  t h e  midd le  o f  t he  

d i s t r i b u t i o n  t o  i n s u r e  t h a t  t h e  expected frequency i n  each c e l l  i n  t he  

t a i l  i s  a t  l e a s t  5  f o r  sample s i zes  o f  12,500. 



The chi-square r e s u l t s  a re  g i ven  i n  Table 3. The o n l y  s i g n i f i c a n t  

depar tures f rom l o g n o r m a l i t y  were f o r  RANDUl and RW2 f o r  C = .2. The 

observed and expected f requencies f o r  these cases a r e  g i ven  i n  F igures 

3 and 4. We no te  t h a t  t he  sum o f  t he  two ch i -square va lues i s  s i g n i f i c a n t  

f o r  RANDUl b u t  n o t  f o r  RN2. 

I n  a d d i t i o n  t o  these ch i -square t e s t s ,  each o f  t he  50 samples o f  s i z e  

n = 500 were i n v e s t i g a t e d  f o r  f i t  t o  t he  lognormal d i s t r i b u t i o n  by 

t rans fo rming  each lognormal v a r i a t e  y t o  a  normal v a r i a t e  x  us ing  t he  

t r ans fo rma t i on  x  = I n  y. I f  y i s  lognormal w i t h  parameters u and a, then 

x  i s  normal w i t h  these same parameters ( A i t c h i s o n  and Brown (1969)) .  

Thus, l o g n o r m a l i t y  o f  t he  y ' s  i s  i m p l i e d  i f  t e s t s  o f  s i g n i f i c a n c e  on 

t h e  transformed v a r i a t e  x  i n d i c a t e s  no depar tu re  f rom no rma l i t y .  

Four t e s t s  o f  n o r m a l i t y  on t h e  x ' s  were computed f o r  each o f  t h e  

50 samples o f  s i z e  n = 500: ( i )  t h a t  t h e  v a r i a t e  

i s  d i s t r i b u t e d  N(0,1), where u and o a r e  determined from C as descr ibed  
2 

above, ( i i )  t h a t  5 (n-1) i s  d i s t r i b u t e d  as a ch i -square w i t h  n-1 d.f., 
o 

where 

( i i i )  t h a t  t h e  c o e f f i c i e n t  of skewness yl i s  equal t o  zero, and ( i v )  t h a t  

t he  c o e f f i c i e n t  o f  k u r t o s i s  y 2  i s  equal t o  3. (yl and y2  a re  d e f i n e d  i n  



Hahn and Shapiro (1967), p. 45, 46). If the  y ' s  a re  lognormal ly  

d i s t r i b u t e d  w i t h  parameters e  and o  so t h a t  xi % N(e, 0 2 )  then the  

p r o b a b i l i t y  i s  .05 t h a t  each o f  these t e s t s  on each sample o f  s i z e  

500 w i l l  be s t a t i s t i c a l l y  s i g n i f i c a n t  i f  the  s i g n i f i c a n c e  l e v e l  o f  each 

t e s t  i s  a = .05. The est imate o f  i s  computed as 
Y1 

and t h a t  o f  Y 2  by 

where 

The p ropo r t i on  o f  s t a t i s t i c a l l y  s i g n i f i c a n t  r e s u l t s  (upper and 

lower a = .05 l e v e l  t e s t s )  f o r  t e s t s  ( i )  through ( i v )  a re  g iven  i n  

Tables 4  and 5. Table 4  a l so  g ives the  p ropo r t i on  o f  t he  50 computed 

2  values o f  Z and s  (n - l ) / 02  ( t e s t s  ( i )  and ( i i )  above) t h a t  f a l l  i n  the  

upper 50% o f  t h e i r  respec t ive  n u l l  d i s t r i b u t i o n s .  O f  course, t h e  

expected p ropo r t i on  i n  each t a i l  i s  .05 and i n  t he  upper h a l f  o f  t he  

n u l l  d i s t r i b u t i o n  i s  .5 i f  the  generators have indeed generated 

sequences o f  independent U(0,l) pseudo-random numbers. The sum o f  the 

two observed p ropo r t i ons  (each based on 50 t e s t s )  f o r  t he  two t a i l s  i n  

Tables 4  and 5  were tes ted  f o r  depar ture from expec ta t ion  .10 us ing the  

two - ta i l ed  binomial  t e s t  a t  t he  exact s i g n i f i c a n c e  l e v e l  a = .05833. 



Consider ing f i r s t  t h e  t e s t  ( i )  t h a t  x i s  s i g n i f i c a n t l y  d i f f e r e n t  f rom 

p, we see f rom Table 4  t h a t  o f  t he  4  generators  o n l y  RND gave a  p r o p o r t i o n  

o f  s i g n i f i c a n t  r e s u l t s  d i f f e r e n t  from the  expected .lo. However, each 

genera to r  gave a t  l e a s t  one s i g n i f i c a n t l y  d i f f e r e n t  p r o p o r t i o n  when t e s t  

( i i )  was a p p l i e d  t o  each of t he  50 samples. RND produced t oo  many s i g n i f i -  

c a n t  r e s u l t s  f o r  C = .5 and .7 as d i d  RN2 f o r  C = .2. Both RANDUl and RN4 

produced too  few s i g n i f i c a n t  r e s u l t s  f o r  C = .5. We have a l s o  t e s t e d  

(Table 4 )  t h a t  t h e  p r o p o r t i o n  -in t he  upper h a l f  o f  t h e  n u l l  d i s t r i b u t i o n s  

o f  t e s t s  ( i )  and ( i i )  a r e  s i g n i f i c a n t l y  d i f f e r e n t  f rom .5 us ing  t h e  2 - t a i l e d  

b inomia l  t e s t  a t  s i g n i f i c a n c e  l e v e l  a = .03284. RND and RN4 each gave one 

s i g n i f i c a n t  p r o p o r t i o n  (.34); t he  former f o r  C = .2 and t h e  l a t t e r  f o r  C = .7. 

I n  Table 5 t h e  o n l y  s i g n i f i c a n t  p ropo r t i ons  ob ta ined  f o r  t e s t s  ( i i i )  and 

( i v )  on y1 and y2  were f o r  RANDUl and Rt14 each o f  which gave t oo  few 

s i g n i f i c a n t  r e s u l t s  f o r  t he  t e s t  on y2 when C = .5. 

I t  i s  d i f f i c u l t  indeed t o  choose among the  f o u r  generators  on t h e  bas i s  

o f  t h e  i n f o r m a t i o n  i n  Tables 3, 4  and 5. RN2 had t h e  l e a s t  number of 

s i g n i f i c a n t  r e s u l t s  i n  Tables 4  and 5, b u t  one o f  i t s  ch i -square goodness- 

o f - f i t  t e s t s  i n  Table 3 was s i g n i f i c a n t  f o r  C = .2. RND had t h e  poores t  

performance under t e s t s  ( i )  and ( i i )  (Table 4 )  b u t  i t  had no s i g n i f i c a n t  

p ropo r t i ons  i n  Table 5  o r  ch i -square t e s t s  i n  Table 3. RANDUl had two 

s i g n i f i c a n t  goodness-of- f i  t t e s t s  i n  Table 3, b u t  i t s  performance i n  

Tables 4  and 5 was good (one s i g n i f i c a n t  r e s u l t  i n  each t a b l e ) .  F i n a l l y ,  

Rl14 had no s i g n i f i c a n t  ch i -square t e s t s  i n  Table 3)  b u t  had t h r e e  s i g n i f i c a n t  



r e s u l t s  i n  Tables 4 and 5. Consider ing Tables 3, 4 and 5 as a  whole, more 

s i g n i f i c a n t  r e s u l t s  ( a  t o t a l  o f  s i x )  were ob ta ined  f o r  C = .2 than f o r  any 

o t h e r  va lue  o f  C. Only two were ob ta ined  f o r  C = .7. Fu r t he r  i n t e r p r e -  

t a t i o n s  o f  t he  da ta  a re  de fe r red  u n t i l  we examine t h e  r e s u l t s  o f  t h e  nex t  

s e c t i o n  concerning t he  genera t ion  o f  gamma va r i a tes .  



7. EVALUATION OF GENERATED GAMMA VARIATES 

The methods used t o  eva lua te  t he  e f f ec t i veness  o f  RANDU1, RND, RN2 

and RN4 i n  genera t ing  gamma v a r i a t e s  were s i m i l a r  t o  those used f o r  t h e  

genera t ion  o f  lognormal va r i a tes .  Equat ion ( 4 )  was used f o r  va lues o f  

A = n  = 2, 4  and 25, i.e., f o r  values of C = ( 1  = .7071, .5 and .2, 

r espec t i ve l y .  These d i s t r i b u t i o n s  a re  p l o t t e d  i n  F igure  5. F i f t y  

samples of s i z e  500 were generated us ing  RANDUl, RN2 and RN4. Only 100,000 

RlJD U(0, l )  numbers were s to red  on f i l e  f o r  purposes of genera t ing  gamma 

va r i a tes .  Thus, i t  was necessary i n  t h e  case of RlVD t o  reduce t h e  

number and s i z e  o f  t he  samples. Consequently, f o r  C = .2, .5 and .7071 

we generated 20 samples o f  s i z e  100, 25 sarr~ples o f  s i z e  250, and 25 samples 

o f  s i z e  500, r e s p e c t i v e l y ,  which i n  l i g h t  o f  equa t ion  (4 )  makes use o f  a l l  

100,000 RND numbers s to red  on f i l e .  

For each generator ,  t he  s t a t i s t i c s  1, s, vl and T2  were computed on 

each sample and t e s t s  o f  s i g n i f i c a n c e  obta ined as descr ibed  below. As 

was done w i t h  t he  lognormal d i s t r - i b u t i o n  t h e  f i r s t  25 samples o f  s i z e  

500 were pooled t o  p rov ide  a  ch i -square goodness-of- f i t  t e s t  based on 

12,500 gamma v a r i a t e s  f o r  RANDU1, RN2 and RN4. A  second goodness-of - f i t  

t e s t  was s i m i l a r l y  ob ta ined  by poo l i ng  t h e  second 25 samples o f  s i z e  

500. For RND, one goodness-o f - f i t  t e s t  was computed us ing  sample s i zes  

o f  20 x 100 = 2000, 25 x 250 = 6250 and 25 x 500 = 12,000 f o r  C = .2, .5 

and .7071, r espec t i ve l y .  Thus, t h e  t e s t s  o f  s i g n i f i c a n c e  us ing  t h e  

s t a t i s t i c s  y, s, Tl and i2 are based on t h e  same generated numbers as 

t h e  goodness-of - f i  t t e s t s  . 



From Table 6 we see t h a t  none o f  t h e  goodness-o f - f i t  t e s t s  were 

s i g n i f i c a n t  f o r  RND, RN2 and RN4. For RANDU1, however, t he  ch i -square 

t e s t s  were h i g h l y  s i g n i f i c a n t  f o r  C = .2 and .5. The d e v i a t i o n s  from 

expec ta t i on  and t he  c o n t r i b u t i o n  t o  t o t a l  ch i -square a r e  g i ven  f o r  each 

i n t e r v a l  o f  t h e  two samples i n  Tab1 es 7  and 8  f o r  C = .2 and .5, 

r espec t i ve l y .  I n  F igures 6 and 7  t h e  observed and expected f requenc ies  

o f  sample 1  f rom Tables 7 and 8  a re  p l o t t e d .  

From Table 7 we see t h a t  f o r  bo th  samples 1  and 2, t h e  g r e a t e s t  

c o n t r i b u t i o n  t o  ch i -square occurs i n  t he  upper t a i l  ( l a r g e  values o f  y )  

where t h e r e  a re  more observa t ions  than expected, whereas t he  lower  t a i l  

i s  cha rac te r i zed  by t o o  few observat ions.  F igure 6 i l l u s t r a t e s ,  however, 

t h a t  t he  d e v i a t i o n s  a r e  a l s o  1  arge i n  t he  c e n t r a l  p o r t i o n  o f  t he  

d i s t r i b u t i o n .  S i m i l a r  r e s u l t s  were observed f o r  RAND111 when C = .5 

(Table 8, F igure  7)  except  t h a t  t h e  ma jo r  c o n t r i b u t i o n  t o  ch i -square 

occurred i n  t h e  lower  t a i l  (smal l  va lues o f  y ) ,  where t h e  expected 

frequency s u b s t a n t i a l l y  exceeded the  observed. There were no l a r g e  

d e v i a t i o n s  f rom expec ta t i on  i n  t he  upper t a i l .  

The cause o f  these l a r g e  ch i -square va lues obta ined us ing  RAND111 i s  

unknown, b u t  i t  m igh t  be exp la ined  by t he  l a r g e  number o f  s i g n i f i c a n t  

r e s u l t s  obta ined f o r  RAND111 us ing  t he  lag-p roduc t  t e s t  f o r  l ags  1  

through 25 (Table 2). We r e c a l l  f rom equat ion  ( 4 )  t h a t  a  gamma v a r i a t e  

i s  ob ta ined  by f i n d i n g  t h e  sum o f  a  f u n c t i o n  o f  0 independent ly  

d i s t r i b u t e d  un i f o rm  v a r i a t e s  w i t h  mean 0 and var iance  1, where 0 equals 



2, 4 and 25 f o r  C = .7071, .5 and .2, r espec t i ve l y .  If t h e  sequence o f  

un i form numbers generated by RANDUl a r e  n o t  independent (as suggested by 

t h e  lag-p roduc t  t e s t s  (Table 2 ) )  then  i t  seems reasonable t o  suppose t h a t  

as TI becomes l a rge ,  t h e  pseudo-gamma v a r i a t e s  generated may tend  t o  

d e v i a t e  f rom t h a t  expected. O u r  r e s u l t s  suggest t h i s  hypothes is  s i nce  

t he  ch i -square values obta ined f o r  RAND111 (Table 6 )  inc rease  r a p i d l y  as 

TI increases f rom 2  t o  25. Whether o r  n o t  t h e  c o r r e l a t i o n s  de tec ted  by 

t h e  lag-p roduc t  t e s t s  a re  r e l a t e d  t o  t h e  s i g n i f i c a n t  chi-squares i n  

Table 6  i s  unknown, b u t  c l e a r l y  t h i s  ques t i on  should be i n v e s t i g a t e d  

f u r t h e r  be fo re  t h e  p a r t i c u l a r  sequence o f  pseudo-random numbers generated 

here by RANDUl i s  used i n  monte c a r l o  s tud ies  where such c o r r e l a t i o n s  

cou ld  s e r i o u s l y  b i a s  t he  r e s u l t s .  

As i n d i c a t e d  above, t e s t s  us ing  x, s, jl and j2 were a1 so made on t h e  

i n d i v i d u a l  samples o f  pseudo-gamma va r i a tes .  U n l i k e  t h e  lognormal 

d i s t r i b u t i o n ,  t he re  i s  appa ren t l y  no t r ans fo rma t i on  a v a i l a b l e  which when 

a p p l i e d  t o  a  sample o f  gamma v a r i a t e s  w i l l  a l l o w  t h e  use of normal t heo ry  

t o  o b t a i n  t e s t s  o f  s i g n i f i c a n c e  on t h e  transformed sample. L i n h a r t  (1965) 

g i ves  a  procedure f o r  f i n d i n g  approximate conf idence l i m i t s  f o r  t h e  co- 

e f f i c i e n t  o f  v a r i a t i o n  o f  garrma d i s t r i b u t i o n s .  Un fo r tuna te ly ,  t h e  da ta  

ob ta i ned  here were n o t  i n  a  form s u i t a b l e  f o r  t h e  use o f  h i s  method. We 

have, however, ob ta ined  t e s t s  o f  s i g n i f i c a n c e  by appeal ing t o  t h e  c e n t r a l  

l i m i t  theorem. Consider ing f i r s t  t h e  s t a t i s t i c  1, i.e., t h e  mean o f  a  

sample o f  s i z e  n o f  pseudo-gamna va r i a tes .  Apply ing t he  c e n t r a l  1  i m i  t 

2  
theorem we have t h a t  i f  E(;) = u and ~ a r ( x )  = 0 /n, then  



i s  approx imate ly  norma l l y  d i s t r i b u t e d  w i t h  mean zero and var iance  1  f o r  

l a r g e  n. Z  cou ld  be used t o  t e s t  t h e  composite hypothes is  t h a t  p = 1  

and o = C, so t h a t  Z  cou ld  be s i g n i f i c a n t l y  l a r g e  i f  e i t h e r  p o r  o were 

s u b s t a n t i a l l y  d i f f e r e n t  f rom 1  o r  C, r espec t i ve l y .  To avoid t h i s  amb igu i ty  

o f  i n t e r p r e t a t i o n  we have i ns tead  used t h e  s t a t i s t i c  

t o  t e s t  t h e  hypothes is  t h a t  E(;) = 1, i t s  s i g n i f i c a n c e  be ing determined 

by  re fe rence  t o  t he  t d i s t r i b u t i o n  w i t h  n-1 d.f. a t  t h e  a = .10 l e v e l .  

Table 9  g i ves  t he  p r o p o r t i o n  o f  such s i g n i f i c a n t  r e s u l t s  f o r  t h e  f o u r  

generators  when C = .2, .5 and .7071. Each p r o p o r t i o n  i s  based on 

n' = 50 samples o f  s i z e  n  = 500 each, i .e., each mean x i s  based on 500 

observat ions,  except  f o r  RlVD (see footnote t o  Table 9 ) .  Table 9 a l s o  

g ives  t he  p r o p o r t i o n  o f  p o s i t i v e  Z '  values, t h e  expected p r o p o r t i o n  be ing  

.5 if Z'  i s  d i s t r i b u t e d  as a  tn - Each p r o p o r t i o n  was t es ted  f o r  

s i g n i f i c a n t  d e v i a t i o n  f rom expec ta t i on  us ing  the  b inomia l  t e s t  descr ibed 

above f o r  t h e  lognormal d i s t r i b u t i o n .  S i g n i f i c a n t l y  low p ropo r t i ons  

were ob ta ined  f o r  RIV2 when C = .2 and RN4 f o r  C = .5 and .7071. We no te  

i n  p a r t i c u l a r  t h a t  i n  c o n t r a s t  t o  t he  s i g n i f i c a n t  goodness-o f - f i t  t e s t s  

i n  Table 6, no s i g n i f i c a n t  r e s u l t s  were obta ined f o r  RANDUl i n  Table 9. 

Tab1 e  10 con ta ins  t he  resu l  t s  o f  t e s t s  made on x, s, q1 and q2 by 

computing each o f  these s t a t i s t i c s  on each o f  t he  n '  samples o f  s i z e  n, 

f i n d i n g  t he  mean and s tandard d e v i a t i o n  o f  each over t h e  n '  sarnples and 

us ing  t h e  c e n t r a l  l i m i t  theorem. I f  the  generators  a r e  i n  f a c t  genera t ing  

independent gamma v a r i a t e s  then we expect  t h a t  t h e  means of ;, s, jl and j2 

should be approx imate ly  equal t o  1, C, yl and y2, r e s p e c t i v e l y ,  where f o r  

2  
t he  gamma d i s t r i b u t i o n  i t  i s  e a s i l y  shown t h a t  yl = 2C and y2  = 6C when 

2 E(y)  = 1  and Var (y )  = C (Hahn and Shapiro, p. 124). Then i l l u s t r a t i n g  

w i t h  x, we have t h a t  



i s  approx imate ly  d i s t r i b u t e d  as a  t w i t h  n '  - 1  d.f. i f  n '  i s  la rge ,  

where 

and 

S i m i l a r l y  t h e  s t a t i s t i c  used f o r  t e s t i n g  t h a t  E(;~) = y1 i s  

We see from Table 10 t h a t  t h e r e  were no s i g n i f i c a n t  r e s u l t s  ob ta ined  
- - - z f o r  RN2 o r  RN4, b u t  t h a t  t h e  d i f f e r e n c e s  vl - 2C and j2 - 6C were h i g h l y  

- .. 
s i g n i f i c a n t  under RANDUl f o r  C = .2 and .5. The d i f f e r e n c e  ;2 - 6 ~ '  was 

a l s o  s t a t i s t i c a l l y  s i g n i f i c a n t  under RND f o r  C = .2. 

The r e s u l t s  f o r  RANDUl i n  Table 10 a r e  n o t  comple te ly  unexpected i n  

l i g h t  o f  t h e  s i g n i f i c a n t  ch i -square r e s u l t s  i n  Table 6. The d e v i a t i o n  
- 
A 

Y1 - 2C i n  Tab le  10 f o r  C = .2 and .5 i s  p o s i t i v e  which agrees w i t h  t h e  

observed s h i f t  i n  d i s t r i b u t i o n  o f  t h e  generated gamma values f rom t h e  

expected d i s t r i b u t i o n  as i l l u s t r a t e d  i n  F igures 6  and 7. The i n t e r p r e t a t i o n  
- 

2  
o f  t he  s i g n i f i c a n c e  o f  ;2 - 6C i s  more d i f f i c u l t  ( f o r  a  d i scuss ion  on t h e  

i n t e r p r e t a t i o n  of ;2, see Dar l  i n g t o n  (1  970)) b u t  i t s  s i g n i f i c a n c e  here 

i n d i c a t e s  i n  general  t h a t  t h e  shape o f  t he  d i s t r i b u t i o n s  o f  t h e  generated 

observat ions i s  n o t  t h a t  expected. 



8. CONCLUSIONS AND DISCUSSION 

Whi le making no c la ims  t h a t  t he  p resen t  s tudy  i s  d e f i n i t i v e ,  o r  t h a t  

no more t e s t s  need t o  be considered i n  o rder  t o  be exhaus t i ve  i n  o u r  

e f f o r t ,  ou r  r e s u l t s  do suggest c e r t a i n  conc lus ions concerning t he  choice 

o f  a  random number generator  f o r  genera t ing  lognormal and gamna va r i a tes .  

A r a t h e r  crude i n d i c a t i o n  o f  t he  r e l a t i v e  performance o f  RANDUl, RND, 

RN2 and RN4 can be obta ined by s-in.~ply adding up t he  number of  s i g n i f i c a n t  

t e s t s  obta ined f o r  each i n  Tables 1 through 10. These r e s u l t s  a re  

t abu la ted  i n  Table 11. We f i n d  t h a t  20.9% o f  t h e  t e s t s  performed on 

RANDUl generated numbers (24 o u t  o f  11 5) were s t a t i s t i c a l  l y  s i g n i f i c a n t .  

These data f o r  RND a re  8.1% (9  o u t  o f  I l l ) ,  and f o r  bo th  RN2 and RN4 a r e  

4.3% ( 5  o u t  o f  115). (These numbers a re  used here o n l y  as a genera l  

gu ide  s i nce  t h e  t e s t s  a r e  n o t  i n  a l l  cases independent. For example, 

t h e  sum and pooled ch i -square t e s t s  i n  Table 1 a r e  n o t  independent 

o f  t he  e i g h t  i n d i v i d u a l  ch i -square tes ts . )  RANDUl d i d  poorest  on t h e  

lag-p roduc t  t e s t s  f o r  l a c k  of  s e r i a l  c o r r e l a t i o n  (Table 2). Th i s  may 

be r e l a t e d  t o  i t s  poor  performance i n  genera t ing  gamma d i s t r i b u t i o n s  

(Tables 6, 7, 8, 10; F igures 6 and 7 )  f o r  C = .2 and .5 s i nce  equat ion  

(4 ) ,  which i s  used t o  o b t a i n  gamma va r i a tes ,  i nvo l ves  summing un i f o rm  

2 numbers from 1 t o  = 1/C . I t  seems reasonable t o  suppose t h a t  as 

h increases (C decreases) t he  v a r i a t e s  produced us ing equat ion  (4 )  

would tend t o  d e v i a t e  f rom t h e  expected gamma d i s t r i b u t i o n .  We note f rom 



Table 1, however, t h a t  RANDUl e v i d e n t l y  generates nurr~bers which a re  

un i f o rm ly  d i s t r i b u t e d  over  t he  i n t e r v a l  ( 0 , l )  a t  l e a s t  f o r  sample s i zes  of  

500 o r  g rea te r .  From Table 1  i t  a l s o  appears t h a t  RAlYDUl i s  t he  s lowes t  

o f  t he  generators  considered. 

RND had 9 s i g n i f i c a n t  r e s u l t s ,  most o f  which (7 )  occur red  i n  Tables 1  

and 4. From Table 1  we see t h a t  RND had t h e  l a r g e s t  pooled and "sum" c h i -  

squares o f  the  f o u r  generators cons idered a l though t he  p l o t  o f  t he  33,000 

pooled f requencies o f  RND i n  F igure  1  show no d iscernab le  p a t t e r n  i n  t he  

dev ia t i ons  o f  t he  f requencies f rom expec ta t ion .  From  able 4 we see t h a t  

the  d i s t r i b u t i o n  o f  t he  50 values o f  x f rom the  generated lognormal v a r i a t e s  

tends t o  have t oo  few values i n  t h e  t a i l s  f o r  C = .2. For C = .5 and .7, 

2 however, the  t a i  1  s  o f  t he  d i s t r i b u t i o n  o f  s  tend t o  be t oo  1  arge. We no te  

a l so  t h a t  t he  number o f  s i g n i f i c a n t  values o f  jl and ; obta ined  f o r  RND 
2 

(Table 5)  do n o t  dev ia te  f rom expec ta t ion .  I t  should a l s o  be r e c a l l e d  t h a t  

t he  same generated numbers used t o  compute t he  s t a t i s t i c s  i n  Tables 4 and 5  

were pooled t o  p rov ide  t he  goodness o f  f i t  t e s t s  t o  the  lognormal d i s t r i -  

b u t i o n  i n  Table 3 f o r  which no s i g n i f i c a n t  r e s u l t s  were ob ta ined  f o r  RND. 

O f  course the  t e s t s  i n  Tables 4 and 5  a re  e v a l u a t i n g  t he  generated lognormal 

v a r i a t e s  i n  r e l a t i v e l y  smal l  batches o f  s i z e  500, whereas t h e  ch i -square t e s t s  

pool  these da ta  i n t o  much l a r g e r  sample s izes .  Thus t h e  l o c a l  t e s t s  may be 

p i c k i n g  o u t  dev ia t i ons  f rom expec ta t i on  which a re  masked by t h e  ch i -square 

t e s t .  



O f  t h e  t o t a l  o f  5 s i g n i f i c a n t  t e s t s  o b t a i n e d  f o r  RN2, t h r e e  were 

goodness - o f - f i t  t e s t s  (2 f r o m  Tab le  1  and 1  f r o m  Tab le  3 ) .  None o f  t h e  

l a g - p r o d u c t  t e s t s  (Tab le  2 )  o r  t h e  goodness o f  f i t  t e s t s  on t h e  pseudo- 

gamma v a r i a t e s  were s t a t i s t i c a l l y  s i g n i f i c a n t .  Whi le  RN4 had t h e  same t o t a l  

number o f  s i g n i f i c a n t  r e s u l t s  as RN2, a l l  a r e  found i n  Tab le  4, 5 and 9, 

i . e .  no g o o d n e s s - o f - f i t  t e s t s  were s i g n i f i c a n t .  

On t h e  b a s i s  o f  t h e  above r e s u l t s  t h e  sequences generated u s i n g  RND, 

RN2 and RN4 appear t o  have somewhat b e t t e r  s t a t i s t i c a l  p r o p e r t i e s  t h a n  

t h a t  generated by RANDU1. O f  t hese  rema in ing  t h r e e ,  RN4 i s  o u r  f i r s t  cho ice  

s i n c e  Kronmal (1964) has shown t h e  p a r t i c u l a r  sequence generated he re  t o  

have good s t a t i s t i c a l  p r o p e r t i e s .  However, o u r  t e s t  r e s u l t s  i n d i c a t e  t h a t  

t h e  RN2 sequence has p r o p e r t i e s  about  equa l  t o  t h a t  o f  RN4, and RND has t h e  

f e a t u r e  t h a t  i t  i s  a v a i l a b l e  on t h e  t ime-share t e r m i n a l  t o  t h e  UNIVAC 1108 

wh ich  c o u l d  be an a s s e t  i n  some Monte C a r l o  work. We a l s o  remind t h e  

reader  t h a t  we have n o t  i n v e s t i g a t e d  t h e  most a p p r o p r i a t e  way o f  u s i n g  o r  

combin ing t h e  two sequences o f  u n i f o r m  numbers generated by  RN4 ( u s i n g  2  

mi xed congruence g e n e r a t o r s )  t o  o b t a i n  gamma v a r i  a t e s  . 
As i n d i c a t e d  p r e v i o u s l y ,  t h e  p r e s e n t  s t u d y  s h o u l d  n o t  be cons ide red  

d e f i n i t i v e  s i n c e  ( i )  o n l y  a  few o f  t h e  many s t a t i s t i c a l  t e s t s  a v a i l a b l e  

were a p p l i e d  t o  t h e  data,  and ( i i )  o n l y  a  r e l a t i v e l y  sma l l  segment o f  a  

s i n g l e  sequence o f  pseudo-random numbers was examined f o r  each genera to r .  

A t  t h e  v e r y  l e a s t ,  however, o u r  r e s u l t s  suggest  some hypotheses concern ing  

t h e  r e 1  a t i  ve performance o f  t h e  genera to rs  whi ch shou ld ,  perhaps, be i n v e s  ti 

ga ted  more t h o r o u g h l y .  
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Tab1 e 1 . Chi-square Goodness-of-Fi t Tests  t 
For Randorr~ness 

SAMPLE 
SIZE RANDUl RN D RN 2 RN 4 

5000 117.04 92.08 89.48 85.84 

5000 85.80 100.44 126. OO* 73.04 

Time 7 .09sec .  - 4.94 sec. 5.22 sec. 

t Each t e s t  has 99 degrees o f  freedom ( d . f . )  

* S i g n i f i c a n t  a t  a = .05 

** S i g n i f i c a n t  a t  a = .O1 



Table  2 .  Summary o f  L a g  Produc t  T e s t  R e s u l t s  

LAG 

1 
2 

3 

4 

5 

6 

7 
8 

9 

1 0  

11 

12  

1 3  

14  

1 5  

16 

17 

1 8  

1 9  

2 0 

RAN DU 1 RN D RN 2 RN 4 





Table  3. Chi-Square Goodness-of-Fi t Tes ts  o f  

Pseudo-Lognormal Numbers 

Sample 1 (43 d . f . )  63.66* 57.46 31 .33 32.85 

Sample 2 (43 d. f. ) '45.74 42.94 67.78** 43.55 

SUM (86 d . f . )  1 09.40* 100.40 99.11 76.40 

C = .5 

Sample 1 (69 d . f . )  45.44 61. 77t 59.72 53.14 

Sample 2 (69 d . f . )  57.15 69.58 81 .98 64.36 

SUM (138 d . f . )  102.59 131.35 141.70 117.50 

C = .7 

Sample 1 (89 d . f . )  111.51 71.85 88.89 95.64 

Sample 2 (89 d . f . )  92.98 96.44 81.47 85.48 

S U M ( 1 7 8 d . f . )  204.49 168.29 170.36 181.12 

'TWO a d d i t i o n a l  ch i - square  t e s t s  were o b t a i n e d  f o r  t h e  RND g e n e r a t o r  
when C = .5; t h e  ch i -square  va lues were 64.87 and 70.32 w i t h  69 d . f . ,  
b o t h  n o n - s i g n i f i c a n t  a t  t h e  a = .05 l e v e l .  



Tab le  4. P r o p o r t i o n  o f  S i g n i f i c a n t  ~ e s t s ~  f o r  x and s  2  

on Pseudo-Lognormal Va r i  a tes  

RAN DU 1  RND RN 2  RN 4  
- - - - 

C = .2 X s  X s X s2 X s  

UT .02 .04 .02 .06 .14 .06 .06 .04 

LT .08 .02 . O O  .06 .OO .12 .04 .04 

UT + LT .10 .06 .02* .12 .14 .18* .10 .08 

P. 5  .50 .38 .34* .52 .62 .36 .60 .50 

t~~ = upper t a i  1  ; LT = 1  ower t a i  1  ; based on = .05 i n  each t a i  1  

PS5  = p r o p o r t i o n  o f  t h e  50 san~ple va lues  o f  x and s2  t h a t  were g r e a t e r  
-1 2  2  2  than  P and (499) 

a x 499, = .50, r e s p e c t i v e l y ,  where x  % N(P,a ) 
2 if y  i s  lognormal w i t h  parameters p and a . 

* Ind i ca tes  t h e  p r o p o r t i o n  so marked i s  s i g n i f i c a n t l y  d i f f e r e n t  f rom 

t h a t  expected u s i n g  t h e  b inomia l  t e s t ;  see t e x t  f o r  exp lana t i on .  



Table 5. P ropo r t i on  of  S i g n i f i c a n t  ~ e s t s '  f o r  

Skewness (yl) and K u r t o s i s  (y2) on 

Pseudo-Lognormal Var ia tes  

' UT = upper t a i l ;  LT = lower  t a i l ;  a = .05 i n  each t a i l  

* I n d i c a t e s  t he  p r o p o r t i o n  o f  s i g n i f i c a n t  t e s t  r e s u l t s  a t  t he  

a = .10 ( two - ta i l ed )  l e v e l  i s  s i g n i f i c a n t l y  d i f f e r e n t  

(a = .05833) f rom t h a t  expected from b inomia l  theory.  



Tab1 e 6. Chi -Square Goodness-of- F i  t Tests 

o f  Pseudo-Gamma va r i a tes t  

RAN DU 1 RN D RN 2 RN4 - 
C = .2 

Sample 1 (54 d. f . )  650.24** 59.18 66.85 54.14 

Sample 2 (54 d. f. ) 587.34** - 55.10 35.86 

SUM (108 d . f . )  1 237.58** - 121.95 90.00 

Sample 1 (49 d.f.) 348.1 9** 57.47 54.08 31.18 

Sample 2 (49 d . f . )  344.42** - 36.02 53.51 

SLIM (98 d . f . )  692.61 ** 90.10 84.69 - 

C = .7071 

Sample 1 (48 d. f . )  29.14 34.53 42.46 42.20 

Sample 2 (48 d. f . )  48.68 - 49.62 50.13 

SUM (96 d. f. ) 77.82 92.08 92.33 - 

Each chi -square computed on n = 12,500 generated gamma v a r i a t e s  

except  f o r  RND under C = .2 and .5 when n = 2000 and 6250, 

respec t i ve l y .  



I n t e r v a l  

Table 7. Con t r i bu t i ons  o f  Each I n t e r v a l  t o  t he  Chi-Square Goodness-of-Fi t  

Tests  t o  t he  Gamma D i s t r i b u t i o n  Obtained Using RANDUl f o r  C = .2 

Sample 1 

-39.2 
-14.5 
-23.2 
-21.6 
-18.2 
-15.2 
-44.6 
-65.5 
-23.6 
-18.5 
-30.7 
- 0.4 
46.3 
75.3 
45.6 
63.0 
55.6 

105.0 
114.9 
28.8 
71.1 
75.7 
47.7 
23.8 
6.7 
3.9 

- 6.1 
-16.0 

Sample 2 

-37.2 
-12.5 
-15.2 
-19.6 
-27.2 
-19.2 
-45.6 
-43.5 
-26.6 
-37.5 
- 3.7 
- 16.4 

29.3 
3.3 

48.6 
64.0 
89.6 
64.0 
79.9 
68.8 
58.1 
77.7 
58.7 
69.8 
37.7 

9.9 
36.9 
10.0 

C o n t r i b u t i o n  
To Chi -Square I n t e r v a l  

Sample 1 Sample 2 

0- E 

Sample 1 Sample 2 

- 5.3 -53.3 
-66.8 -54.8 

3.0 -29.0 
-48.6 -26.6 
-66.0 -42.0 
-52.7 -63.7 
-47.1 -41.1 
-36.5 -60.5 
-47.2 -55.2 
-36.4 -34.4 
-40.3 -46.3 
-38.7 -44.7 
-29.9 -16.9 
-16.8 -22.8 
-20.4 -26.4 
-16.5 - 7.5 

3.9 -11.1 
- 2.0 -1 8.0 
- 4.3 - 0.3 

5.3 11.3 
- 1.1 13.9 

6.5 12.5 
15.3 4.3 
11.1 4.1 
10.8 18.8 
25.0 29.0 
69.9 58.9 

2 T o t a l  x~~ 

C o n t r i b u t i o n  

t 0-E = Observed-Expected frequencies based on 12,500 generated gamma v a r i a t e s  i n  each sample. 



I n t e r v a l  

Table 8. Con t r i bu t i ons  o f  Each I n t e r v a l  t o  t h e  Chi -Square Goodness-of-Fi t 

Tests t o  t he  Gamma D i s t r i b u t i o n  Obtained Using RANDUl f o r  C = .5 

O-E? 

Sample 1 Sample 2 

- 42.0 - 42.0 
- 57.5 - 57.5 
- 77.9 - 83.9 
- 84.8 - 96.8 
- 3.5 30.5 

73.4 94.4 
112.3 125.3 
1 27.9 85.9 

91.9 32.9 
56.1 67.1 
39.0 12.0 
29.2 - 7.8 
16.2 37.2 

- 16.9 - 8.9 
- 48.0 - 7.0 
- 2 3 . 3  - 3 5 . 3  
- 25.6 - 13.6 
- 3 9 . 2  - 3 4 . 2  
- 53.8 10.2 
- 40.4 - 24.4 
- 4 1 . 8  - 3 8 . 8  
- 26.5 - 51.5 
- 3 4 . 0  - 4.0 

19.0 14.0 
2.3 - 6.7 

C o n t r i b u t i o n  
I n t e r v a l  

Sample 1 

-19.4 
- 5.2 

10.5 
-1 4.2 
- 4.4 

24.9 
1.7 
8.0 
2.9 
1.4 

13.7 
13.8 
2.8 

- 4.3 
- 0.2 

9.9 
- 2.7 

6.9 
- 0.1 
- 9.7 

1.2 
- 0.3 

8.7 
8.4 

- 6.6 

Sample 2 

- 3.4 
11.8 

-12.5 
-1 6.2 

15.6 
0.9 

-1 3.3 
- 7.0 
- 4.1 

8.4 
- 7.3 
- 1.2 

4.8 
- 6.3 
- 4.2 

1.9 
- 4.7 

0.9 
17.9 
4.3 

- 1 .8  
0.7 
7.7 

16.4 
- 6.6 

2 To ta l  xqg 

C o n t r i b u t i o n  
Sa;, ;hi -s~;;r;~ 

P P 
1.33 0.04 
0.10 0.54 
0.47 0.67 
0.95 1.24 
0.10 1.27 
3.60 0.00 
0.02 1.15 
0.46 0.36 
0.07 0.14 
0.02 0.64 
1.93 0.55 
2.21 0.02 
0.10 0.30 

t 0-E = Observed-Expected f requencies based on 12,500 generated gamma v a r i a t e s  i n  each sample. 



- 
Table 9. P r o p o r t i o n  o f  S t a t i s t i c a l l y  S i g n i f i c a n t  Means x  o f  Generated Gamma 

Var ia tes ,  and P r o p o r t i o n  o f  Means x Greate r  Than Zero (see t e x t )  

t Propo r t i ons  based on 20 samples o f  s i z e  100, 
25 samples o f  s i z e  250 and 25 samples o f  s i z e  
500 f o r  C = .2, .5 and .7071 , r e s p e c t i v e l y .  
A l l  o t h e r  p r o p o r t i o n s  a re  based on 50 samples 
each o f  s i z e  500. 

* The p r o p o r t i o n  so marked i s  s i g n i f i c a n t l y  
d i f f e r e n t  f rom expected us ing  t h e  b i  nomi a1 
t e s t  a t  a = .05833. 



Tab le  10. S i g n i f i c a n c e  Tests  on t h e  Mean Values o f  x, s,  jl 
and j2 Computed on Pseudo-Gamma v a r i a t e s t t  

RAN DU 1 - RN D? 

0-Ett S. E. tt t 0 - E ' ~  S.E. t t  - 
-8.65 11 . O  - 0.79 8.8 28.0 

1.26 11.4 1.11 12.0 28.0 
5329.5 220.0 24.2** - 6 8 1 . 2  483.6 

12776.4 883.6 14.5** -2393.0 910.5 

RN 2 

0-E" S.E. 2 
3.35 10.1 0.33 
7.35 18.0 0.41 

305.2 248.3 1.23 
1882.7 980.7 1.92 

' R e s u l t s  f o r  RND a r e  based on 20 samples o f  s i z e  100, 25 samples o f  s i z e  250, and 25 samples o f  s i z e  500 f o r  
C = .2, .5 and .7, r e s p e c t i v e l y .  A1 1 r e s u l t s  f o r  RANDU1, RN2 and RN4 a r e  based on 50 samples o f  s i z e  500. 

The t a b l e d  va lues f o r  0-E and S.E. must be nu1 t i p 1  i e d  b y  l o m 4  t o  o b t a i n  t h e  a c t u a l  va lues .  - - - - 2 
0-E equals  ; - 1, s - C, jl - 2C and j2 - 6C f o r  y, s, il and j2, r e s p e c t i v e l y .  



Table 11. Number o f  S i g n i f i c a n t  Tests I n  Tables 

1 Through 10 For Each U(0, l )  Generator 

No. o f  Tests For 
Ta b l  e RANDUl - RN D RN2 - Each Generator - RN4 

Sum: 

Percent 
S i g n i f i c a n t  : 

Tests 

9 (11 f o r  RND) 

9 (3  f o r  RND) 

12 

115 (111 f o r  RND) 
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Figure 7. Observed and Expected Frequencies of Generated Gamma Vari ates 

for C = .5 Using RANDUl (Sample 1 from Table 8 )  

- Expected Frequency 

Deviations from expected 
frequency 



APPENDIX 

L I S T I N G  OF COMPUTER DECKS OF PSEUDO-RAIVDOM NUMBER 

GENERATORS RANDU, RANDU1 , NRAND, RN2 AND RN4 



RANOU U ( 0 , l )  PSFUDO-RANDOM NUMBER GENERATOR 

' I T  FQ5 RANDUvQANnU 
SUPROUTINE RANDU(X9N)  RANDU 

c-------- --- RANDU 
C GENERATION OF UNIFORMLY D I S T R I B U T E D  PSEUDO-RANDOM NUMBERS. RANDU 
c------------ RANDU 

C MFT HOD RANDU 
C CONGRUENCE SCHEME W I T H  PFRIOO 2* *27  RANDU 
c------------ RANDU 
C APCUMENT D E F I N I  T I O N  RANDU 
C X I S  THE ARRAY OF RANDOM NUMBERS (OUTPUT)  RANDU 
C N I S  THE NUMBER OF RANDOM NUMBERS DESIRED ( I N P U T )  RANDU 
C ALSO, UPON ENTRY, X ( 1 )  I S  THE I N I T I A L  NUMSER FROM WHICH RANDU 
C A L L  OTHERS ARE GENERATED. T H I S  VALUE I S  REPLACED BY THE SECONDRANDU 
C RANDOM NIJMBER. I N  GENERAL, X ( 1 )  I S  THE I + 1 - T H  RANDOM NUMBER RANDU 
C GFNFsATFO RY RANDUO RANDU 
c-------- --- RANDU 
C OTHFR SIJRPROGRAMS RFFFRFNCFO RANDU 
C NRAND SLEUTH FUNCTION SUBPROGRAM--GENERATION OF RANDOM NUMBERS RANDU 
C ON THE INTFRVAL ( 0 9 2 * * 2 7 )  RANDU 
c-------- --- RANDU 

C RFFERENcF RANDU 
C M. ARRAMOWITZ AND 10  STECUN, HANDBOOK OF MATHEMATICAL FUNCTIONSRANDU 
C W I T H  FORMULAS, GRAPPS, AND MATHEMATICAL TA9LESo RANDU 
C U e S e  DEPT. OF COMMFRCF, NATIONAL BUPEAU OF STANDARDS, RANDU 
C A P P L I E D  YATHEMATICS SERIES NO. 5 5 ,  1 9 6 5 0  RANDU 
c------ ------ RANDU 

9 I M E N S I O N  X ( N )  RANDU 
DATA T l r T 2 / 8 1 9 2 0 r 1 6 3 8 4 0 /  RANDU 
J = X (  1) RANDU 
K=J  RANDU 
I = N Q A N D ( J * K )  RANDU 
DO 1 I = l r N  RANDU 

1 X ( I ) = N R A N O ( J , K ) / T l / T 2  RANDU 
RFTURN RANDU 
FND RANDU 



RANDUl U ( 0 9 1 )  PSEUDO-RANDOM NUMBER GENERATOR 

' T T F R 5  RAN3U1 9SANDU1 
ZURROUTINF RANPUl(X,N,J ,K)  
OIMENSION X ( N )  
DATA T 1  , T 2 / 8 1 9 2 *  9 1 6 3 8 4 * /  

2 X ( l ) = N R A N D ( J 9 K ) / T l / T 2  
RFTURN 
FND 

' T T  ASR NRAND9NRANP 
RANDOM NUMRFR GFNFRATOR 
CALLTNC SEQUFNcF NR = NRAND(J91)  

NBPR REGISTER NAMES AND J FACTORS 
NRAND* L A 1 9 * 0 9 6 1 1  LOAD F I R S T  ARGUMENT J 

L A 2 9 * 1 9 B l l  LOAD SECOND ARGUMENT I 
A A19A2 ADD ARGUMENTS J+I 
A 42, ( 0 5 7 6 1 6 7 7 4 4 )  ADD CONSTANT F! 
L A79A2 LOAD A3 WITH I + B  
TOP A 2 9 ( 0 1 0 0 0 9 0 )  TFST I F  CARRY I N  B I T  2 7  OF A2 
J NOCARY NO CARRY 
A9M A 1 9 1  CARRY I N  A 2  - ADD ONE TO A 1  
XOR A 2 9 ( 0 1 0 0 0 9 0 )  E L I M I N A T E  CARRY OF A2 I N  A3 

NOCARY L A 2 9 A 1  LOAD A2 WITH J+I 
TEP A19 ( 0 1 0 0 C 9 O )  TFST I F  CARRY I N  R I T  2 7  OF A 1  
X'3R A1 9 ( 0 1 0 0 0 9 0  YFS - E L I M I N A T E  CARRY OF A 1  I N  A2 
DSC A 1 9 3 6  A l = J + I  WITH ZEROFS I N  B I T S  2 7 - 3 5  
~ S C  A 2 9 3 6  A 7 = I + B  W I T H  ZEROES I N  B I T S  2 7 - 3 5  
L A O  9 A 1 LOAD FUNCTION ANSWER 
c - A 1 9 * 0 9 B 1 1  STORE A 1  I N T O  ARGUMENT J 
S A 2 9 * 1 9 B 1 1  STORE A 2  I N T O  ARGUMENT I 
J 3 9 0 1 1  RETURN 
END 

NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 
NRAND 



RN2 U ( 0 , l )  PSEUDO-RANDOM NUMBER GENERATOR 

' I T  
5 1 1  
A0 
A 1 
A2 
XM 

ASM RN29RN2 
FOU 11 
F Q I J  1 2  
FQU 1 3  
EQU 1 4  
FOU 1 5  

LUF 
S5C 
J P  
AND 
LA 
Ab 
J P  
AND 
LA 
A ,XM 
J P  
4ND 
LA 
SA 
AND 
4A 
F 4 
S A 
J 
+ 
FND 

AOt*O t R 1 1  
9 1 9 2 7  
A1,$+7 
A l r ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) .  
A l t A 2  
A l t + O t B 1 1  
A 1 t 8 + 7  
A 1 , ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) .  
A l 9 A 2  
A l t l  
A1 t s + 3  
A l t ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) .  
A l t A 2  
A 1  t+O,R11 
A l r ( 0 7 7 7 7 7 7 7 7 7 )  
42tTWO 
A2 t TWO 
A 2 r + l , R 1 1  
3,911 
0 2 0 0 0 0 0 0 0 0 0 0 0  

SURROUTINF RN21UtFU)  
U I S  A RANDOM 3 5  D I G I T  INTEGER 
FU FLOATING POINT NUMBER RANDOM ON ( 0 9 1 )  

I N I T I A L L Y  U MUST BE FURNISHED AFTER 
THAT I T  I S  KEPT CURRENT BY RN2 

SUGGESTED I N I T I A L  VALUE I S  
U = 0 1 1 0 6 0 4 7 1 6 2 5  (OCTAL)  

LOAD U 
MULTIPLY RY 2++9 

TFST FOR OVERFLOW AND RETAIN A l ( M O D ( 2 + + 3 5 ) )  

ACID U 
TFST FOR OVERFLOW AND RFTA IN  A l ( M O ~ ( 2 + + 3 5 ) )  

ADD 1 
TFST FOR OVERFLOW AND R E T 4 I N  A l ( M O D ( 2 + + 3 5 ) )  

SAVE NEW U 
FLOAT U 

RFTURN F U  

END- 



' I T  A  R N 4 9 R N 4  
R E F E S F N C E  R I C H A R D  KRONMAL, E V A L U A T I O N  O F  A  PSEUDORANDOM NORMAL NUMBER 

GFNFRATOR J A C M  VOL l l ~ N 0  3  ( J I J L Y  1 9 6 4 )  P P  3 5 7 - 3 6 3  
R I I  FC)U 11 . S U R R O U T I N F  R N 4 ( U l , U 2 , F U I , F U 2 )  
A 0  F O U  I 2  U - 5  4 R E  RANDOM 3 5  D I G I T  INTEGERS 
A  1  r O U  1 2  FIJ-5  F L 0 4 T I N G  P O I N T  N U Y R F R S  RANOOM ON ( 0 9 1 )  
A 3 I 1 4  I N I T I A L L Y  I!-q MUST QF F O R N I S H F D  AFTER 
XM r o l l  1 5  T H A T  T H F Y  ARF K F P T  C V R R F N T  RY R N 4  

S lJGCFSTFD I N I T I A L  V A L U E S  I F  NONE A R F  A V A T L A Y L F  
U 1 = 2 3 3 3 6 2 4 7 7 0 0 3  AND U 2 = 2 1 2 3 1 2 3 1 2 3 2 3  ( O C T A L )  

R Y 4 *  L b  A l , * O t 9 1 1  L O A D  U 1  
L S S L  A 3 9 1 2  M U L T I P L Y  S Y  2 * * 1 2  
J P  ~ 1 , 8 + 1  . T F S T  FOR OVFKFLOW AND R E T A I N  A l ( V O D ( 2 * * 3 9 )  
A N D  A l , ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) e  
L A  A 1  ,A2 
A A A l , * O , R 1 1  4DQ U 1  
J P  A 1  ,16+7 . T F q T  FOR OVFPFLOW P N 3  R E T A I N  A l ( M O D ( 2 * * 3 5 ) )  
A N 3  4 1  ( 0 1 7 7 7 7 7 7 7 7 7 7 7 )  
L A  A 1 9 A 2  
A,Xw A 1 9 1  ADD 1 
J P  A 1 , 8 + 3  . T F S T  FOR OVERFLOW AND R E T A I N  A l ( M O D ( 2 * * 3 5 )  
Ah19 4 1  q ( q 7 7 7 7 7 7 7 7 7 7 7 7 )  
1- 4  4 1  9 4 2  
5 4  4 1  , * O , R l l  CPVF NFW Ll1 
J P  A 1  9 8 + 7  . T F S T  FOR OVFPFLOW AND R E T A I N  A l ( M O D ( 2 * * 7 5 )  
A V D  A 7 , ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) .  
L A  A 1 9 A 2  
4 Y D  A 1, ( 0 7 7 7 7 7 7 7 7 7 )  F L O A T  U 1  
A A  A2,TWO • 

F A  A2,TWT) 
$ A  4 7 , * 7 , R 1 1  RFT lJRN F l J l  
LA 41,*3 9R1 1  LCIAT) U 2  
L q S L  A l t 7  . V U L T I P L Y  RY 2 * * 7  
J P  A ]  ,8+7  • T E S T  FOR OVERFLOW AND R E T A I N  A l ( M O D ( 2 * * 3 5 ) )  
AND A 1 , ( 0 3 7 7 7 7 7 7 7 7 7 7 7 ) .  
L  4  A 1 9 A 2  
A A  A l , * l ~ B l l  ADD U 2  
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