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A b s t r a c t  

A s t a t i s t i c a l  approach t o  dual  (Veneziano) dynamics i s  

proposed. I t  operates w i t h  hadrons o f  g i v e n  temperature 

r a t h e r  than s p e c i f y i n g  i n  d e t a i l  a l l  hadron ic  quantum 

numbers. Heavy resonance p r o d u c t i o n  p r e d i c t i o n s  o f  t h e  

s t a t i s t i c a l  approach a r e  found t o  agree w i t h  exper iment .  
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STAT I ST I CAL APPROACH TO THE VENEZ IAN0  MODEL" 

L .  N. Chang, P. G .  0.  Freund and Y .  Nambu 
The U n i v e r s i t y  o f  Chicago 

When f a c t o r  i zed, t h e  Venez iano r e p r e s e n t a t i o n  requ i r e s  

t h e  d e n s i t y  o f  hadrons t o  grow e x p o n e n t i a l l y  w i t h  t h e i r  mass. 

T h i s  causes d ivergence problems fo r  c l o s e d  loop diagrams. 

Never the less ,  i t  i s  an inescapable consequence o f  d u a l i t y  

t h a t  a v e r y  r i c h  hadron spectrum i s  needed i n  o r d e r  t o  

reproduce t h e  smooth Regge behav io r  d i c t a t e d  by t h e  crossed 

channel .  I f  t h e  hadron d e n s i t y  does indeed grow so f a s t ,  

one may q u e s t i o n  whether d i s t i n g u i s h i n g  i n d i v i d u a l  p a r t i c l e s  

a t  v e r y  h i g h  masses ( M ; 3  5 GeV) i s  r e a l l y  an adequate approach 

t o  hadron dynamics. A t  these h i g h  masses t h e  number of  

s t a t e s  a v a i l a b l e  t o  a hadron i s  so l a r g e  and grows so r a p i d l y  

t h a t  a s t a t i s t i c a l  t rea tment  seems more a p p r o p r i a t e .  

2 

S t a t i s t i c a l  models o f  h i g h  energy hadron ic  r e a c t i o n s  have 

been considered i n  the past.3 

r e l y i n g  on h e u r i s t i c  arguments, were unable t o  p r e d i c t  

d e t a i l e d  r e a c t i o n  c r o s s - s e c t i o n s .  

These models, whi l e  heavi  l y  

I n  t h i s  paper we f o r m u l a t e  a s t a t i s t i c a l  model d e r i v e d  

f rom the Veneziano r e p r e s e n t a t i o n .  The c r u c i a l  element o f  ou'r 

t rea tment  w i l l  be t o  abandon t h e  spe i f i c a t i o n  o f  a l l  d e t a i l e d  

quantum numbers (such as ' ' t h e  nth o f  t h e  many s p i n  - J daughters  o f . . . " )  

O f  heavy r e a c t i o n  produc ts .  We shal  r a t h e r  d e s c r i b e  such 

produc ts  by i n d i c a t i n g  a s t a t i s t i c a l  parameter such as t h e i r  

temperature.  Our method s h a l l  lead u s  t o  a p a r t i c u l a r l y  s imp le  

e x p l a n a t i o n  o f  the main f e a t u r e s  o f  h i g h  mass resonance p r o d u c t i o n .  

-0. 
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us s t a r t  w i t h  t h e  usual  Veneziano f o u r - p o i n t  f u n c t i o n  

a process w i t h  empty u-channe 

c t e d  i n  F i g s .  l a ,  l b :  

Here we have r e c a s t  V ( s , t )  i n  the  

form. The r's a r e  the  v e r t i c e s  
4 

o p e r a t i o n a l  ( f a c t o r i z e d )  

IO> i s  the  ground s t a t e  o f  t h e  Regge t r a j e c t o r y  and A i s  t h e  

> propaya t o r  

m 
1 , t i = C r a  + a 

v r  ~r 
A(k2)  = 

H-a(k2) - iE  r= 1 

The a b s o r p t i v e  p a r t  o f  A(k2)  

o f  t h a t  c h a r a c t e r i s t i c  o f  the mic rocanon ica l  ensemble o f  

s t a t i s t i c a l  mechanics. We now pass t o  the  canon ica l  ensemble 

by the replacement 

i s  an energy 6 - f u n c t i o n  r e m i n i s c e n t  

.--- 

where 

- 1  13 = (kT) 

and C % 0 (1)  i s  a complex f a c t o r  about which we do not  w o r r y .  

To make t h i s  replacement meaningful  we have t o  s p e c i f y  what we 

mean by the temperature 1'. I n  the s t a t i s t i c a l  t rea tment  we 
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have a u t o m a t i c a l l y  f o rsaken  c r o s s i n g  symmetry as we have 

s e l e c t e d  - one channel (say t h e  s-channel) as hav ing  a l a r g e  

number o f  i n t e r m e d i a t e  one p a r t i c l e  s t a t e s  o r ,  i n  s h o r t ,  by 

go ing  t o  l a r g e  s .  I t  i s  then c l e a r  t h a t  we expect  T to  be 

somehow r e l a t e d  t o  t h e  l a r g e  k inemat i ca l  v a r i a b l e  s .  To see 

how, i n s e r t  E q .  (4 )  i n t o  Eq .  (2 )  which then becomes 

then f o r  l a r g e  s E q .  (6a) i s  Regge behaved. So f a r ,  our  argument 

was h e u r i s t i c .  To make i t  more p r e c i s e  we observe t h a t  t he  

r e s u l t  (6 )  c o u l d  nave been ob ta ined  d i r e c t l y  f r o m  a s teepes t  

descent  e s t i m a t e  of t he  i n t e g r a l  i n  E q .  ( 1 ) .  S u b s t i t u t i n g  x = e 

i n  i q .  ( I )  we have 

-6 

m 

A c t u a l l y  t h i s  r e p r e s e n t a t i o n  i s  v a l i d  o n l y  f o r  a ( s )  < 0 ,  a ( t )  < 0.  

L e t t i n g  t h e r e f o r e  Re s -+ -m a s teepes t  descent  e s t i m a t e  o f  E q .  (7 )  y i e l d s  

Eq. (6) w i t h  B % [ a ( t ) + l ] / a ( s ) .  O r i g i n a l l y  we meant s t o  

be 

i f  

t o  

i s  

l a r g e  and p o s i t i v e .  I n  t h i s  case our  method i s  s t i l l  a p p l i c a b l e  

we f i r s t  separa te  a resonance f a c t o r  % l / s i n  na(s) by go ing  

a Pochhammer-type r e p r e s e n t a t i o n 7  o f  t he  B - f u n c t i o n .  

reasonable s i n c e  one would expect  t he  t r a n s i t i o n  f rom mic ro -  

Th is  

canon ica l  t o  canon ica l  ensemble t o  be v a l i d  a t  l e a s t  f o r  t he  

a b s o r p t i v e  p a r t  o f  V ,  wh ich  may be smoothed o u t  as i n  the  usual  

d i s c u s s i o n  o f  the  f i n i t e  energy sum r u l e s .  * (The sadd le  p o i n t  
\ 
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* 

method a l s o  f a i l s  when the  f u n c t i o n  goes through zero  as  

a ( t )  i s  v a r i e d . )  Thus, n o t  u n l i k e  s tandard s t a t i s t i c a l  mechanics, 

t h e  s t a t i s t i c a l  l i m i t  ( 6 )  o f  the  Veneziano amp l i t ude  c o i n c i d e s  

w i t h  i t s  s teepes t  descent  es t ima te .  L e t  us emphasize once more 

t h a t  a l l  t h a t  i s  r e q u i r e d  i s  t h a t  161 -f 0, t h e  s i g n  o f  Re l / B  does 

n o t  m a t t e r .  For b r e v i t y  we s h a l l  c a l l  an ( i n t e r n a l  o r  e x t e r n a l )  

l i n e  o f  &momentum k - hot, i f  lk21 becomes ve ry  l a r g e .  

t i o n s  so f a r  a r e  e a s i l y  genera l i zed  t o  N-po in t  f u n c t i o n s .  A l l  one has 

to  do i s  t o  make the  replacement (4 )  i n  any -- h o t  p ropagator .  

Thus the  f i v e  p o i n t  f u n c t i o n  o f  F i g .  IC i s  g i v e n  by ( n o t a t i o n  

Our cons ide ra -  

/ O  

B i j  ,-I- I / S i j )  

Ye have used here  the  k inemat i c  r e l a t i o n  a - 

and as above' Hegge i n t e r c e p t s  have no t  been c a r e f u l l y  a d j u s t e d .  

a Z 3  - aj4 + c o n s t .  24 - '51 - 

The f i r s t  f a c t o r  i n  E q .  (8) depends o n l y  on the  v e r t e x  A 

i n  F i g .  I d  w h i l e  the  second f a c t o r  i nvo l ves  p and p and thus 5 4 
must depend a l s o  on v e r t e x  B 

(e .g .  f o r  u n i t a r i z a t i o n  o f  the  

i n t e r e s t i n g  process i s  t h a t  o f  

of  t he  heavy r e a c t i o n  produc t  

n t h i s  f i g u r e .  T h e o r e t i c a l l y  

Veneziano amp1 i tude) the  more 

F i g .  l e  i n  which the  decay mode 

p a r t i c l e  4 )  i s  no t  s p e c i f i e d .  
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The p r e c i s e  way t o  c a l c u l a t e  d iagram l e  i s  to  r e p l a c e  t h e  

b r a  < O )  i n  Eq. ( I )  by the b ra  <I41 d e s c r i b i n g  the  e x c i t e d  s t a t e  

( p a r t i c l e  4 )  i n  a l  i t s  go ry  d e t a i l s .  T h i s  i s  ex t reme ly  comp l i -  

ca ted  and n o t  w i t h  n the s p i r i t  o f  t h i s  paper. More r e a l i s t i c  

(bo th  t h e o r e t i c a l l y  and e x p e r i m e n t a l l y )  i s  t o  c a l c u l a t e  t h e  sum 

o f  the  c r o s s - s e c t i o n s  f o r  p roduc ing  a l l  resonances hav ing  a mass 

w i t h i n  a c e r t a i n  band. Th is  i s  d i r e c t l y  achieved by d e s c r i b i n g  

the  h o t  e x t e r n a l  l i n e  4 o f  F i g .  5e v i a  a d e n s i t y  m a t r i x  

cor respond ing  t o  temperature T 

d i r e c t l y  c a l c u l a t e  the squared m a t r i x  element 

‘L p2 = M Z .  We can then 4 4  

c 

I n s e r t i n g  here  the  s t a t i s t i c a l  p ropagators  A f rom E q .  ( 4 ) ,  the  

v e r t i c e s  I‘ f rom Eq. ( 2 )  and the  d e n s i t y  m a t r i x  P f r om E q .  (9 ) and 

per fo rming  the s tandard coherent  s t a t e  man ipu la t i ons  we f i n d  

w i t h  

The b racke t  i n  t q .  ( 1 1 )  i s  j u s t  t he  square o f  t he  f i r s t  b racke t  

i n  Eq. ( d ) .  I f  w e  keep i n  mind t h a t  ] M I 2  i s  an amp l i t ude  

squared w i i i l e  F is an dmp l i t ude  and t h a t  t he  f a c t o r  f i n  

Eq. ( 1 1 )  i s  i r r e l e v a n t  as i t  e s s e n t i a l l y  corresponds o n l y  t o  

a s p e c i f i c  cho ice  o f  Regge i n t e r c e p t s , 5  then 

and (8) e x h i b i t  a f a c t o r i z a t i o n  p r o p e r t y .  

5 

equat ions  (11) 

Th is  Is t r u e  i n  genera l .  
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u 
, 

/ 

The technique developed above can be a p p l i e d  i n  numerous 

o t h e r  cases. Here we s h a l l  l i m i t  o u r s e l v e s  t o  c o n s i d e r i n g  t h e  

exper imen t a  1 consequences o f  Eq. ( 1 1 ) . A s  was mentioned 

above,5 Eq. ( l l ) ,  as a l l  equat ions  o f  t h i s  paper, i s  to  be 

t r u s t e d  o n l y  as f a r  as the  l i n e a r  term o f  Regge t r a j e c t o r i e s  

i s  concerned; i n t e r c e p t s  have n o t  been a d j u s t e d .  Consider now 

Eq. ( 1 1 )  and expand t h e  e x p o n e n t i a l s  ( B  < < I ) .  We then 12 <<"  845 
f i n d  ( s 4  = M i )  

Eq. (12) f i x e s  t i le  dependence o f  the  w i d t h  o f  t h e  f o r w a r d  

( i . e .  s s ina l l )  peak i n  r e a c t i o n  l d - e  on s and M4. Using 

the  simp1 i f  i e d  n o t a t  i o n  

2 2 

2 
23 I 2  

23 
s = s  , 2 ,  M = M 4 ,  t = s  

we can w r i t e  the d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  r e a c t i o n  

I d - e  i n  t h e  form 

A ( s  , M 2 )  t 
g ( s , M 2 )  e 

d 2o 
d tdM2 
- =  

where g i s  obta ined f rom f o f  Eq. (12) a f t e r  a d j u s t i n g  

i n t e r c e p t s  and 

the 

A ( s , M ~ )  = 2cr ' tn  ( I  + s / M ~ )  

- 1  I n  p a r t i c u l a r  f o r  s > >  M~ > >  (22') 

A ( S , M ' )  = 2cr'en s /M*.  

Thus a t  f i x e d  energy ( s )  the w i d t h  o f  the forward peak expands 

l o g a r i t h m i c a l l y  w i t h  the resonance (mass) . T h i s  agrees n i c e l y  

-____ 
2 

9 w i t h  exper iment .  



To sum 

k i n e m a t i c a l  

due to  t h e  

7 

i n  s t a t i s t i c a l  terms. T h i s  s t a t  

exper iment  as evidenced by Eq. ( 

up, we have seen t h a t  f o r  l a r g e  va lues  of t h e  

v a r i a b l e s ,  the  behavior  o f  Veneziano ampl i tudes  

arge  number o f  s t a t e s  a v a ! l a b l e  can be s i m p l y  d e s c r i b e d  

s t i c a l  d e s c r i p t i o n  agrees w i t h  

4 ) .  The major  c o n c l u s i o n  o f  

t h i s  paper i s  t h a t  f o r  hadron masses M ? 5 GeV, i n  v iew of  the  

v e r y  l a r g e  d e n s i t y  o f  resonances, a d e t a i l e d  s p e c t r o s c o p i c  a n a l y s i s  

becomes u n f e a s i b l e  and i s  m o s t  j u d i c i o u s l y  rep laced by a 

s t a t i s t i c a l  a n a l y s i s .  A t  l a r g e  masses, i t  i s  n o t  the  d e t a i l e d  

quantum numbers o f  the  many resonances, b u t  r a t h e r  the 

temperature o f  the  hadron t h a t  m a t t e r s .  
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f rom ours .  Thcy cons ider  an N-po in t  f u n c t i o n  i n  i t s  

m u l t i - p e r i p h e r a l  c o n f i g u r a t i o n ,  and o b t a i n  a m u l t i -  

Keggc forn iu la  f a c t o r i z e d  a l o n g  the  l ead ing  t r a j e c t o r y .  

On the  o t h e r  hand, we s t a r t  o f f  f rom a m a n i f e s t l y  f a c t o r i z e d  

amp1 i tiidc 

f i g u r a t i o n  

a p h y s i c a l  

express ion  

n the  success i v c  d i r L c t - c h a n n c l  rcsonance con- 

use the  r i c t i ncss  o f  the i n t e r m c d i a t e  s t a t e s  as 

arguriicnt f o r  t h c  approx imat ion ,  and o b t a i n  an 

which r e t a i n s  the  f a c t o r  i za t i on p r o p e r t y .  



Figure caption 

Fig. 1 .  Diagrams illustrating the statistical model. 

W i g g l y  lines are hot. Dotted lines correspond to the 

Regge exchanges implied by the statistical model. 
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