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CALCULATION OF FISSION BARRIERS* 

P. MOLLER and J. R. NIX 
Los Alamos Scientific Laboratory, University of California 

Los Alamos, New Mexico, United States of America 

ABSTRACT 

We review recent advances in the calculation of the nuclear potential 
energy of deformation, including both selfconsistent microscopic methods and 
the macroscopic-microscopic method. Particular attention is paid to the 
steps that are involved in calculating the potential energy according to the 
latter method. These steps include specifying the nuclear shape, calculat
ing the macroscopic (liquid-drop) energy, generating the single-particle 
potential, solving the Schrodinger equation, and calculating the microscopic 
(shell and pairing) corrections. 

In the second part of the paper we present and compare the results of 
two new calculations that we have performed recently at Los Alamos. In the 
first calculation, the nuclear shapes are specified in terms of smoothly 
joined portions of three quadratic surfaces of revolution, which permits us 
to calculate the potential energy all the way to the scission point. The 
extrema in the potential-energy surfaces are determined by varying independ
ently three of the coordinates in this parametrization; the ground-state 
energy is determined also by use of an alternative parametrization. The 
macroscopic energy is calculated from the droplet model of Myers and 
Swiatecki, which includes higher-order terms in A~1/3 and in [(N-Z)/A]2 than 
are retained in the liquid-drop model. The microscopic shell and pairing 
corrections are calculated by means of Strutinsky's method from the single-
particle levels of a diffuse-surface folded Yukawa single-particle potential. 
We use a new set of potential parameters obtained from adjustments to exper
imental single-particle levels in heavy deformed nuclei and from statistical 
calculations. The second new calculation is performed with the modified os
cillator potential and is similar to a previous calculation with this poten
tial except that we now use the droplet model in place of the liquid-drop 
model. 

These and earlier calculations provide an understanding and unification 
of many varied phenomena associated with nuclear shape changes: nuclear 
'jf - M I - M 

This work was supported by the U. S. Atomic Energy Commission and the 
Swedish Atomic Research Council. 

-1-



ground-state masses and deformations, second minima in the fission barriers 
of actinide nuclei, fission-barrier heights, and fission-fragment mass dis
tributions. For the lighter actinide nuclei the asymmetric second saddle 
point is split into two individual saddle points separated by an asymmetric 
third minimum, which possibly resolves the thorium anomaly. The calculated 
energies of the local minima and saddle points in the potential-energy sur
faces reproduce the experimental values to within an accuracy of about 1 MeV, 
although larger systematic errors are still present, in some cases. The cal
culated properties of the saddle points also reproduce qualitatively the 
main features of experimental fission-fragment mass distributions. 

1. INTRODUCTION 

You probably have followed the renaissance that has taken place in our 
understanding of fission since the first IAEA fission symposium in Salzburg 
eight years ago. At that symposium we still thought that the fission bar
rier of a nucleus was a monotonically increasing function of deformation 
until it reached its maximum value and then a monotonically decreasing fxmc-
tion of deformation. But it soon became clear that instead of this smooth 
behavior the fission barrier contains large fluctuations as a function of 
both nuclear shape and particle numbers. For some nuclei, these fluctua
tions lead to a fission barrier that contains two peaks separated by a 
second minimum, as illustrated in Fig. 1 for 21,0Pu. 

By the time of the second IAEA fission symposium in Vienna four years 
ago, we were able to calculate such a barrier for symmetric deformations in 
terms of nonuniformities in the single-particle levels near the Fermi sur
face. We could also understand three new experimental discoveries—sponta
neously fissioning isomers, broad resonances in fission cross sections, and 
narrow intermediate structure in fission cross sections—in terms of this 
second minimum. 

But three major puzzles remained. First, for most actinide nuclei the 
calculated height of either the first peak or the second peak was several 
MeV higher than the experimental value. Second, the calculated fission bar
riers were all stable with respect to mass-asymmetric deformations, which 
violated the well-established preference of heavy nuclei to divide asymmet
rically at low excitation energy. And third, the calculated heights of the 
first peak and second minimum for isotopes of thorium were substantially 
lower than the experimental values. 

Since Vienna two of these puzzles have largely disappeared. We now 
know that in most actinide nuclei the second peak is unstable with respect 
to mass asymmetry and that in the heavier actinide nuclei the first peak is 
unstable with respect to axial asymmetry (gamma deformations). Instabili
ties of this type lower the calculated barrier heights and also provide a 
mechanism for an asymmetric mass division. These instabilities arise be
cause of single-particle effects similar to those responsible for a deformed 
ground-state minimum and second minimum in the fission barrier. The third 
puzzle is not definitely solved, but we suggest later a possible resolution 
in terms of single-particle effects near the asymmetric second saddle point. 

Our plan is first to review the various approaches that are. taken in 
the calculation of fission barriers and second to present some new results 
that we have obtained at Los Alamos. We do not have space here to review 
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everyone's contributions but instead concentrate on recent results that best 
illustrate the physical principles involved. Exhaustive references to other 
work, as well as to the mathematical details, can be found in four recent 
review articles 12-5]. We then compare the calculated energies of the local 
minima and saddle points in the barriers with experimental results, some of 
which\ are described in this symposium by Britt, Vandenbosch, and others 
[6,7]. We also discuss the extent to which experimental fission-fragment 
mass distributions can be understood in terms of the calculated properties 
of the saddle-point shapes. We conclude with an assessment of our present 
ability to calculate fission barriers. 

2. SELFCONSISTENT MICROSCOPIC METHODS 

There are two general approaches for calculating the nuclear potential 
energy of deformation—selfconsiste.it microscopic methods and the 
macroscopic-microscopic method. In the microscopic methods, one usually 
starts with a given nucleon-nucleon potential and solves the many-body 
Schrodinger equation by means of the Hartree-Foclc approximation. This can 
be done either with a realistic potential that is adjusted to reproduce 
fundamental data such as two-nucleon scattering data, or with an effective 
interaction that is adjusted to reproduce gross nuclear properties. 

The realistic potentials of course lead to equations that are more dif
ficult to solve. If the potential has a hard core, then the infinities 
associated with it must be removed by means of the approximations introduced 
by Brueckner. The resulting Brueckner-Hartree-Fock equations are so compli
cated that they have been solved so far only for spherical nuclei [8,9]. 

The equations are simpler for a soft-core potential, where the ordinary 
Hartree-Fock method can be applied. At deformations away from a local mini
mum the potential energy is calculated by applying an 2xternal field and 
solving the resulting constrained Hartree-Fock equations. In this way the 
potential energy has now been computed as a function of the quadrupole 
moment for some medium-weight nuclei such as 108Ru [10]. However, computa
tional difficulties have prevented the extension of these calculations to 
heavy nuclei. For heavy spherical nuclei the calculated total binding ener
gies are substantially smaller than the experimental values [11]. Although 
the agreement would be improved somewhat by including the second-order cor
rection to the Hartree-Fock energy [12], this correction has not yet been 
calculated for deformed nuclei. 

A major difficulty associated with the use of realistic potentials is 
the necessity to calculate the exchange terms in the Hartree-Fock equations. 
This difficulty can be eliminated by choosing an effective interaction for 
which the exchange terms are easy to calculate. Or alternatively, the ex
change effects can be absorbed into the effective interaction [13,14]. With 
either approach the higher-order corrections to the first-order energy are 
absorbed into the interaction through a readjustment of its parameters. 

Although several effective interactions have been proposed, the only 
one that is used in practice for the calculation of fission barriers is 
Skyrme's interaction [15] as simplified by Vautherin and Brink [16]. This 
interaction is easy to use because most of its terms contain delta functions 
and because saturation is achieved by means of a three-body term. The six 
adjustable parameters of the Interaction are related loosely to the coeffi
cients of the five dominant terms in the semiemplrical nuclear mass formula 
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(corresponding to the volume, surface, Coulomb, volume-asymmetry, and 
surface-asymmetry energies) and to the spin-orbit interaction strength. 

The Skyrme interaction has now been used by Flocard, Quentin, Kerman, 
and Vautherin to compute the potential energy as a function of the quadrupole 
moment for several isotopes of cerium [17] and more recently for Pu [18]; 
we will learn about such calculations later in this session from Quentin 
[19]. The calculated height of the second peak in the barrier for 2l,0Pu is 
19 MeV, which is substantially higher than the experimental value of 5.35 
MeV [20]. This large discrepancy probably arises from a combination of 
three factors: (1) The results have not converged as a function of the basis 
size. (2) The parameters of the Skyrme interaction yield a surface energy 
that is too large compared co the Coulomb energy. (3) Mass-asymmetric de
formations are not included. When these three points are taken care of we 
can expect such calculations to reproduce experimental fission barriers with 
satisfactory accuracy. This is the most promising of the microscopic ap
proaches, and perhaps four years from now at the fourth IAEA fission sympo
sium a substantial fraction of the fission barriers discussed will be com
puted selfconsistently in terms of such an effective interaction. 

3. MACROSCOPIC-MICROSCOPIC METHOD 
• 

But at present nearly all fission barriers are calculated by means of 
the second approach—the macroscopic-microscopic method. This method syn
thesizes the best features of two complementary approaches: The smooth 
trends of the potential energy (with respect to particle numbers and deforma
tion) are taken from a macroscopic model, and the local fluctuations are 
taken from a microscopic model. The method in its present form was developed 
in 1966 by Strutinsky [21] and has since revolutionized the calculation of 
fission barriers. The idea of a macroscopic-microscopic method had been in
troduced earlier by Swiatecki [22] and others. 

In this method, which is suitable for treating nuclear systems that 
contain a large number of particles, the total nuclear potential energy of 
deformation is written as the sum of two terms, 

macroscopic microscopic 

The first term is a smoothly varying macroscopic energy that reproduces the 
broad trends of the potential energy. In a heavy nucleus it accounts for 
about 99.5% of the 2000 MeV total binding energy and for about 95% of the 
200 MeV variation in energy during fission. The second term contains os
cillating microscopic corrections that arise because of the discreteness of 
the individual particles. The most important of these purely microscopic 
contributions are the shell and pairing corrections. For a tightly bound 
nucleus in its ground state the total microscopic correction is over 10 MeV 
in magnitude, but in other situations it is usually somewhat less. 

The nuclear potential energy of deformation is calculated by means of 
the macroscopic-microscopic method in five steps: (1) The overall geomet
rical shape of the nucleus is first specified, and (2) the macroscopic part 
of the energy is calculated for this shape. (3) The single-particle poten
tial felt by a neutron or proton is generated, and (4) the Schrb'dinger 
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equation is solved for the single-particle energies. (5) These energies 
are then used to calculate the microscopic (shell and pairing) corrections. 
The total potential energy is given finally by the sum or the macroscopic 
energy calculated in step 2 and the microscopic corrections calculated in 
step 5. These steps have received considerable study, and several methods 
have evolved for handling each of them. 

3.1. Nuclear shapes 

In fission, as well as in the related areas of heavy-ion reactions and 
nuclear ground-state masses and deformations, at least four collective coor
dinates are required to describe the most important shapes that arise. These 
are (1) a separation coordinate, which specifies the overall separation of 
the mass centers of the two nascent or separated fragments or colliding ions, 
(2) a mass-asymmetry coordinate, which specifies the amount of mass in one 
fragment relative to the other, (3) a fragment elongation coordinate, which 
specifies the overall elongation of the fragments, or alternatively the 
radius of the neck between them, and (4) an axial-asymmetry (gamma) coordi
nate, which specifies the flattening of the shape about its symmetry axis. 
Because of computational difficulties the latter coordinate is not included 
in most studies in fission. Our discussion is therefore sometimes restricted 
to axial symmetry, but the generalization to axially asymmetric shapes is 
straightforward. 

The methods for describing such shapes fall into two major classes. The 
first class is* an expansion about some basic shape, such as a sphere, a 
spheroid, or a Cassinian oval. For example, shapes close to a sphere are 
described conveniently by expanding the radius vector to the nuclear surface 
in a series of spherical harmonics. If the shape is elongated it is better 
to absorb some of the deformation into the basic shape and expand about a 
spheroid (ellipsoid of revolution). This can be done either by means of the 
coordinates £± used by Nilsson and others [1, 2, 23-29], or by writing p2 

as a polynomial in z, which is the method used by Lawrence, Hasse, 
Strutinsky, Pauli and others [3, 5, 30-35]. If the shape has already devel
oped an appreciable neck it is sometimes advantageous to expand about a 
Cassinian oval, which can absorb some of the necking as well as elongation 
into the basic shape; this method is used by Cherdautsev and coworkers [36] 
and by Pashkevitch [37]. 

The second class of methods describes the shape in terms of two bodies 
rather than a single body. In these two-center parametrizations each end of 
the nucleus is usually represented by a portion of a spheroid. In the most 
simple version the two spheroids intersect in an undesirable cusp [38], but 
this cusp may be removed by connecting portions of the two end spheroids 
smoothly with a third function that describes the neck region. In the 
method used by Greiner, Mosel, and their coworkers [39-43], precisely one-
half of each end spheroid is used in forming the shape, which unfortunately 
prevents the description of diamond-like nuclear ground-state deformations 
and some important shapes that arise in heavy-ion reactions. In another 
method [44-52], arbitrary portions of the two end spheroids are connected 
smoothly by a quadratic neck function. 

Because an expansion method is usually better for describing nuclear 
ground-state deformations and the early stages of fission, whereas a two-
center method is usually required for describing the later stages of fission 
and heavy-ion reactions, it is desirable to define the collective coordinates 
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in some parametrization-independent way that permits a connection to be made 
between the various methods. Of course the ideal choice would be to define 
the coordinates so that the resulting inertia matrix is everywhere diagonal 
and constant. This is in general impossible to accomplish, and the best 
that we can achieve at present is to define the coordinates in terms of 
physically measurable quantities. 

For symmetric shapes a good choice involves the use of successive 
central moments of one-half of the shape distribution [53]. Then the separa
tion coordinate is simply the distance between the centers of mass of the two 
nascent or separated fragments, and the fragment elongation coordinate is the 
root-mean-square extension of a fragment about its center of mass. As Sierk 
will discuss later in the symposium, this choice has already proved useful 
for displaying dynamical paths in fission and heavy-ion reactions [51]. The 
mass-asymmetry coordinate may be defined conveniently (and unambiguously) as 
the difference between the masses to either side of the point midway between 
the ends of the shape [3, 5, 33]. For shapes with a well-defined neck a more 
pleasant choice would involve the masses to either side of the neck, but in 
practice the two definitions are approximately equivalent because in such 
cases the volume in the neck region is small. 

3.2. Macroscopic energy 

Once the nuclear shape is specified, the macroscopic energy must be 
calculated for this shape. This usually is done by expanding the nuclear 
energy in powers of A~ 3 and [(K-Z)/A]2. Truncating the expansion at 
the A 3[(N-2)/A]2 term leads to the liquid-drop model, where the two 
shape-dependent terms are the cohesive surface energy and the disruptive 
Coulomb energy. 

The inclusion of higher-order terms in the expansion leads to the drop
let model, which takes into account effects that are associated with the 
finite size of nuclei, such as nuclear compressibility [54-56]. Myers and 
Swiatecki have now determined a preliminary set of constants for the droplet 
model [56] from adjustments to nuclear ground-state masses and fission-
barrier heights and from statistical calculations. The resulting curvature-
energy constant is zero. The effective surface-asymmetry constant, which 
regulates how rapidly fission barriers are lowered with the addition of 
neutrons, is significantly larger for heavy nuclei than the value in their 
earlier liquid-drop model [57]. As Howard will describe in the next paper 
[50], this makes it unlikely that superheavy nuclei can be formed by t.ulti-
ple neutron capture. 

The condition that must be satisfied in order for the nuclear energy 
to be expanded in this way is that the surface diffuseness be small compared 
to the extension of the neighboring volume region. This condition breaks 
down for light nuclei and for shapes with small necks, for example near the 
scission point in fission and near the point of first contact in heavy-ion 
reactions. When calculating the energy of such shapes it is necessary to 
take into account the finite range of the nuclear force. 

This could be done by treating an effective nucleon-nucleon Interaction 
in some statistical approximation such as the Thomas-Fermi method [54, 58, 
59]. However, in practice such calculations have been limited either co 
small deformations [60] or to two light spherical nuclei specified by a 
single separation coordinate [61, 62], 
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A simpler method has been developed recently for including finite-range 
effects. In this method the nuclear macroscopic energy is calculated in 
tei-ms of a double volume integral over a Yukawa function. As Krappe will 
discuss later in this session [63], this leads to several important conse
quences, such as a reduction in the stiffness of light nuclei with respect to 
deformation. This lowers the fission barriers of nuclei near silver by about 
10 MeV relative to those calculated with the liquid-drop model and shifts the 
critical Businaro-Gallone point (where stability against mass asymmetry is 
lost) to Z2/A = 23, in approximate agreement with iecent experimental evi
dence. The reduced stiffness also leads to a secondary minimum in the poten
tial energy of Ca and certain other light nuclei, which provides a natural 
interpretation of the rotational states observed in these nuclei. In addi
tion, experimental interaction-barrier heights for systems ranging from 
'"'Ca + 160 and 208Pb + ^He to 238U + 8*Kr are reproduced to within 5% 
accuracy. This method also provides a tray to calculate the nuclear macro
scopic energy corresponding to the inner surface of a bubble nucleus [64]. 

3.3. Single-particle potential 

Once the nuclear shape is specified and the macroscopic energy is cal
culated, the next step is to generate the single-particle potential for this 
shape. We know of course that the true potential is nonlocal and that it 
would require a selfconsistent calculation for its determination. But the 
great virtue of the macroscopic-microscopic method is that single-particle 
effects can be extracted approximately from a local static potential that is 
not generated selfconsistently. 

Figure 2 illustrates our qualitative expectations concerning the spin-
independent part of the nuclear potential. Because the single-particle po
tential arises from the interaction of a nucleon with its close neighbors, 
it is roughly constant in the nuclear interior and rises to zero within a 
surface region whose thickness is approximately independent of nuclear size 
and position on the surface. For separated nuclei the potential has similar 
features concentrated in each of the individual nuclei. This means that near 
the scission point in fission, or near the point of first touching in heavy-
ion reactions, the potential is roughly constant in the interior of each 
nucleus and is elevated somewhat in the neck region. The overall geometrical 
shape of the potential follows closely that of the nucleus. 

The potentials that have been developed for approximating this behavior 
fall into two general classes: modified oscillator potentials that rise to 
infinity at large distances, and diffuse-surface potentials that go to zero 
at large distances. Modified oscillator potentials are usually obtained by 
starting with a potential that rises parabolically to infinity from either^ 
one or two centers. An angular-momentum correction term proportional to £2 

is then added, which in effect makes the potential rise more slowly near the 
center and faster near the nuclear surface. In an ordinary (one-center) po
tential, which has been studied extensively by Nilsson and others [1, 2, 21, 
23-29, 32, 65, 66], the minimum of the original oscillator potential always 
occurs at the nuclear center. However, for sufficiently large deformations 
It is possible that the "t2 correction term leads to a potential that in ef
fect has two centers [67]. In the potential commonly referred to as a two-
center potential, which has been used by Cherdantsev, Greiner, Mosel, and 
others [36, 39-43, 52], two separate minima occur in the original oscillator 
potential itself. At first sight this may seem clearly preferable. However, 
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when the fragment centers separate, the tv̂ o-center potential rises several 
times as rapidly in the neck region as would be expected from fundamental 
considerations. This leads to the possibility that some of the conclusions 
based on chis potential are associated with this spurious feature. 

There are also two major types of diffuse-surface potentials. The first 
type is obtained by generalizing a spherical Woods-Saxon potential to de
formed shapes. In the generalization used by Pashkevitch, Strutinsky, Pauli, 
and others [3, 5, 32-35, 37, 68], the potential's normal diffuseness is to 
first order constant over the surface. The resulting generalized Woods-Saxon 
potential is satisfactory for most shapes, but contains unphysical features 
when the neck radius is smaller than the diffuseness parameter. It therefore 
cannot be used to describe shapes near the scission point in fission or near 
the point of first touching in heavy-ion reactions. 

The second type of diffuse-surface potential is generated by folding a 
Yukawa function over a uniform sharp-surface generating potential whose shape 
corresponds to the given nuclear shape [45-50]. In other words, a finite 
square-well potential of the appropriate depth and geometrical shape is con
verted into a diffuse-surface potential by folding a Yukawa function over it; 
the range of this function is chosen to reproduce the desired surface diffuse
ness. For small deformations the resulting potential is very close to a 
generalized Woods-Saxon potential. The major advantage of this folding pro
cedure is that it can be used to generate easily a potential for any con
ceivable shape, including the transition for shapes with small necks to a 
potential concentrated in each of two individual nuclei, or vice versa. The 
potentials shown in Fig. 2 were generated in this way. 

Besides the spin-independent part of the potential, there is an addi
tional potential arising from the interaction between the nucleon spin and 
orbital angular momentum. Finally, protons feel a Coulomb potential, which 
is calculated easily by assuming that the nuclear charge is distributed uni
formly within the nuclear surface or within the nuclear generating potential. 
However, in studies with oscillator potentials the Coulomb potential usually 
is not included explicitly, but its effects are absorbed by readjusting the 
parameters of the nuclear part of the potential. 

Irrespective of how it is generated, the final potential usually con
tains about six parameters that effectively describe the depth, radius, dif
fuseness, and spin-orbit strength of the potentials for neutrons and protons. 
In studies with oscillator potentials these parameters are usually determined 
from adjustments to experimental single-particle levels in heavy deformed 
nuclei. For diffuse-surface potentials some of the parameters can be ob
tained from statistical calculations [69]; the remainder are usually deter
mined from adjustments to experimental single-particle levels in either 
heavy spherical or heavy deformed nuclei. 

3.4. Solution of Schrb'dinger equation 

Once the potential appropriate to a given shape is generated, the next 
step Is to solve the Schrodinger equation for the single-particle energies. 
There are two general methods for doing this: expansion in basis functions 
and finite-difference methods. The expansion methods are usually several 
times as fast as the finite-difference methods for calculating single-particle 
energies with comparable accuracy [46, 47]. For most applications in fission 
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the preferred choice is to expand the wave function in a set of deformed 
harmonic-oscillator basis functions. 

3.5. Microscopic corrections 

Once the single-particle energy levels are solved for, the microscopic 
corrections to the potential energy must be extracted from them. The two 
most important of these corrections are the shell correction and the pairing 
correction, 

AV . . = AV , „ + AV . . 
microscopic shell pairing 

They arise because of fluctuations in the actual distribution of levels rela
tive to a smooth distribution. 

These fluctuations are especially dramatic for a pure harmonic-oscillator 
potential, as shown in Fig. 3. For a shape of high symmetry, such as a sphere 
or a spheroid whose major axis to minor axis is in the ratio of two small 
integers, the levels group into highly degenerate shells [70]. For such a 
shape, the energy of the system is relatively lower for particle numbers that 
complete a shell than for intermediate particle numbers. At other deforma
tions, the levels are distributed more uniformly. In an actual nucleus simi
lar fluctuations in the single-particle levels give rise to microscopic cor
rections that oscillate with deformation and particle numbers. These are the 
oscillations that are responsible for deformed ground states, second minima 
in fission barriers, and asymmetric saddle-point shapes. 

The primary theoretical justification for extracting the shell correc
tion from single-particle energies is provided by the stationary property of 
the Hartree-Fock solution: To first order in the deviation of the actual 
nuclear density from a smooth density, the total Ilartree-Fock energy is equal 
to the sum of single-particle energies 

N 

n=l 

calculated from a smooth single-particle potential, plus a smoothly varying 
term [3, 5, 9, 10, 65, 71, 72]. Therefore, to first order in nuclear density 
deviations, the fluctuations that we want to isolate are contained in this 
sum of single-particle energies. As Brack will discuss later in this ses
sion [71], second-order effects in the shell correction [72] are expected in 
general to be about 1 MeV in magnitude, but could be somewhat larger for spher
ical nuclei. These second-order effects are probably responsible for some of 
the remaining discrepancies between calculated and experimental results. 

The extraction of the shell correction from the single-particle energies 
has a simple geometric interpretation, as illustrated in Fig. 4. First plot 
the energies e. at a given deformation vs the single-particle number n. 
For a macroscopic system without single-particle effects all the energies 
would lie on a smooth curve, but the discreteness of the single particles 
causes some fluctuations about a monotonically increasing function of n. 
The discrete energies e can be regarded as a staircase function formed by 
horizontal and vertical lines through the points. Next remove the local 



fluctuations of the staircase function while retaining its long-range be
havior by passing a smooth curve e"(n) through it. Then the shell correction 
for a specified number of particles N is given simply by the difference be
tween the areas under the staircase curve and the smooth curve up to N; that 
is, 

N N _ 
AV , ,, = 5"" e ~ f e(n) dn 

shell ^"i. n Jf, v 

n=l 0 

A variety of methods have been proposed for determining the smooth 
curve E(n). Unfortunately, most of these methods work only for certain 
simple potentials and cannot be used, for example, with potentials that con
tain a spin-orbit term. For realistic potentials of arbitrary shape, the 
most satisfactory way at present to determine e(n) is by use of Strutinsky's 
method [21}.. which was described to us at the second IAEA fission symposium 
by Strutinsky himself [32], We need not repeat the technical details of his 
method here. 

An alternative method has been studied for calculating the shell cor
rection from the high-temperature dependence of the entropy of the single-
particle system on excitation energy [73-77]. For heavy nuclei the results 
obtained by use of this method agree with those obtained by use of Strutinsky's 
method to within about 0.5 MeV. Perhaps this method will be discussed during 
the session on thermodynamic properties of nuclei. 

The second type of single-particle correction—the pairing correction— 
arises from the short-range interaction of correlated pairs of nucleons moving 
in time-reversed orbits. This is the most important and easily treated of the 
many residual interactions felt by a nucleon. Relative to the energy without 
pairing, this interaction always lowers the energy. But relative to the pair
ing energy of a smooth distribution of levels representing an average nucleus, 
the pairing correction can have either sign. The lowering in energy is larger 
when more pairs of nucleons are able to interact, which occurs when the level 
density near the Fermi surface is high. This is opposite to the behavior of 
the shell correction, and this leads to a partial cancellation of the two cor
rections. Because the shell correction is larger, it determines the main 
trends of the total single-particle correction. 

The essential features of the pairing correction can be described in 
terms of a constant pairing interaction between a given number of pairs of 
particles. Then a standard pairing calculation in the BCS approximation 
gives the lowering in energy for the actual levels. A similar calculation 
for the same number of particles distributed smoothly according to 'e(n), or 
in practice distributed uniformly, gives the lowering for an average nucleus. 
The difference between the lowering for the actual levels and the lowering 
for the smooth levels is the pairing correction. 

Once the fluctuating shell and pairing corrections are calculated, the 
final step is to add them to the smooth macroscopic energy calculated in 
step 2 to obtain the total potential energy. 

These methods have now been used by several groups to calculate the fis
sion barriers for dozens of nuclei [1-5, 24-28, 32-37, 41-43, 47-50, 52, 65, 
66, 68], In most instances the results obtained by the different groups are 
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i_ ilitatively similar, .although some differences exist. Rather than trying 
to review all of this work, we \rould like to describe instead some new re
sults that we have obtained recently at Los Alamos. 

4. NEW CALCULATIONS 

We have performed two separate new calculations: one with the folded 
Yukawa potential and the other with the modified oscillator potential. Both 
of these calculations are limited to even nuclei. In the former calculation, 
there are three main differences compared t<j> previous studies with this 
potential. First, we now use the droplet model in place of the liquid-drop 
model for calculating the macroscopic energy. The constants of the droplet 
model are a preliminary set determined by Myers and Swiatecki in January 1973 
[56]. We may therefore regard the present results as one step in the complex 
iteration that is required for a final determination of these constants. 

Second, we now investigate a larger part of the deformation space when 
determining the extrema of the potential-energy surfaces. Our exact procedure 
is described in the appendix, but the idea is that in the region that includes 
the first and second saddle points and the second minimum we minimize the po
tential energy calculated in the three-quadratic-surface parametrization with 
respect to a necking coordinate. During this minimization the eccentricities 
of the two ends of the nucleus and the distance between the centers of mass 
of the two nascent fragments are held fixed at the values corresponding to the 
y family of shapes [45, 47]. In the region of the ground state a somewhat 
different constraint on the three-quadratic-surface parametrization is used. 
The ground-state energy is also calculated by use of the two coordinates e 
and e^ in Nilsson's perturbed-spheroid parametrization [1, 2, 23-29]^, which* 
for most deformed nuclei yields a lower energy. Iff"the region somewhat beyond 
the second saddle point down to scission the potential energy is no longer 
minimized (because the nucleus is on the side of a steep hill), but is cal
culated instead for shapes along the most probable idealized liquid-drop-model 
dynamical path for fissility parameter x = 0.8 [44, 51] and for asymmetric 
perturbations about these shapes. The fissility parameter is defined as the 
ratio of the Coulomb energy of a spherical sharp-surface drop to twice the 
spherical surface energy. 

In all regions the final potential energy is displayed in terms of a 
fission coordinate r defined as the distance between The mass" centers' of 
the two halves of the dividing nucleus and a mass-asymmetry coordinate 
(Mj - M )/M defined as the difference between the masses to either side of 
the point mxdway between the ends of the shape. For computational convenience 
the fission coordinate for an asymmetric shape is chosen equal to the fission 
coordinate for the corresponding symmetric shape. 

The third difference is that we are now using a new set of parameters 
for the single-particle potential. Our original set of parameters was de
termined from statistical calculations and from adjustments to experimental 
single-particle levels in the heavy spherical nucleus 200Pb [47]. In the 
new set, which has been determined in collaboration with Nilsson, we have re
determined the range of the Yukawa folding function (which regulates the 
surface dlffuseness of the potential) and the spin-orbit interaction strengths 
for neutrons and protons from adjustments to experimental single-particle 
levels in heavy deformed nuclei. The resulting values of these constants are 
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a = 0.8 fm 

and 
Xp - 34 ; 

the well depths for neutrons and protons and the radius of the spherical 
generating potential remain unchanged [47]. The potential's surface is now 
11% thinner than previously, and the spin-orbit interactions for neutrons and 
protons are now stronger by 12% and 6%, respectively. These differences a-
rise mainly from requiring the calculated single-particle levels to reproduce 
the observed gap at N = 152 in the experimental neutron levels. With these 
new parameters, the experimental levels in 208Pb are reproduced slightly less 
accurately than before. It appears extremely difficult to find a single set 
of parameters that reproduces satisfactorily the experimental levels in both 
spherical and deformed nuclei. 

In the new calculation with the modified oscillator potential, the only 
difference compared to a previous study with this potential {28] is the re
placement of the liquid-drop model by the droplet model; we therefore omit 
the intermediate results calculated with this potential and present only the 
final comparison with experimental data. 

We show in Fig. 5 the barriers that are calculated with the folded Yukawa 
potential for a group of actinide nuclei. The dashed curves give the poten
tial energy for symmetric deformations and illustrate what we believed about 
fission barriers four years ago in Vienna. At that time we thought that a 
second minimum existed between two peaks in the barrier and that it was re
sponsible for shape isomers and intermediate structure in fission cross sec
tions. 

This second minimum occurs because of special degeneracies in the single-
particle energies for shapes of high symmetry. In particular, when the nu
cleus is approximately twice as long as it is wide, the energy is lowered 
substantially for particle numbers that correspond to actinide nuclei. Be
cause of this—and because the macroscopic contribution to the energy is 
close to its saddle point and hence relatively flat at this deformation— 
the resulting fission barriers of most actinide nuclei contain a second 
minimum. 

But in Vienna we still could not understand why the calculated barrier 
heights reproduced the experimental values so poorly, or why actinide nuclei 
usually divide asymmetrically. Shortly thereafter several calculations [2-5, 
26-28, 33-37, 42, 47, 49] indicated that the second saddle point in the fis
sion barriers of the lighter actinide nuclei is lowered by several MeV when 
mass-asymmetric deformations are introduced, as indicated here by the solid 
curves. For the heavier actinide nuclei the energy of the second saddle 
point is reduced much less by mass-asymmetric deformations. 

The first peak is found to be stable with respect to mass asymmetry. 
However, studies by Larsson, Pashkevich, Pauli, and others [1. 66, 68] have 
demonstrated that for the heavier actinide nuclei the first peak is unstable 
with respect to axial asymmetry (gamma deformations); this lowers the energy 
by over 2 MeV In some cases. 
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The variation of the calculated heights of the equilibrium points with 
neutron number arises primarily from single-particle effects. However, the 
variation of the heights with proton number is associated also with large 
changes in the macroscopic energy. Increasing the proton number Z pulls in 
the maximum of the macroscopic energy to make the first peak higher than the 
second. Conversely, decreasing Z pushes out the macroscopic maximum to make 
the second peak higher than the first. 

We come finally to a new observation that is apparent in Fig. 5: For 
small neutron numbers (below about 146 in these calculations), the asymmetric 
second saddle point is actually split into two individual saddle points 
separated by a third minimum! Such a splitting is possibly responsible for 
the broad resonance observed in the fission cross sections of the compound 
nuclei 231Th, 232Th, and 23"*Th [78, 79]. These data have always been inter
preted as implying that the first saddle point and second minimum in the bar
rier are substantially higher than the calculated values. But it now appears 
likely that these experimental values refer instead to the middle saddle point 
and third minimum in the barrier, which offers a simple resolution of the 
thorium anomaly. These third minima are associated with a shift in the loca
tion of the asymmetric second saddle point from a large distortion r to a 
smaller distortion as the neutron number increases. Similar third minima are 
also present in some previous calculations for thorium isotopes with both the 
generalized Woods-Saxon potential [37] and the modified oscillator potential 
[28], but the possible significance of these minima was not realized until 
now. It is conceivable that such third minima are a spurious feature of 
limited shape parametrizations, but this can be checked through further work. 
The possibility of this additional complexity in the vicinity of the asym
metric second saddle point means that great care should be taken when deter
mining barrier heights from fission cross sections [6], when calculating 
spontaneous-fission halflives [35, 80, 81], and when correlating the proper
ties of fission isomers [7]. 

Some of these points are appreciated better in a contour map where the 
mass-asymmetry coordinate is included explicitly. Two such maps are shown 
in Fig. 6: one for 2 3 6U, where the experimental most probable mass division 
is asymmetric at low excitation energy, and the other for 258Fm, where the 
most probable mass division is symmetric. We. may think of the ground states 
of these nuclei as lakes that are separated from the regions to the right by 
mountain ranges. Each range contains one or more peaks, additional lakes, 
and passes (saddle points), although in other respects they are different in 
character. For example, the 258Fm range is significantly narrower than the 
236U range; this arises because of the larger Coulomb force in 258Fm. 

For each nucleus the first lake, first pass, and second lake occur for 
symmetric shapes. (Axially asymmetric distortions, which are not considered 
here, would lower the first pass by about 0.3 MeV for 236U and by about 2 MeV 
for 58Fm [1].) Because of its high elevation the symmetric peak for 236U is 
snow-capped. However, it is not necessary to go over this forbidding peak in 
order to fission: the asymmetric route around this mountain is 3.7 MeV lower. 
In addition, the asymmetric lake that separates the two asymmetric passes 
provides a convenient resting place. Beyond this lake, the asymmetric route 
for U divides. One branch leads over an asymmetric pass down into another 
small lake in the symmetric valley. The second branch leads over a slightly 
higher and more asymmetric pass into an asymmetric valley. These two valleys 
are separated by an asymmetric snow-capped peak. We have not yet investigated 
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these valleys in detail, but if a similar topology occurs for nuclei near 
radium it could possibly be responsible for the experimentally observed three-
peaked mass distributions for these nuclei. In contrast, the symmetric peak 
for Z58Fm is relatively low in elevation, and only 1.2 MeV is gained by tak
ing the asymmetric route around this mountain. 

Apart from the equilibrium points, such potential-energy surfaces are 
not invariant under a change of coordinates. It is well known that valleys 
can be transformed into ridges, and vice versa, by coordinate transformations 
[82]. We therefore do not attach a great deal of significance to the appar
ent valleys or ridges on the steep hillside between the saddle and scission 
regions. The answer to the motion in this region must await a proper dynam
ical calculation; some aspects of dynamics will be discussed later in the 
symposium by Pauli, Sxerk, and others [35, 51]. 

We do note, however, that beyond the last saddle point the apparent 
stability shifts between symmetric and asymmetric shapes. Such shifts arise 
from oscillations in the single-particle corrections. From fundamental con
siderations one expects these oscillations to continue well past the saddle-
point region provided that the nucleus continues to elongate as it does along 
the path chosen here. 

However, the opposite result was obtained recently by Mustafa, Mosel, 
and Schmitt in some calculations with the modified two-center oscillator 
potential [41-43]. Figure 7 shows their calculated potential-energy surface 
for 2 3 6U, which is obtained by minimizing the potential energy with respect 
to overall elongation and with respect to the difference in the transverse 
semiaxes of the nascent fragments. Note the apparent valley that extends 
from the scission region all the way back to the second saddle point. 

Part of the difference between these two results for 2 3 6U sterite from the 
use of different single-particle potentials, as illustrated in Fig. 1^ Where
as the folded Yukawa potential is practically constant along the symmetry ax
is, the two-center oscillator potential is 5 MeV higher in the middle then in 
the center of either nascent fragment, even though this particular two-center 
saddle-point shape does not contain an indented neck! This early rise of tha^ 
two-center potential in the neck region contributes somewhat to an early 
formation of shell structure associated with the fragments. 

But the main difference arises because different shapes are considered. 
In our calculations the distance between the fragment mass centers increases 
continuously, whereas Mustafa, Mosel, and Schmitt minimize the potential 
energy with respect to this coordinate. This makes it possible for the nu
cleus to adjust its length as its neck radius is decreased in order to remain 
in a local asymmetric valley. Similar local valleys are evident in the 
potential-energy surfaces calculated by Pauli with a generalized Woods-Saxon 
potential and the liquid-drop model [5]. These valleys are aligned approx
imately along fixed values of the distance between mass centers r. With in
creasing r the nucleus passes from one valley into another, which is the 
situation in Fig. 6. When the nucleus adjusts its length to remain in an 
asymmetric valley, it arrives at the scission region with a more compact 
shape; this partially explains why the scission energy is higher in Fig. 7 
than in Fig. 6. 
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5. ENERGIES OF THE LOCAL MINIMA AND SADDLE POINTS 

We turn now to a comparison between calculated and experimental energies 
of the equilibrium points in the potential-energy surfaces. 

5.1. Folded Yukawa potential 

Figure 9 compares the calculated and experimental ground-state masses 
of heavy even nuclei; botl. spherical nuclei near 208Pb and deformed actinide 
nuclei are included. The calculations reproduce the general trends of the 
experimental results, but some systematic discrepancies remain, as shown in 
the lower portion of the figure. Similar discrepancies have been observed 
previously [2-5, 24, 28, 29, 57]. When viewed over a broad region of nuclei, 
the discrepancy in the ground-state masses oscillates with particle number. 
The maximum error occurs for 222Th, where it is 2.6 MeV in magnitude. For 
the isotopes of a given actinide element, the minimum in the calculated 
ground-state single-particle correction is always at neutron number N = 152. 
This is because the parameters of the single-particle potential are adjusted 
to reproduce the gap at N = 152 in thv. experimental single-particle levels 
of ground-state nuclei. Ifcwever, this minimum in the ground-state single-
particle correction is observed experimentally only for the heavier actinide 
nuclei (Z ̂  100). For the isotopes of a given actinide element, tho dif
ference between the experimental and calculated masses is an increasing func
tion of neutron number. 

Provided that it does not affect the potential energy at larger deforma
tions in the same way, such an error in the calculated ground-state mass can 
propagate into the calculated heights of the saddle points and remaining 
minima in the potential-energy surface. This is illustrated in Fig. 10 for 
even actinide nuclei between thorium and fermium. The solid curves give the 
appropriate theoretical height relative to the calculated ground-state energy, 
and the dashed curves give the corresponding height relative to the experi
mental ground-state energy. The difference between the solid and dashed 
curves is therefore simply the error in the calculated ground-state energy. 
On the other hand, an error in a term that is independent of deformation, 
such as the volume energy [28], would not affect the calculated heights of 
the remaining extrema. 

The first column of Fig. 10 compares the theoretical and experimental 
heights for the first saddle point. The theoretical results do not Include 
the effects of axially asymmetric deformations, which would lower somewhat 
the calculated heights for the heavier nuclei [1]. When allowance is made 
Jior this lowering, the theoretical heights (relative to either the calculated 

experimental ground-state energies) are slightly lower than the experi
ment!*! heights. The second column is a similar comparison for the height of 
the se5*md minimum. Apart from the results for thorium, the theoretical and 
experimen&fclyalues are in approximate agreement, although both the solid and 
dashed theorefeteal curves show a stronger dependence on neutron number than 
is observed expew^jentally. 

For isotopes of tnbclum the calculated second minima are about 3 MeV 
lower than the experimentaTNfcjalues commonly attributed to this minimum. This 
large discrepancy—together wifcĥ a similar discrepancy at the first saddle 
point—constitutes the thorium anomaly [34, 78, 79]. We suggest that a 
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possible resolution of this anomaly is the third asymmetric minimum in the 
barrier, whose calculated heights agree with the experiitental values to with
in 0.5 MeV. The discrepancies for thorium that are evident in the first 
column are reduced somewhat when the experimental heights that are commonly 
attributed to the first saddle point are compared instead with the calculated 
heights for the lower of the two asymmetric saddle points that surround the 
asymmetric third minimum. But these calculated heights are still lower than 
the experimental ones by about 2 MeV. 

For plutonium the experimental heights of the second minimum are system
atically lower by about 0.2 MeV for odd-neutron Isotopes than for even iso
topes. As pointed out by Nilsson [67], this implies that the pairing gap is 
smaller by this amount at the second minimum than at the ground state. This 
arises because the single-particle levels have a larger shell at the second 
minimum—where the shape has a ratio of axes of approximately 2/1—than at 
the ground state. Such odd-particle fluctuations in the height of the second 
minimum are evident in the calculations of Ref. [20]. 

The third column of Fig. 10 compares the theoretical and experimental 
heights of the second saddle point. For thorium and uranium both the solid 
and dashed theoretical curves are somewhat lower than the experimental values 
and show a more rapid variation with neutron number. For plutonium and curium 
the dashed curves are in approximate agreement with the experimental values, 
but the solid curves vary too rapidly with neutron number. 

In some calculations of fission-barrier heights [34, 80, 86], the values 
of two constants in the liquid-drop model are adjusted in order to reproduce 
optimally the experimental heights of the second saddle point. Because the 
calculated heights are affected to an unknown extent by the poorly understood 
systematic error in the calculated ground-state energies, great care must be 
exercised when attempting to determine liquid-drop-model constants in this way. 
As an extreme example, had experimental rather than calculated ground-state 
energies been used in the previous studies [34, 80, 86], the resulting values 
of the surface-asymmetry constant K would have been substantially lower. 

At present we are calculating the fission barriers for a broad region of 
lighter nuclei. The calculated barrier height for 210Po is 23.3 MeV relative 
to the calculated ground-state energy, and is 22.0 MeV relative to the experi
mental ground-state energy. These theoretical heights are to be compared with 
21.4 and 20.5 MeV obtained in two different experiments [87], and with the 
value of 24.7 MeV calculated by Mosel with the modified two-center oscillator 
potential and the liquid-drop model [41]. 

5.2. Modified oscillator potential 

In the next three figures we present some analogous results obtained 
with the modified oscillator potential. In Fig. 11 we see the effect of 
axially asymmetric (gamma) distortions at the first saddle point; this will be 
discussed in greater detail later in this session by Larsson [1]. We note the 
excellent agreement with experimental results that is achieved for the heavier 
nuclei by including axially asymmetric distortions. However, there are some 
significant deviations between the calculated and experimental results for the 
lighter isotopes of thorium and uranium. 

The results shown in Figs. 12 and 13 for the second minimum and the 
second saddle point, respectively, are calculated in the same way as those of 
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Ref. [28] with two exceptions: We now use the droplet model for the macro
scopic energy and include a zero-point energy of 0.5 MeV at the ground state 
and second minimum. The strength of the pairing interaction is taken to be 
independent of deformation. In Fig. 12 we see that although the experimental 
and calculated heights of the second minimum are in approximate agreement, the 
calculated values depend more strongly on neutron number than do the experi
mental values. In particular, the calculated values contain a minimum at 
N = 144 and a maximum at N = 152, whereas the experimental values are approxi
mately independent of neutron number (apart from the odd-particle fluctuations 
discussed earlier). 

As seen in Fig. 13, the calculated heights of the second saddle point for 
uranium and plutonium are fairly constant as functions of neutron number and 
are in excellent agreement with the experimental results, the agreement is 
also very good for curium, whereas for thorium the calculated values are about 
1 MeV higher than the experimental values and vary somewhat too rapidly with 
neutron number. 

For the heavier actinide nuclei there are no experimental measurements on 
the height of the second saddle point. However, the spontaneous-fission half-
life for 2S8Fm is unexpectedly short compared to that of the neighboring 
nucleus 256Fm. In particular, the halflife of 380 Ps for 258Fm is only 
4 x 10~8 times that for 256Fm [88, 89]. This may indicate that for 25BFm the 
second saddle point is lower than the ground state [80]. This could also be 
true for •-1,l*Fm, which has a short spontaneous-fission half life of 3.3 ms 
[90]. This indirect evidence therefore suggests that the heights of the 
second saddle points for Fm and Fra are about zero. This is reproduced 
approximately by the calculations shown in Fig. 13. 

5.3. Comparison of folded Yukawa and modified oscillator potentials 

For both the folded Yukawa potential and the modified oscillator poten
tial, the present calculations agree better with experimental results than 
previous calculations with these potentials [20, 28, 47, 49]. Of particular 
importance, the rapid variation of the height of the second saddle point with 
neutron number that was predicted by the old calculations but is not observed 
experimentally is reduced substantially. For the modified oscillator poten
tial this improved agreement stems from the use of the droplet model for the 
macroscopic energy. For the folded Yukawa potential the introduction of addi
tional shape coordinates and the use of different parameters for the single-
particle potential also contribute. Unfortunately we are not able to answer 
the delicate question of whether the improved agreement arises because of the 
higher-order terms in the droplet model or simply because of a better set of 
constants for the leading terms. 

In carrying out this study we have come to appreciate the remarkable 
similarity in the results calculated for actinide nuclei by use of potentials 
that at first sight seem radically different. Similarities near the ground 
state are understood easily because we adjust the parameters of each potential 
to reproduce the same experimental single-particle levels in heavy deformed 
nuclei. But in addition the two calculations yield similar results at the 
second saddle point for detailed questions: For example, for which isotope 
does the maximum decrease in energy due to asymmetric distortions occur? And, 
for which Isotope does the location of the asymmetric second saddle point 
shift from a large distortion r to a smaller distortion? The two 

-17-



calculations answer both these questions in the same way to within an accuracy 
of ±2 neutrons for all even nuclei between thorium and fermium. This suggests 
that the dependence of single-particle effects on deformation arises primarily 
from the overall geometrical shape of the potential rather than from fine de
tails associated with it. This agrees with the conclusions obtained by lialian 
and Bloch on the basis of closed stationary paths in potentials [91]. 

But of course there are some differences in the results calculated with 
the two potentials. For example, compare the rapid increase in the height of 
the second saddle point with increasing neutron number just below 152 in the 
folded Yukawa calculations with the relatively constant behavior in the modi
fied oscillator calculations. This difference comes about from effects both 
at the ground state and at the second saddle point. As an example, for plu-
tonium the ground-state energy calculated with the folded Yukawa potential 
decreases by 1.1 MeV between N = 144 and N = 152 and the saddle-point energy 
increases by 1.0 MeV, which increases the height of the second saddle point 
by 2.1 MeV. In the modified oscillator calculations the corresponding values 
are 0.19 MeV and 0.02 MeV, which increases the height by only 0.21 MeV. At 
the ground state the differences arise because the single-particle level den
sity near neutron number N = 144 is slightly higher for the folded Yukawa 
potential than for the modified oscillator potential (even though both poten
tials are meant to reproduce the same experimental levels). 

We find that the levels at the second saddle point are much less sensi
tive to changes in the parameters of the single-particle potential than are 
those near the ground state. The major differences at the second saddle 
point seem to arise because in the folded Yukawa calculations we vary the 
necking coordinate a independently of the separation and asymmetry coordi
nates, whereas in the modified oscillator calculations the necking coordinate 
e^ has a prescribed dependence on the other coordinates. 

Another difference is that the heights of the second saddle point do not 
decrease as rapidly with increasing proton number in the folded Yukawa cal
culations as in the modified oscillator calculations. This arises primarily 
because the second saddle point for heavy nuclei near 252Fm, for example, oc
curs near the macroscopic saddle point with the folded Yukawa potential, 
whereas with the modified oscillator potential it occurs at a somewhat larger 
deformation, where the macroscopic contribution is about 2 MeV lower. The 
main reason that the second saddle occurs at a smaller deformation with the 
folded Yukawa potential is that the single-particle levels cross earlier. 

In order to permit a better choice between the available single-particle 
potentials, and in order to determine the constants of these potentials more 
precisely, we need more direct experimental information at large deformations. 
This includes the determination of the nuclear shape and the identification 
of the single-particle states at the second minimum, for which some notable 
first steps have been taken [92-94]. 

We again stress that, despite these minor differences, the two poten
tials yield remarkably similar results for the fission barriers of actinide 
nuclei. It is therefore disconcerting to note the relatively large differ
ences in the predictions for superheavy nuclei based on the two potentials 
[24, 25, 47-49]. In particular, the modified oscillator potential predicts 
that the eastern side of the island of superheavy nuclei (i.e., the side with 
neutron number greater than 184) is more stable than the western side, whereas 
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the folded Yukawa potential (as well as the Woods-Saxon potential) predicts 
that the western side is more stable. 

We had originally thought that part of this difference was caused by 
having used experimental single-particle levels in 208Pb to determine the 
parameters of the folded Yukawa potential and single-particle levels in heavy 
deformed nuclei to determine the parameters of the modified oscillator poten
tial. But no\7 that we use levels in heavy deformed nuclei for both potentials 
the differences are even greater [50]1 This comes about because the surface-
diffuseness parameter for the folded Yukawa potential is now smaller, which 
makes this potential more like a square-well potential. We conclude that al
though satisfactory agreement with experimental results may be achieved for a 
limited region of nuclei through the adjustment of parameters in the single-
particle potential, great care must be exercised when extrapolating the poten
tial to new regions of nuclei. 

6. FISSION-FRAGMENT MASS DISTRIBUTIONS 

We come finally to the puzzle that has intrigued physicists ever since 
the discovery of fission: the preference of most actinide nuclei at low ex
citation energy to divide asymmetrically. We now understand this preference— 
as well as the preference in other situations for nuclei to divide symmetri
cally—in terms of single-particle effects superimposed on a smooth macro
scopic background. 

^•1• Origin of asymmetric instabilities 

Let us examine these two contributions individually. As illustrated in 
Fig. 14, the saddle-point shapes for the macroscopic portion of the energy are 
stable against mass-asymmetric deformations for nuclei heavier than about sil
ver and are unstable for lighter nuclei. Because the quantity plotted is 
equal to the stiffness against mass asymmetry divided by the corresponding 
inertia, the effective macroscopic stiffness against mass asymmetry increases 
sharply for heavier nuclei. In order for an asymmetric mass division to oc
cur, a possible single-particle preference for asymmetry must be sufficiently 
strong to overcome this macroscopic preference for stability. Because the 
magnitude of single-particle effects remains approximately constant with in
creasing mass number, this increase in the stiffness of the macroscopic con
tribution suggests that sufficiently heavy nuclei will always prefer to divide 
symmetrically. Some recent calculations with the modified two-center os
cillator potential support this observation [43]. 

We have already seen that the addition of single-particle effects to the 
macroscopic energy can lead to a high and sharp peak in the total potential 
energy as a function of the symmetric fission coordinate. This peak is 
caused by an unusually high single-particle level density near the Fermi sur
face for this particular shape. Any type of deformation that reduces this 
high level density leads to a decrease in the single-particle correction. 
Whereas the single-particle levels depend linearly upon symmetric deforma
tions, they are to first order independent of asymmetric deformations. For 
large asymmetric deformations many levels remain practically constant, whereas 
some specific levels vary strongly [27]. When these specific levels are near 
the Fermi surface, asymmetric deformations can reduce the single-particle cor
rection. Then, provided that tne macroscopic energy does not increase too 
rapidly, the total potential energy should have an asymmetric path of lower 
energy leading around the symmetric peak [27, 96]. 
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Two near-lying levels are affected strongly by an asymmetric perturbation 
when the matrix element of the perturbation between them is large. The matrix 
element or a mass-asymmetric perturbation is large between two states of op
posite parity that have similar transverse and azimuthal wave functions and 
that have 0 â .d 1 node, respectively, in their wave functions along the sym
metry axis z. This is illustrated in Fig. 15, where the neutron levels near 
the second saddle point of an actinide nucleus are shown as functions of mass 
asymmetry. These results are calculated with the modified oscillator poten
tial. In terms of the asymptotic quantum numbers [Nn̂ Tlfi], the levels that are 
affected most by mass asymmetry are [40AJ2] and [51AJ2J. Four orbitals of 
each type occur between neutron number 130 and 170 at the second saddle point; 
it is the presence of these eight mass-asymmetry-favoring orbitals near the 
Fermi surface that leads to mass-asymmetric second saddle points in actinide 
nuclei. These same orbitals are also responsible for mass asymmetric saddle 
points in calculations with the folded Yukawa potential and with the general
ized Woods-Saxon potential [5]. 

As the nucleus continues to deform past the saddle point, the development 
of the neck and ultimately the rise of the potential in the neck cause all 
levels to group into nearly degenerate pairs of levels of opposite parity. 
This occurs because the squeezing at the neck raises the energy of a state 
without a node at z = 0 more than it raises the energy of a state with a 
node. As stressed by Andersen [97], these pairs of levels finally become the 
levels in the two individual fragments after scission. In this limit every 
level is affected by a change in mass asymmetry. However, because of the dif
ficulty of mass transfer near scission, the mass split must be decided some
what before this point. But in this way we see the connection between the ef
fects of shell structure in the fragments and at the saddle point. 

At the first symmetric saddle point of actinide nuclei the single-particle 
level density near the Fermi surface is also high, but such shapes are stable 
against mass asymmetry because the mass-asymmetry-favoring orbitals are not as 
close to each other there. On the other hand, axial-asymmetry-favoring orbi
tals are present near the Fermi surface at the first saddle point of the 
heavier actinide nuclei, which leads to axially asymmetric first saddle points 
in these nuclei. 

6.2. Saddle-point properties 

Although a few mysteries still remain, the main features of experimental 
fission-fragment mass distributions are now understood in terms of the cal
culated properties of the. saddle points. At low excitation energy, most heavy 
nuclei (Z > 90) divide primarily into one large fragment and one small frag
ment. For these nuclei, the second saddle point is calculated to -be 
reflection-asymmetric in shape. Figure 16 shows for actinide nuclei the cor
relation that exists between the experimental most probable mass asymmetries 
and the values calculated at the second saddle point with the folded Yukawa 
potential. 

If the mass distribution is determined at the second saddle point, then 
the experimental peak-to-valley ratio should be related exponentially to the 
difference between the energies of the second symmetric saddle point and the 
second asymmetric saddle point [101]. Such a correlation is presented in Fig. 
17 for actinide nuclei; the folded Yukawa potential is used to calculate the 
differences in the energies of the saddle points. 
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What happens to the nucleus after it passes over the asymmetric .second 
saddle point? It has two main choices: It can adjust its overall length in 
order to remain in an asymmetric valley of low potential energy created by 
the single-particle effects [5, 42, 43], Or alternatively, it can increase 
its overall length in accordance with the preference of the macroscopic part 
of the energy. If this occurs, it noves out of the asymmetric valley of low 
potential energy onto another part of the •multidimensional deformation 
space [5]. These two possible alternatives are illustrated by the potential-
energy maps in Figs. 7 and 6, respectively. Perhaps some information on 
which alternative a nucleus chooses could be obtained from a careful examina
tion of experimental fission-fragment kinetic energies. But it is more likely 
that we will have to wait for a proper dynamical calculation to provide the 
answer to this important question. 

Experimental fission-fragment mass distributions for nuclei in the 
vicinity of radium (84 < Z < 90) Lave three peaks; one corresponds to 
division into equal fragments and the others correspond to division into un
equal fragments. Still lighter nuclai (Z < 84) divide primarily into two 
equal fragments at all excitation energies for which the mass distributions 
are known. More recent experiments show that the mass asymmetry also de
creases strongl5T for very heavy nuclei [102, 103]. In particular, the most 
probable mass split in the thermal-neutron-induced fission of 2;' 7Fm (Z = 100) 
is symmetric [103]. 

In our new calculations with the folded Yukawa potential, the saddle 
point for 226Ra is slightly asymmetric [(M2 - M2)/M0 = 0.075] and is 2.3 MeV 
lower in energy than the corresponding symmetric saddle point; this agrees 
qualitatively with most of the other calculations for radium isotopes [5, 28, 
33, 47, 49]. We have not yet investigated the potential-energy surface for 

Ra for large distortions beyond the saddle point or for large mass asym
metry, but it is possible that an asymmetric valley similar to the one shown 
in Fig. 6 for 236U will appear. If so, the presence of such an additional 
valley may be responsible for the three-peaked mass distributions observed 
experimentally for nuclei near radium. On the other hand, odd-particle ef
fects may be partially responsible, because the experimental mass distribu
tions are for compound nuclei such as Ac and Ac, which contain one or 
more odd partrlcles [104, 105]. 

For 2I0Po we find in our new calculations with the folded Yukawa poten
tial that the potential energy is extremely flat near the saddle point. Al
though the small differences in potential energy in this region are comparable 
to the numerical accuracy of the calculations, the results taken at face value 
yield an asymmetric saddle point [at (M1 - M,)/MQ = 0.092] that is 0.25 MeV 
lower than the symmetric saddle point. Ihe peak that separates them is only 
0.25 MeV higher than the symmetric saddle point. Although the total potential 
energy is flat near the saddle point, the single-particle levels themselves 
vary strongly with deformation. Because the single-particle levels at the 
saddle point influence such quantities as fission-fragment angular distribu
tions, the proper measurement and analysis of these quantities provide val
uable information concerning the saddle-point shape [106]. 

For heavier actinide nuclei, the second saddle point decreases in height 
relative to the first, and these nuclei begin their descent: with a shape cor
responding to the first saddle point, which is reflection symmetric. In ad
dition, the asymmetric second saddle point is only slightly lower than the 
corresponding symmetric one and occurs at a relatively small mass asymmetry 
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(for Fm these values are 1.2 MeV and 0.050, respectively, in our folded 
Yukawa calculations). This is at least partially responsible for the transi
tion to symmetric, divisions in the thermal-neutron-induced fission of 2b/l?m. 

As the excitation energy increases, the probability for division into 
two equal fragments increases, until at high energies the experimental mass 
distribution for all nuclei is peaked about a division into two equal frag
ments. This transition is probably associated with the decrease in relative 
importance of single-particle effects at high excitation energies, where the 
nucleons are distributed randomly over a large number of single-particle 
levels. This effectively destroys the influence of the shells, and—in a 
loose manner of speaking—the system divides in accordance with the smooth 
macroscopic contribution to the energy, which prefers an equal-mass split. 
This AdLll be discussed later in the symposium by Jensen [107]. 

The phenomena that we are able to understand qualitatively in terms of 
the calculated saddle-point symmetry properties are thus the mass asymmetry 
in the low-energy fission of most actinide nuclei, and the transitions to 
symmetric divisions for both lighter and heavier nuclei and at high excitation 
energy. The calculated saddle-point properties do not reproduce the exact 
locations of the transitions to symmetric divisions and do not reproduce the 
expected symmetric and asymmetric saddle points for nuclei such as radium in 
the transition region. A more quantitative study of fission-fragment mass 
distributions would require a dynamical calculation to determine the motion 
beyond the second saddle point. 

7. CONCLUDING COMMENTS 

We have discussed recent advances in the calculation of the nuclear po
tential energy of deformation, with primary emphasis on the macroscopic-
microscopic method. As specific examples of this method we have presented 
some new results obtained recently at Los Alamos with the folded Yukawa and 
modified oscillator single-particle potentials; the macroscopic energy is cal
culated by use of the droplet model. 

A variety of phenomena associated with nuclear shape changes can be 
understood on the basis of this two-part approach. The macroscopic part gives 
the smooth trends, and the microscopic part gives the fluctuations that arise 
from single-particle effects. In this way such varied phenomena as nuclear 
ground-state masses and deformations, second minima in the fission barriers of 
actinide nuclei, fission-barrier heights, and fission-fragment mass distribu
tion- are seen to have a common origin. 

From comparisons with experimental results we have seen that the present 
accuracy with which we are able tc calculate the nuclear potential energy of 
deformation is aboi.'; 1 MeV, although larger systematic errors are still present 
In some cases. Some of these errors are associated with imperfect determina
tions of the constants of both the macroscopic energy and the single-particle 
potential. Numerical inaccuracies arise from calculating shell and pairing 
corrections for a region of nuclei from single-particle levels for one central 
nucleus; numerical inaccuracies are also present in the extraction of the 
shell correction from a given set of single-particle levels. Some of the er
rors could arise from an inadequate treatment of zero-point energies. Per
haps we are using the wrong functional form for either the macroscopic energy 
or the single-particle potential. But probably the major errors stem from an 
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inherent limitation of the macroscopic-microscopic method itself, such as 
the neglect of terms that are second order in the deviation of the actual nu
clear density from a smooth density. These second-order effects will be dis
cussed later in this session by Brack 171]. 

When these same general methods are applied to superheavy nuclei, we 
find the result shown in Fig. 18: An island of nuclei in the vicinity of 
114 protons and 184 neutrons is expected to be relatively stable against spon
taneous fission, alpha decay, and beta decay. As is true for any island, 
there are two general ways by which the island of superheav}' nuclei may con
ceivably be reached—by sea and by air. In the next talk Howard will discuss 
the approach by sea, where one would reach the southeastern, or neutron-rich 
shore of the island through the multiple capture of neutrons [50]. 

APPENDIX. SHAPE CONSTRAINTS 

The ground-state energy is determined by minimizing the potential energy 
with respect to an elongation coordinate and a necking coordinate in two dif
ferent shape parametrizations. We use first a constrained version of the 
three-quadratic-surface parametrization, which contains the six deformation 
coordinates a , a , a , (Xj, a2, and a3 [44-51]. The first three coordinates 
describe symmetric deformations, and the last three describe asymmetric de
formations. For specifying ground-state deformations, we eliminate one of the 
three symmetric coordinates by relating the eccentricity of the middle sphe
roid to that of the two end spheroids. This is done by requiring that the 
relative quadrupole moment of the middle spheroid be equal in magnitude but of 
opposite sign to the relative quadrupole moment of either end spheroid. The 
two remaining symmetric coordinates are chosen to be the quadrupole moment 
Q2 and hexadecapole moment Qif of the shape [50]. We find that this parame
trization describes very poorly the shapes of nuclei with large positive hexa
decapole moments (light isotopes of thorium, uranium, and plutonium). In 
particular, the generated shapes have a large curvature near z = 0 , which 
results in an unphysically large surface energy. For this reason we also 
study the potential energy near the ground state as a function of the coordi
nates e and e^ in Nilsson's perturbed-spheroid parametrization [1, 2, 
23-29]. For most nuclei the use of this parametrization results in a lower 
ground-state energy (by up to 1.2 MeV for 2 2 6Th). However, for several nuclei 
with neutron number N close to 152 the energy calculated in the constrained 
version of the three quadratic-surface parametrization is lower (by up to 
0.4 MeV for Cf). For each nucleus we use the lower ground-state energy 
calculated with these two parametrizations. 

The remaining fission barrier extrcma are determined by use of the three-
quadratic-surface parametrization only. (For comparison we are currently re
determining them by use of Nilsson's perturbed-spheroid parametrization.) In 
this determination three coordinates are varied independently: the distance 
between mass centers r, the necking coordinate a„ , and the asymmetry coordi
nate a2. The coordinate ot3 Is always set equal to 0, and a} is used to 
keep the center of mass fixed at the origin. When a2 is varied, the coordi
nate Oj which specifies the separation of the end-spheroid centers is 

-23-



determined so that the distance r between the actual nascent-fragment mass 
centers remains f:bced. The fragment-eccentricity coordinate a is taken 
equal to its value for the y-family shape [45, 47] that has the'same value of 
r. For asymmetric shapes (a 4 0), r is chosen to be the same as for the 
corresponding symmetric shape. Because a large change in a9 sometimes leads 
to a small change in the actual shape, we define the mass-asymmetry coordinate 
as (M - M )/(Mj + M2) = (Mj - M2)/MQ. Here li1 is the mass on one side of 
the point midway between the ends of the shape, and M is the mass on the 
other side. 

The asymmetric saddle points are determined in the following way: We 
consider seven values of r in the vicinity of the second saddle point. With 
r fixed we vary o and the mass-asyr.:-etry coordinate independently; we use 
five values for each of the last two coordinates, which makes a total of 25 
grid points. For each mass asymmetry we minimize the energy with respect to 
a • In this way we obtain for each value of r the energy as a function of 
mass asymmetry; these energies are then used to construct contour maps as 
functions of r and mass asymmetry. From these contour maps the asymmetric 
saddle points are then determined. In our contour maps all distortion coor
dinates (Oj, o2, 03, Cij, a?, a3) are continuous functions of r and mass 
asymmetry, thus insuring that we do not "tunnel through" a mountain ridge 
when minimizing with respect to a2 and consequently obtain a spurious 
saddle point of lower energy. 

When determining the first saddle point and. second minimum, only r and 
0"2 are varied because in this region the potential energy is stable against 
mass-asymmetric distortions (or in a few cases only slightly unstable). 
Therefore, in the two contour diagrams displayed in Fig. 6 the potential 
energy for asymmetric shapes is minimized with respect to a2 only in the 
vicinity of the second saddle point. In other regions asymmetric distortions 
are generated from the corresponding symmetric shape by making a r 0. In 
the region preceding the second saddle point these symmetric shapes are those 
for the ground state, first saddle point, and second minimum for the 
particular nucleus under consideration. Be3'ond the second saddle point the 
symmetric shapes correspond to those along the most probable idealized 
liquid-drop-model dynamical path from saddle to scission [44,51] for fis-
sility parameter x = 0.8. 
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FIGURE CAPTIONS 

FIG. 1. Effect of axial asymmetry and mass asymmetry on the fission barrier 
of Pu. The clashed curve (which sometimes coincides with the solid 
curve) gives the potential energy for symmetric deformations as a 
function of the distance r between the centers of mass of the two 
nascent fragments. The solid curve gives the potential energy along 
a path that leads over the axially asymmetric first saddle point and 
over the mass-asymmetric second saddle point. The lower portion of 
the figure shows the nuclear shapes corresponding to selected points 
along this path, namely the sphere, four equilibrium points, and the 
point of emergence from the barrier in spontaneous fission. The 
results for axially symmetric shapes are calculated with the folded 
Yukawa potential and the droplet model by use of methods to be de
scribed later. The reduction in energy at the first saddle point is 
taken from Ref. [1]. 

FIG. 2. Nuclear shapes described by the fission coordinate y, and the cor
responding spin-independent nuclear single-particle potentials for a 
diffuse-surface folded Yukawa potential [45, 47, 49]. The equipoten-
tial curves are shown for 10, 30, 50, 70, and 90% of the well depth. 

FIG. 3. Energy levels of a harmonic-oscillator potential for prolate sphe
roidal deformations [49]. The particle numbers of the closed shells 
are indicated for a sphere and for a spheroid whose major axis is 
twice its minor axis. 

FIG. 4. Extraction of the shell correction from single-particle energies 
[47, 49]. The neutron levels in a spherical 208Pb nucleus are shown 
by solid points and define a staircase function estair^n^* ^ e 

smooth curve "e(n) removes the local fluctuations of the solid _ 
points but retains their long-range behavior. The Fermi surface X 
of the smooth distribution of levels is illustrated for 126 neutrons. 
The corresponding shell correction is given by the difference be
tween the areas under the staircase curve and the smooth curve up to 
n = 126. 

FIG. 5. Fission barriers for actinide nuclei, calculated with the foldtd 
Yukawa potential and the droplet model. The dashed curves (which 
sometimes coincide with the solid curves) give the potential energy 
for symmetric deformations as a function of the distance r between 
the centers of mass of the two nascent fragments. The solid curves 
give the potential energy along a path that leads over the mass-
asymmetric second saddle point. This path is usually determined by 
minimizing the potential energy with respect to mass asymmetry for 
fixed values of r. However, when such a path jumps discontinuously 
from one valley to another without passing over the asymmetric saddle 
point, the path in this region is determined by the method of steep
est descent. This explains why the solid curves sometimes lie above 
the dashed curves. The potential energy for each nucleus is cal
culated with single-particle levels for 250Cf. 
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FIG. 6. Potential energy of 2S6U and 25CFm, calculated with the folded Yukawa 
potential and the droplet model; For each nucleus contours of con
stant potential energy are plotted as functions of the distance be
tween mass centers r and the mass-asymmetry coordinate (M - M )/M . 
The contours are labelled by the energy (in MeV) relative to the ' 
spherical droplet-model energy. The solid curves are spaced at in
tervals of 2 MeV; dashed curves are used for intermediate values. 
The distortions included vary from a sphere (at r = 0.75 R ) all the 
way to scission, which is indicated by the slightly curved dot-dashed 
line. The potential energy for each nucleus is calculated with 
single-particle levels for 2S0Cf. 

FIG. 7. Potential energy of 2 3 eU, calculated by Mustafa, Mosel, and Schmitt 
with a modified two-center oscillator potential [42]. Contours of 
constant potential energy are plotted as functions of the nee'; radius 
D and the masses of the two nascent fragments. The contours are 
spaced at intervals of 1 MeV and are labelled by the energy (in MeV) 
relative to the ground-state minimum potential energy; an additional 
contour is included near each saddle point. The dashed lines rep
resent interpolated or extrapolated values. 

FIG. 8. Comparison of the folded Yukawa potential with the two-center oscil
lator potential at the asymmetric second saddle point for 236U. The 
upper portion of the figure shows the saddle-point shapes, and the 
lower portion shows the corresponding potentials along the symmetry 
axis. The folded Yukawa potential is 0.19 MeV higher in the neck 
than in the center of the larger nascent fragment and is 0.04 MeV 
higher in the neck than in the center of the smaller nascent frag
ment. The two-center oscillator potential [42] is 5 MeV higher in 
the middle than in the center of either nascent fragment. 

FIG. 9. Comparison of experimental ground-state single-particle corrections 
for even nuclei with values calculated by use of the folded Yukawa 
potential and the droplet model. The ground-state single-particle 
correction is the nuclear ground-state mass relative to the spherical 
macroscopic energy, which is calculated here from the 1973 droplet 
model of Myers and Swiatecki [50, 55, 56]. The experimental masses 
are taken from Ref. [83]. The calculated masses are obtained by 
minimizing the potential energy with respect to a separation coordi
nate and a necking coordinate in two different shape parametriza-
tions, as discussed in the appendix. Single-particle levels for 
200Pb, 22''Ra, and 250Cf are used to calculate the potential energy 
for each nucleus in the left-hand, middle, and right-hand regions, 
respectively; these regions are indicated by the dashed vertical 
lines. A constant ground-state zero-point energy of 0.5 MeV is in
cluded for each nucleus. The lower portion of the figure gives the 
discrepancy between the experimental and calculated masses. 

FIG. 10. Heights of the first saddle point, second minimum, and asymmetric 
second saddle point, as functions of neutron number N. The solid 
curves give the heights calculated with the folded Yukawa potential 
and the droplet model relative to the calculated ground-state energy, 
and the dashed curves give the corresponding height relative to the 
experimental ground-state energy. The lightweight dot-dashed lines 
in the first, column give the height of the lower of the two asymmet
ric saddle points that surround the asymmetric third minimum 
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(relative to the calculated ground-state energy). To the left of the 
wavy vertical line the lower saddle point occurs before the minimum, 
and to the right it occurs after the minimum. The height of this 
third minimum is given in the second column by the lightweight dot-
dashed lines. A constant zero-point energy of 0.5 MeV is included 
for each nucleus at its ground state, second minimum, and third 
minimum. The potential energy for each nucleus is calculated with 
single-particle levels for Cf. The calculations are performed for 
even nuclei only, but odd-neutron nuclei are also included in the 
experimental data, which are given by solid circles [20], open cir
cles [84], solid squares [79], open squares [78], solid upward-
pointing triangles [6], and a solid downward-pointing triangle [85]. 

FIG. 11. Reduction in the height of the first saddle point due to axially 
asymmetric deformations, as a function of mass number A. The open 
circles connected by the dashed lines give the heights calculated 
with a modified oscillator potential and the liquid-drop model for 
shapes that are restricted to axial symmetry [28]; the open circles 
connected by the solid lines give the corresponding heights calculat
ed by Larsson and Leander for axially asymmetric shapes [1]. The 
strength of the pairing interaction is assumed to be proportional to 
the surface area; the liquid-drop-model constants are taken from 
Ref. [57]. No zero-point energy is included at the ground state. 
The calculations are performed for even nuclei only, but odd-neutron 
nuclei are also included in the experimental data, which are given by 
the solid squares [84]. 

FIG. 12. Height of the second minimum, as a function of neutron number N. 
The curves are calculated with the modified oscillator potential and 
the droplet model for even nuclei. The experimental data are given 
by circles [20] and a triangle [85], Solid symbols are used for even 
nuclei, and open symbols are used for odd-neutron nuclei. 

FIG. 13. Height of the asymmetric second saddle point, as a function of neutron 
number N. The curves are calculated with the modified oscillator 
potential and the droplet model for even nuclei. A constant ground-
state zero-point energy of 0.5 MeV is included for each nucleus. The 
experimental data are given by squares [84], circles [20], and trian
gles [6]. Solid symbols are used for even nuclei, and open symbols 
are used for odd-neutron nuclei. 

FIG. 14. Square of the frequency of mass-asymmetric oscillations of an ideal
ized liquid drop about its saddle-point shape, as a function of fis-
sility parameter x. The results are shown for nuclei along the 
valley of beta stability [44]. The critical Businaro-Gallone point 
[95] is denoted by the arrow. To the right of this point the liquid-
drop-model saddle-point shape is stable against mass asymmetry, and 
to the left it is unstable. 

FIG. 15. Single-neutron levels near the second saddle point of an actinide 
nucleus, as functions of tb-3 mass-asymmetry coordinate e35. The 
levels are calculated with the modified oscillator potential for 
asymmetric distortions defined by e3 = c35 and £g = - 0.45 e35 

[27]. The levels are labelled by the asymptotic quantum numbers 
[Nn̂ Aft] and by the parity for the corresponding symmetric shape. 
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FIG. 16. Correlation of experimental most probable fission-fragment mass 
asymmetries with values calculated at the asymmetric second saddle 
point by use of the folded Yukawa potential and the droplet model, 
for even actinide compound nuclei. The experimental data are given 
by circles [98], triangles [99], and squares [100]. Solid symbols 
are used for spontaneous fission, and open symbols are used for 
neutron-induced fission. 

FIG. 17. Correlation of the pealc~to-vallcy ratio in experimental fission-
fragment mass distributions with the difference between the energies 
of the symmetric and asymmetric second saddle points, for even 
actinide compound nuclei. The energy differences are calculated with 
the folded Yukawa potential and the droplet model. The experimental 
data are given by circles [98] and triangles [99]. Solid symbols are 
used for spontaneous fission, and open symbols are used for neutron-
induced fission. 

FIG. 18. Location of the predicted island of superheavy nuclei relative to the 
peninsula of observed nuclei. The nuclei included in the island have 
calculated total halflives longer than about 5 min [48]. 
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