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Abstract
A statistical approach to dual (Veneziano) dynamics is
proposed. It operates with hadrons of given temperature
rather than specifying in detail all hadronic quantum
numbers. Heavy resonance production predictions of the

Statistical approach are found to agree with experiment.
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STATISTICAL APPROACH TO THE VENEZIANO MODEL"

L. N. Chang, P. G. 0. Freund and Y. Nambu
The University of Chicago

When factorized,I the Veneziano representation requires
the density of hadrons to grow exponentially with their mass.
This causes divergence problems for closed loop diagrams.
Nevertheless, it is an inescapable consequence of duality
that a very rich hadron spectrum is needed in order to
reproduce the smooth Regge behavior dictated by the crossed
channel. If the hadron density does indeed grow so fast,
one may question whether distinguishing individual particles
at very high masses (M~ 5 GeV) is really an adequate approach
to hadron dynamics. At these high masses the number of
states available to a hadron is so large and grows so rapidly
that a statistical treatment seems more appropriate.
Statistical models of high energy hadronic reactions have
been considered in the past.3 These models, while heavily
relying on heuristic arguments, were unable to predict
detailed reaction cross-sections.

In this paper we formulate a statistical model derived
from the Veneziano representation. The crucial element of our
treatment will be to abandon the specification of all detailed
quantum numbers (such as ''the nth of the many spin J daughters of...")
of heavy reaction products. We shall rather describe such
products by indicating a statistical parameter such as their
temperature. Our method shall lead us to a particularly simple

explanation of the main features of high mass resonance production.
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Let us start with the usual Veneziano four-point function

. + - +
for a process with empty u-channel (like mnm - m 7 ) as

depicted in Figs. la, lb:

1
V(s t) = J dx x 17 (s) iy Tmalt)
° (1)

<0[r(p3)a{(p,*+p,)2) 1 (p,) 0>.

Here we have recast V(s,t) in the operational (factorized)
form.u The I''s are the vertices

(p) E a:rpu E aUer (2)
F'(p) = ex ——4 exp{- R 2
=l } {r=l/F

{0> is the ground state of the Regge trajectory and A is the

propagator5

AMK2) = — 1 h =

’ r * * (3)
H~oa(k2)-ie r

a a
urour

he~18

1

The absorptive part of A(k?) is an energy &-function reminiscent
of that characteristic of the microcanonical ensemble of
statistical mechanics. We now pass to the canonical ensembie

by the replacement

A(K2) = — L A(K2) =g e

H-a(k2)-ie

o (reeti?) W

where

and C v 0(1) is a complex factor about which we do not worry.
To make this replacement meaningful we have to specify what we

mean by the temperature 1. |In the statistical treatment we



have automatically forsaken crossing symmetry as we have
selected one channel (say fhe s-channel) as having a large
number of intermediate one particle states or, in short, by
going to large s. It is then clear that we expect T to be
somehow related to the large kinematical variable s. To see

how, insert Eq. (4) into Eq. (2) which then becomes

Vis,t) = B(]_e‘ﬁ)-a(t)-lesa(s) —_— B'a(t) eBOt(S) (6a)
’ |8]>0 :
I1f we set6
T =g s (6b)

then for large s Eq. (6a) is Regge behaved. So far, our argument
was heuristic. To make it more precise we observe that the

result (6) could have been obtained directly from a steepest

descent estimate of the integral in Eq. (1). Substituting x = e_8
in £q. (1) we have
V(s,t) = J gp &5(8) (g8 ()1 (7)

0
Actually this representation is valid only for a(s) < 0, a(t) < 0.
Letting therefore Re s » -» a steepest descent estimate of Eq. (7) yields
Eq. (o) with 8 v [a(t)+1]/a(s). Originally we meant s to

be large and positive. In this case our method is still applicable

if we first separate a resonance factor ~ 1/sin na(s) by going

to a Pochhammer-type representation7 of the B-function. This

is reasonable since one would expect the transition from micro-

canonical to canonical ensemble to be valid at least for the

absorptive part of V, which may be smoothed out as in the usual

discussion of the finite energy sum rules.8 (The saddle point
)



method also fails when the function goes through zero as

a{t) is varied.) Thus, not unlike standard statistical mechanics,

the statistical limit (6) of the Veneziano amplitude coincides

with its steepest descent estimate. Let us emphasize once more

that all that is required is that |g8] - 0, the sign of Re 1/8 does

not matter. For brevity we shall call an (internal or external)

line of k-momentum k hot,if |k?| becomes very large. Our considera-
tions so far are easily generalized to N-point functions!o All one has
to do is to make tne replacement (4) in any hot propagator.

Thus the five point function of Fig. lc is given by (notation

eij n l/sij)

F.(

50512059353 54555)) = <0IT{R)B(s, )T (p3) A (s )7 (py) 0>

N BIZBQS []_e”(Lﬁ|2+Bl45)]'d2[4 (]-e_BL'b')_d}l* (]_6'312)'&23 (8)

81252 + Bygayg)

X

n [5126612&12 (1-e 8127823 (1-o" (B12+845) 8235
By o0 (-8, +8,) (3,,-G.,) -8, -&
X [Bhse 45745 (1-e 127745 } 34 751 (1-e u5) 3q]
We have used here the kinematic relation G,y = G5y T Op3 T O3y + const.

and as above5 Regge intercepts have not been carefully adjusted.
The first factor in Eq. (8) depends only on the vertex A

in Fig. 1d while the second factor involves p5 and Py and thus

must depend also on vertex B in this figure. Theoretically

(e.g. for unitarization of the Veneziano amplitude) the more

interesting process is that of Fig. le in which the decay mode

of the heavy reaction product (particle 4) is not specified.



The precise way to calculate diagram le is to replace the

bra <0| in Eq. (1) by the bra <N| describing the excited state
(particle 4) in all its gory details. This is extremely compli-
cated and not within the spirit of this paper. More realistic
(both theoretically and experimentally) is to calculate the sum
of the cross-sections for producing all resonances having a mass
within a certain band. This is directly achieved by describing

the hot external line 4 of Fig. 5e via a density matrix

o(p,) = e A" (9)

corresponding to temperature Th v pi = Mi. We can then

directly calculate the squared matrix element
1 2 = o +

Inserting here the statistical propagators A from Eq. (4), the
vertices I' from Eq. (2) and the density matrix o from Eq. (9 ) and

performing the standard coherent state manipulations we find
]2 = (5),°e2512%12 (1-¢7F12) 72023 (o7 (P12YEM) 282336 (s ) (11a)

with

Flo,oty) = [(-e” 22480y (1) jeonst. (116)

The bracket in tq. (11) is just the square of the first bracket
in Eq. (8). |If we keep in mind that |M|? is an amplitude

squared while F, is an amplitude and that the factor f in

5
Eq. (11) is irrelevant as it essentially corresponds only to

a specific choice of Regge intercepts,5 then equations (11)

and (8) exhibit a factorization property. This s true in general.



The technique developed above can be applied in numerous
other cases. Here we shall limit ourselves to considering the

experimental consequences of Eq. (11). As was mentioned

5

above,” Eq. (11), as all equations of this paper, is to be

trusted only as far as tne linear term of Regge trajectories

is concerned; intercepts have not been adjusted. Consider now

Eq. (11) and expand the exponentials (812 <<, B“S <<1). We then
N = 2

find (54 Mh)

2 _ - -1
IMI = f(SIZ’Sh) (l + S]Z/Su)

-1 -

2&2
1273

3= Flsipesy) (Vs 23, (12)

Eq. (12) fixes tie dependence of the width of the forward

. . . 2 .
(i.e. 523 small) peak in reaction ld-e on S and Mb' Using

the simplified notation

2 2
S =5y, , Mo=M, t = Sy3 (13)
we can write the differential cross-section for reaction
ld-e in the form
d2g oy A(s,M2)t '
= g(s,M°) e ’ 14
d taM2 9( ) (14)
where g is obtained from f of Eq. (12) after adjusting the
intercepts and
A(s,M2) = 2a'en (1 + s/M2) : (15)
In particular for s >> M2 >> (2&')-]
A(s.M2) = 20'sn s/M2. : (16)

Thus at fixed energy (s) the width of the forward peak expands

logarithmically with the resonance (mass)z. This agrees nicely

with experiment.



To sum up, we have seen that for large values of the
kinematical.variables, the behavior of Veneziano amplitudes
due to the large number of states available can be simply described
in statistical terms. This statistical description agrees with
experiment as evidenced by Eq. (14). The major conclusion of
this paper is that for hadron masses M 2 5 GeV, in view of the
very large density of resonances, a detailed spectroscopic analysis
becomes unfeasible and is most judiciously replaced by a
statistical analysis. At large masses, it is not the detailed
quantum numbers of the many resonances, but rather the

temperature of the hadron that matters.
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5. An extra mode has to be added in order to adjust the
Regge intercept o(0). For simplicity we omit
this mode. Correspondingly, throughout this paper only results
concerning shrinkage and expansion of forward or backward
peaks are to be taken seriously. Overall energy dependences
depend on a(0) and therefore are sensitive to the
omitted mode. We shall occasionally emphasize this point
by using the notatioﬁ a(s) for a(s) + some constant.

6. The concept of temperature as introduced here is derived from
the Veneziano repre;entation, including the interaction.
It is therefore different from the temperature T of the free
Bose gas that chgracterizes the spectrum. Tf as was shown
by Nambu (Ref. 4) is proportional to Vs while our T ~ s.
There is no connection between the temperature T of Eq. (6b)

and the temperature used in Ref. 3, either.
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See, e.g., E. T. VWhittaker and G. N. Watson, 'Modern
Analysis" hth ed., Cambridge Univ. Press, 1950. pp. 256-257.
For our purposes the weaker result of Graf (in which only
one variable is allowed to become arbitrary) is sufficient
(see N. Nielse&, Die Gammafunktion, Vol. |, Chelsca Publishing
Co., Bronx, New York, 1965, pp. 1k0-142.)

If the Veneziano amplitude were appropriately unitarized
the large oscillation of the dispersive part would be damped,
and the above argument would become stronger.

That the Veneziano model leads at fixed s to a decrease of A
with increasing 1 was first observed (using numerical
evaluations) by R. Waltz, Phys. Lett. 30B, 490 (1969). The
specific logarithmic dependence (16) for
s >> M2 >> (2a')-] was conjectured by P. G. 0. freund,

Phys. Rev. Letters 22, 565 (1969) and by L. Caneschi,
Lett. al Nuovo Cim. 2, 122 (1969) where a detailed and
successful comparison with experiments is presented.

Observe that here we have derived Egs. (15) and (18).

A similar manipulation has Eeen carried out by

K. Bardakci and H. Ruegg, Phys. Rev. 181, 1884 (1369).

The set of limits they:are taking, however, is different
from ours. They consider an N-point function in its

mul ti-peripheral configuration, and obtain a multi-

Regge formula factorized along the leading trajectory.

On the other hand, we start off from a manifestly factorized
amplitudc in the successive dircct-channcl resonance con-
figuration, use the richness of the intermediate states as

a physical argument for th& approximation, and obtain an

expression which retains the factorization property.
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Figure caption

Fig. 1. Diagrams illustrating the statistical model.
Wiggly lines are hot. Dotted lines correspond to the

Regge exchanges implied by the statistical model.
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