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CONSIDERATIONS ON THE MAGNETIC FIELD PROBLEM IN
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and

San Fu Tuan
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Abstract

We adapt the results obtained in a previous paper on the
magnetic field dependence of the energy gap in superconductivity
for bulk specimen to thin film superconductors, using the model
of discrete quantization in momentum space. Only the case of
parallel and constant external magnetic field along the film
surfaces 1is considered. A series of elementary theorems:- and
some specific calculations lead to the conclusgqhs}

1) A second order phase transition should Pé’%bserﬁed at

all temperatures for thin film thicknesses.
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2) A simple scaling rule exists concerning the field and
temperature dependence of the energy gap.

3) The critical field H, depends on thickness I and reduced
temperature t like H, ~ L-§/2(éh l/t)l/2 for not too

5

thin films (L 2, 0.5 x 10 ° cm). The bahavior changes
as the film becomes very thin or as the temperature be-
comes extremely low.

A crude comparison with available experimental data seems

to bear out our conclusions qualitatively.
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1. Introduction

In a previous paperl we derived expressions for the magnet-
ic field dependence of the energy gap in superconductivity for
bulk matter. The theoretical assumptions here are that we can
somehow introduce a varying magnetic field into the bulk medium
and that it makes sense to talk about energy gap depending on
the field; of course for a constant imposed field the Meissner
effect tells us that there is in fact no change in the gap due
to the field. Though in some sense the discussion of bulk mat-
ter calculations is an academic problem, nevertheless 1t supplies
a useful test model from which we can draw physically realistic
conclusions about the case of superconducting thin films - which
1s directly amenable to experimental corroboration.

It was pointed out earlier2 how we might expect to apply
bulk material results to the actual experimental details of thin
film specimen. We can still introduce momentum pairs, though
these are now quantized or discrete at least in one direction,
and instead of integrating over momentum variable k (as for the
case of infinite or bulk medium) - we have summation over momen-
tum states. We are typically dealing with samples of thickness
comparable or smaller than the penetration depth (~5 x 10_6 cm),
such that it allows the magnetic field to penetrate the body with-
out much attenuation, yet it is still large compared to the
atomic scale in order not to alter drastically the basic dynamics
of superconductivity. Thus we shall not concern ourselves with

the intrinsic change of properties due to finite thickness, but
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only the changes induced by the presence of the magnetic field
relative to the field-free case.

Under such circumstances, the bulk material results can be
applied by properly observing the discrete electron momentum for
a thin film, but otherwise considering a simulated bulk material
formed by a sequence of thin films (of thickness L) placed side
by side in which the magnetic field runs parallel to the layers
with alternating directions. The Fourier transform A(q) of the
vector potential across such superconducting film layers is of

the form
A(q) ~ l/q2 , where g = nr/L, n =1, 2, 3, ...

Thus the lowest g is = 7/L, which becomes large as L becomes .
small. The need for high g-values (Pippard limit) is evident.
In section 2, this discrete quantization model is formulated for
both the cases of thick and thin films and the question of phase
transition (energy or magnetic field versus gap ¢ diagrams) at
T = 0°K is briefly discussed.
Section 3 treats the perturbation calculation at T = O for
superconducting thin films in the framework of the discrete or
lamination model. We shall find that it 1s essential to take
into account the correct gauge and electronic boundary conditions
to arrive at a result valid for very small gap or thickness.
In Section 4 we derive a formula (Egs. (4.21) and (4.22))at
zero temperature which is based on the previous perturbation re- ’

sult but can be expected to hold for stronger magnetic fields. '
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It shows the energy gap to decrease steadlly with increasing field
without ever vanishing until the whole calculation breaks down

at extremely high fields. We cannot determine the critical field
at zero temperature in our framework.

The above formula can be extended to finifte temperatures
without carrying out calculations in detall. We shall show 1n
Section 5 that there exists an approximate scaling rule with re-
spect to the temperature and magnetic field dependence of the gap,
which enables one to treat the finite temperature case more easily
than at zero temperature. We find a second order phase transi-
tion at a finite critical field Hc’ which depends on thickness L
and reduced temperature as L—3/2(En l/t)l/2 for not too thin
films.

In Sections 6 and 7 our results are compared with available
experiments as well as wlth other theoretical calculations, nota-

3

bly by Bardeen~, by Douglassu in the Landau-Ginzburg-Gor'kov

theoryB, and by Mathur et al.6 The measurements of Tinkham and
Morris7 on thermal conductivity of lead and those of Douglass) g
and Meservey

using the more direct tunnel approach on lead, do suggest that
for film thicknesses in the range 500 AO to 1000 AO and reduced
temperatures down to O.Pt,a second order phase transition 1is ob-
served. This agrees with our predictions; moreover, the theoret-
ical curves are in reasonable agreement with the data.

The concluding remarks of Section 8 evaluate the problems

which confront the present study on thin films, in particular

the questions of boundary conditions, a proper and more elaborate
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extension to finite temperatures, and the case of uneven or non- ..
parallel magnetic fields. Suggestions are made which will test

most critically the notions here outlined.

2. 'The Discrete Quantization Model

We consider a parallel thin film of macroscopically large
dimensions along Oy and Oz, and of thickness L along 0x (Fig.
1(a)). Equal and parallel external magnetic fields H are applied
in the plane of film surfaces at x = 0 and X = L. With the
boundary conditions ygl(x,y,z) =0 at x =0 and x = L, the

single electron wave functions Qh (x,y,z) are

%
l71/n(x,y,2) = (%) sin (amx/L) ¥ (y) Y(z) (2.1)
with

pl’lX = I’l’TI'/L> 0, n=1,2, 3, ... (2'2)

and so our discrete jump in Py is AP, . = m/L, which is still
much smaller than the Fermi momentum Pg for typical thin film
values of L (of order 100 to 1000 A®). Thus we expect that the
concept of a quasi infinite medium should be applicable.

9

The Meissner effect relation” for the current j is

3
Ji(a) = k(a)ay(a) = El Ky5(a) A4(q)

with
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Here n is the number of conduction electrons, of both spin direc-
tions per unit volume. We are interested in the ¢ (energy gap)
dependent part of K(q), viz. K(E)(q); this is given to the second

~e

order in field strength by

(= _ <plj: /C*t> t¢ l&ﬁ 1%
%km C?mk/f) zZ Ep r Edg) (2.4)

+ ¢crogs i‘ermS.

Eﬁp) = [ E(p)2 + ¢2]1/2 is the quasi-particle energy. It will be
cgnvenient at this stage to work in the London gauge. Since the
induced current perpendicular to the plane of film is zero, the
external vector potential in this gauge is then just A(x,y,z) =
(o, H(x - L/2), o). Ay(x) is chosen to be an odd function with
respect to the middle plane of the film. If we want the London
equation in the simple form jee A, this is the proper choice
since the induced current should also have the same symmetry when
the magnetic field is equal on both sides of the film. However,

an additive constant to A(x) does not affect the final result

(see below). Eq. (2.4) then simplifies to (P“—tt‘“g K,;EK)

K@) @)% - X [Sbrpldyhlp] (2.5)
APV A Pt Eq+ EGs) .

Here the denominator E(p+q) + E(p) is just the energy of the
quasi-particle pair (hole + particle) created in the intermedi-
ate state.

It is evident from Eq. (2.5) that we need to evaluate gener-

al matrix elements of the form (p'[(x - L/2)jy]p> . Using



Eq. (2.1) we get

<yl - Y jylp> = ,j Sin () Sim (p3 (- o) A2 St 21y S 1)

et
T {O”v -p)* ff’*l’v)}*{' d (2.6)

X 8Cp/-b) 3G/ -P).

Comparison of Egs. (2.5) and (2.6) gives, putting p' = p + q,

the only nonvanishing A(q):

-aH Y A N - 2H -La
A/f) T {37 T Gprga? RS

9 = = (¥+1DT/L, r=1.2, 3

The term g, = O, or p = p' (no scattering) does not appear, and

(2.7)

the approximate equality in Eq. (2.7) is generally satisfied for
(px+ p;)22> (p,— Q}lg. Note that for the smallest qu, =
|0l - ] =1/L, (ol +9)%5 9(p) - )7,

We have here evaluated the matrix elements in the single
electron plcture. However it is completely evident that the
transition p to p' does not depend on the details of palred or
unpaired states, but rather it is a special nature of the wave
function and properties of Fourier transform in going from space
variables to momentum variables. Information about the Cooper
pairing 1s inherent in the kernel K(q).

e~

Equation (2.7) is actually an expression for the external

vector potential A°®(q). The physically interesting expression
o PN

i1s that of the energy change, due to the magnetic field given

by Eq. (5.1) of I 5,4




é,; = Z K{) /ﬁcx()/a (2.8)

to the second order in Aex(q). We see at once that the component
P

A(g = 0) does not contribute because K(0) # 0 and hence
o

K(q) / [1 - K(a)/a“)] —> 0

as q2 —> 0. This means that the ambiguity of a constant addi-
tive term in A(x) 1s effectively eliminated.

The discussion thus far is restricted to a single thin film.
In order to establish connection with the bulk matter case, we

prove the following theorem.

Theorem 1

Bulk medium, consisting of parallel layers of thin films
placed side by side with alternating magnetic fields (uniform

within its periodicity), is mathematically equivalent to a single

thin film in a uniform magnetic field H, where the electrons con-
fined in the film undergo specular reflection scattering at the
f1lm boundaries, except for the difference that in the latter the
electron motion has discrete quantization across the film.
Figures 1(b) and 1(c) exhibit the mathematical equivalence
in diagrams. An intuitive physical interpretation of the theorem
is as follows. In the classical sense, an electron follows a
curved path inside a film and then reflected at the surface. If
we take the mirror image of the reflected motion with respect to

the surface, the electron effectively passes into the next film
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without suffering reflection, but there the curvature is reversed,
i.e. the magnetic field within the next film appears to be re-
versed. We remark that this picture is valid under the adiabatic
condition where we neglect scattering of electrons at points of
periodicity.

Proof: -

Figure 2 shows the distribution of external field and vector
potential as a function of distance along 0x for the laminated
bulk medium. It is evident that (wvi'l;t‘n? Ay = A)

o0
A% ¥ (x) = 1/1 2 C, cos (nrx/L) (2.9)
n=o0

, ex . ,
Since A 7 (x) is an even function, we have

Q
Il

L
= (2/1) f (x - 1/2) cos (nmx/L)dx (2.10)
-2/1 (5% 11 - (-1)"]

We see that the even terms vanish identically. The running wave

form of the Fourier expansion of Aex(x) is
oo

anzyZ

2% (x) = (1/L)'22 (cn/e) e (2.11)
Nn= -oo '

Thus 1t is Cn/2 which is to be equated with the usual Fourler

component A(q _) of AS*(x). Hence

nx

) = ¢ /2 = -2/L (L/nm)%H,  (2.12)

n=2r+1, r =0, 1, 2, 3,...

Equation (2.12) is completely equivalent to Eq. (2.7), provided

the term (2p, + qx)_2 can be neglected. Q.E.D. .
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We have established the theorem under the assumption that H
is constant within its periodicity; in fact the theorem holds for
1

an arbitrary field H(x), 0 as is physically desirable since for
films of finite thickness the field inside is generally x-depend-
ent and different from the surface field. The necessary modifica-
tion requires us to replace Aex(x) by a generalized function

n/,

A(x), such that

Rx) = (2/1) 2 a(a) cos ax,

a

ka) is an even function of x, with periodicity 2L, so that the
general field H(x) is odd (and hence alternating) but also of
period 2L.

The study of phase transition at T = OOK proceeds along the
lines of an investigation of the total energy(f versus energy gap
parameter @. Here é?= é;o + C?A, where 653 is the non-magnetic
B.C.S. ground state energy relative to the energy of the Fermi
sea and éEA is the magnetic energy calculated from Eq. (2.8). It
can be readily shown that d?o(ﬁ) in the weak coupling approxima-

tion (@ <« the Debye frequency cut-off @ ) is

Ecw = NglbaColg) - %) - Vrd (aafp)t®

N is the density of Bloch states of one spin per unit energy at
Fermi surface, and (0= NV (V the effective electron-electron in-
teraction). Using Egs. (2.7) and (2.8), é?A can be written as

- 1 /2M)? Lo
64 2 (L.. )?'é(&mﬁ/b [iz 3‘1-34{5)/)..2] (2.14)
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In Eq. (2.14) we have written, following I, K(q) = (—1/)?)f(q),
where A is the London penetration depth at T ;wboK: A= (m/he2)1/2,
and f(q) describes the non-local nature of the relation between

J and A with a characteristic bulk coherence length j?o = VF/mﬁ.

In other words, f can be expanded as

2 L
£(a) =1 - c( )% + o(( ), (2.15)
The fmotfon
(f(a) in general decreases with increasing q, and the sum in Eq.

(2.14) converges rapidly. For a thick film such that
M/L K | and Wgo/L &« |,

the contribution predominantly comes from the first term in the
summand only. Thus -

= a _ Y
64 = ({:__‘lj)"r% (?é) Gr+Dd* ;"-LH ‘

. (2.16)

Typically, \~5 x 10—6 cm and _éb-a,lo—u cm, so this result applies
to thicknesses large compared to lO_4 cm.

For such thick films, we see that a first order phase transi-
tion is expected for ¢ = ﬁc(%O) such that CS;(ﬁc) + é;A(ﬁc) =0

{since é?A(normal) 2 0), i.e.

a/2)i = - €, (8,) (2.17)

O C7 e

Qualitatively this type of behavior can be understood from a study

of the gversus g diagram shown in Fig. 3(a). EA(,@’) is insensi-

tive to g for a thick film (London limit in bulk matter), so
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point C is the minimum position (little changed from zero field
value ¢o) foré? and point B is the normal state position. As the
external field H increases, point C rises above point B, so an
abrupt change of phase from superconducting to normal state takes
place at g, = g

For thin films such that L/ A7 < 1 or L <10 cm, we have to

use the Pippard form of kernel K(q) given by:1

K@) =) 4.8, f49) = 22

g Trgv

F/¢)J (2.18)

which 1s wvalid for q_§o z,l. For small ¢ we may ignore the loga-

rithm term, and approximate thus

' - SL -3 hgE
g FrfGe/ AT 7 81 ¥ PR

The general expression for It Eq. (2.14), becomes

6~ Wy S

A*

(Ar-rl)" (2.19)

For small enough &, the leading term of a;o(ﬁ) is of order
2 2 . .

o} (,ﬂnﬁ) and hence ’Ei)’ < éEA for sufficiently small 4. We ex-
pect on this basis that theé; versus ¢ diagram will again be of
the form that will yield a first order phase transition (Fig. 3b)
for a finite &4 = ﬁc at H = H . This is the conclusion reached by

Bardeen in a recent paper.3 It is, however, migleading. We shall

presently prove the followilng

Theorem 2

In a thin film which allows complete penetration of the mag-

netic field, the superconductive ground state energy is lower
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than that of the normal state within the framework of diagonal
quasi-particle approximation, the meaning of which is specified
below. From this follows that no first order phase transition
from superconductive to normal state can be produced at least in
this approximation.

The proof 1s simple. In I a general approach was developed
whereby one gets up the energy gap equation in the presence of an
external field. It consists in first considering single electrons
as under the influence of the external fleld and then performing
the B.C.S. type pairing in the presence of the field. This alter-
native was studled using the techniques of field theory in which
Green's functions for quasi-particles in a magnetic field was con-
structed. When an expansion in A was made, 1t was shown there
that the reduction of energy gap to the second order in A was
equivalent to the wvariational result.

We now use this formalism without perturbation expansion.

Let the single electron eigenstates and energies 1in the presence

of the field A be labeled by n and é}y Since the film is thin,

A 1is equal to the external fileld Aex. We then introduce a pair-
ing between n and its counterpart n. We may take n to be the spin-
and space-inversed state of n since the Hamiltonian as well as the
boundary conditions remain invariant under spin inversion and

x -L/2—> -x+L/2, y—> -y, z—» -z. (It is beyond the scope

of this paper to discuss the relation between n and n under more
general Hamiltonlan and geometry.) The only difference from the

free fileld case is that instead of €(p) and g(p), we use € and
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¢h in setting up the BCS variational procedure.11 In particular,

the energy gap equation becomes

4 = S bV, £ = [&141T7

.20
m 2E,, (2 )
and the ground state energy (relative to the normal state) is
a X
€ L
£=S(al-2)-¢52v. &
v Eh n, m E.n E-W\
_ Sfle)- & - 11k (2.21)
" E. % FE,

which is € 0 unless all gh = 0.

In the field theoretical treatment of quasi-particles, the
energy gap parameter @ need not be diagonal in the states n
which make the single particle energy diagonal, but ¢ can be in
general a matrix. But from the variational point of view, our
estimation still gives an upper bound to the total energy é?. So as
long as this diagonal quasi-particle approximation produces a super-
conductive state, its true energy is a fortiori lower than that of
the normal state. This theorem can be extended in a straightfor-
ward fashion to finite temperature by replacing éfudth thermo-
dynamic free energy.

Bardeen's result is not necessarily contradicted by the above
theorem since the above method may not be able to give a super-
conductive solution when there is actually one in a different treat-
ment such as the perturbation theory. This, however, is unreason-
able because the diagonalization with respect to the magnetic

elgenstates n will be more Jjustifiable as the field increases.
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In the following sections we shall find that a detailed anal- .‘
ysis of the implication of our discrete quantization model on the
form of the kernel K{gq) in perturbation theory actually leads to

a different result from Bardeen's, and that the above theorem can

be reinforced in the case of a separable potential.

3. Perturbation Calculation in Thin Fllms

In this section we shall examlne carefully the kernel K(&)
under the boundary conditions of a thin film elaborated in Section
2. The relation between K(g} and the self-consistent self-energy
in the fleld theoretical method has been established in I. The
gelf-energy equation in a magnetic field reads, to the second

order in A,
(o) ca)
b= 3044 3= STy + 2 (¢4 (3.1)

Then

sy ~ ¢p LlCe/p),
s®%a) ~ Ziak{w/a#]/f“?”f (3.2)
2 L

A

According to Eq. (2.18), K(q) ~ @, so that 9K/@ ¢ is independent
of ﬁ. This suggests the pagéibility that the expansion parameter
of the perturbation theory for;Z for small ﬁ is something like
[Al%ﬁd(n’OAjg/ﬂlznﬁ. If this is the case, obviously we cannot
terminate our expansion at the second order terms when g becomes

small, but we must include all higher order terms, the sum of which

may exhibit a quite different analytic behavior.
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The above sgituation is somewhat paradoxlical. For a normal
metal state we can stop the expansion at terms proportional to A2,
since in a small sample the electrons do not make circular orbits
at such magnitudes of the field as are concerned here. We can then
start from electrons weakly perturbed by H, then introduce the pailr-
ing. It is difficult to imagine how this would introduce higher
powers of IA]2/¢.

If we analyze the form of K(q,¥) for small g, we find that the
dominant contribution comes from the states where both of the inter-
mediate particles are within the energy band width 2¢ (Fig. 4).

This can be seen as follows. We have

Kad) ~ S J<welilp>!’ (3.3)

P OEQTEQP
When both intermediate states are in the band, E(p) + Egg +‘%) =
255,' '(j}' 2 i1s essentially constant, while the phase space vol-
ume:for a q (rather qx) transition is restricted to |cos 8| <,2¢/4£?,
= kg <l and P < /%
T &~ 4Th (29"%;7«) (24/47)

Equation (3.3) then gives for the g-dependent part of K(q) a term

proportional to

,é-,,—¢"}>,_.‘/;z¢? ~ ¥ ~ l/h?«

which is precisely the leading term of the B.C.S. kernel (2.18)
for small &.
With the discrete electron momenta for a thin film, however,

this leading contribution vanishes. We have discrete states
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separated bty q. = 7/L alcng the x direction as shown in Fig. 4,

so that fer sufficlently thirn films the thickness 2;5//»']'5\ of the ‘
B.C.S. momeritum band becomes- small compared to the separation qo.
Since the electronic transition takes place horizontally between
differert states, there will be a certain critical film thickness
below which nc transition can take place between two points with-
in the band, except for the special zage mentioned below. Simple

geometrical consgideraticnsg show this condition to be

> >
(n/1)% = 3,72 mg/2 = pp/em & (3.4)
- -5
Taking & = 107'cm, we have L<0.8 x 10 em. (Actually, this thin

film condition will be relaxed later.)

The cnly situation where toth points lie in the band width is
when the transiticn takes place between symmetrical points with
respect to the origin 0, for instance the p to p' transition
shown in Fig. 4. We note however that this is forbidden since .
q = 2p = 2rr/L. In fact Kég) (q) given by Eq. (3.22) of I gives

alaad

in our case

-.[2) = _Lz'e"zf Pv,’j df,dﬁ, | - e(t) éﬁ) _'_¢1
K'J (},) %GW) m2 E{L)-rE(}*})[ E{t)E(}v;,) )(3 )

go for symmetrical transitions where €(p) = €(p + q), we have
AWA A

. 2
1<j>15~ |- SRR Mepre@p] = o,
Pty [aaad
We gee therefcre that for thin films the leading contribution
!
comes from states where cnly one of p and p 1lies in the band.

It ig alsc clear that K,

17 = 0O unless 1 = j, and moreocver i = J

=y is the only physgically relevant part in our gauge.



- 19 -
We need now to study and evaluate semi-quantitatively the

iJ
be concerned with a self—energy type compensation equation given

kernel K( ) (q) or rather 2 K( ) a)/9 #, since ultimately we shall
MA

by Egs. (3.1) and (3.2). For convenlence of notation write
E(p) = E and E(p + q) E(p ) = E', then

- - /’rl“'/byj/_fg
(f)/2¢ ZLW)“ m* ) EE(E+£") (3.6)

X [3-(66'+<F")(Ea"§'7a EE')J

In Fig. 4, we have labeled the band region by A, and the re-

gions outside by B. Since we have shown that contributions from
E, E'¢ A vanish for sufficiently thin film slabs, it i1s evident
that the leading contribution must come from transitions with

E C A?B) and E' C ZB%A). To fix our attention we consider the case
where E € A, E'C B; for sufficlently small & we have E' o Ie'l»E.

Since |q]« Pgo

| €ll(prp) Vam = pYam| = 1% s (3.7

where © 1s the polar angle shown in Fig. 4. Further,

3 - (Gel"'4’z) (‘L;."' éTz +EL5-1)

effectively since terms proportional to €& ' vanish upon integra-
tion within the narrow band where € runs over both signs while € '

remains practically constant. Thus we get
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) 2 el
2Ky ﬁ)/#’ = _(877%‘ m* [/E(E*E Uy s

(3.8)
~ 2
é el-‘n’ Ialn Acostd .
T amsi m:-? %2 =0 LAl

where the following crude approximations are understood: a) The

discrete o summation is replaced by an integration with cut-off
|;}|cos@f & c0s6, since a large contribution comes from small

values of cos9, and b) the Z—integration is performed for fixed

o over p £ |EM] K 1€’ =|?-."£C050|since we have assumed f= pcC A,

P'c B. A factor of 2 is included to account for the posslibility
pc B, p€ A. Finally we use Eqs. (3.21), (3.8) and (3.11) of I

to obtain

(2) = J°¢ 2/] A'£)’ ol 6 -J— de dcosd ‘
A
J°¢Z/_ﬁ{&”_zsl» I9% w:&/#,) 10 deoso (3°9)

and
M= 2%/p
* (3.10)
The self-energy of a quasi-particle in general depends on the
state one considers, and in particular it will show some anisotropy
due to the quantization of D, - Such an effect 1is disregarded here.
Furthermore, we see that the summation over q in Eq. (3.9) is
heavily weighted in favor of small values of g since

,A‘(q)l 2/q2°< l/q6. Thus it is practically sufficient to keep .
oA
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only the first term: q = a, = m/L; the next term will be smaller
by a factor L/Bégg 1/600. So in the following, we shall limit our-
selves to the single term q = dg *

with this in mind, the natural cut-off 6, in Eq. (3.9) would

appear to be given by
cos@, = W/LpF (3.11)

since this corresponds to states with the smallest px' However,
the physical situation requires a closer study of the conditlons
affecting the problem before deciliding upon the appropriate cut-off.
We will tentatively integrate Eq. (3.9) with an unspecified cut-off

cos9,«] and obtain

S? _ —¢ ;;zsl"//z.%cosg‘./ﬁ)c;;,—e‘ /A(g,)’::
9, = T/l

A factor of 2 arises when one sums over qy = iqo. This result 1is

(3.12)

free from the objection raised against the earlier formula (3.2).

In fact S,@ is proportional to

gsn ™ (a 2c080 /F) ~ @ fn(2q vnc0s6 /9) (3.13)

since the argument of sh_l is > 1 in view of our definitions (3.4)
and (3.11). So gﬂ has the same type of @-dependence (~,®an) as
Z(O)(Q) given in Eq. (3.2).

Although Egs. (3.9) and (3.12) have been obtained under the
thin film condition (3.4), it appears to be valid also for thicker

films. In the latter case, there will be contributions to the
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kernel K(q) coming from transitions between states within the band ‘
A, and one expects the result to agree wilth the old formula (2.18).
This 1s in fact so except for a minor difference. Observing that
sh—l(qzﬁcosgc/ﬁ) 4»qﬂ§oos@c/¢ in the "thick" case, we find from
Eq. (3.9) that
a=-zf%MW‘ (3.16)
% A

-

which is to be compared with the leading term in Eq. (3.25) of T

g e /4 _
54 = _TTPT'_?Z T[;_ ;ﬁ{:ﬂn(‘”ﬁ) /}]‘

Al

(3.15)

The correction factor v2/8 = 1.24 may be related to the geometry.
We may therefore regard Eq. (3.12) to be valid irrespective
of the restriction (3.4) as long as the thickness is small com- .
pared to the penetration depth. In spite of this reasonable be-~
havior of our result we have not yet solved the problem. We need
a more critical examination from a non-perturbative point of view

before coming to the discussion of phase transition.

4, Extension of the Perturbation Formula

It was remarked earlier that there is in principle no need
for perturbation expansion with respect to the magnetic field.
Within the framework of diagonal quasi-particle approximation de-
fined there, an exact solution can be obtained by pairing appro-
priate electron eigenstates in the presence of the magnetic

field H. ' -

As was originally assumed in the B.C.S. theory and also
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adopted in other calculations, let us suppose the interaction to

be separable. For its general form take

Vip = <IFIVIFE> = S8

where p and p = -p are the paired momenta. The energy gap equation

takes the form

v 2
l - 2 e = Vo 'St

' (4.1)
E, = 1 247
b [GP*I¢H _] )
%= G¢ .
In particular, lSp, =1 if Vpp' is constant within a domaln D and

zero otherwise. In the presence of the field, we obtain the same

equation if we label the states by n instead of p, namely

= T - gy el

" -QE" LE'" b
E.= [&¥141']%  ¢,= 5.¢ (4.2)
Sh = 2’”,1,» uvTFSr) an = <"’I’>.
r

This may be cast into

l v '

r zE’," P

- \
£'= [€2+ 3%

n

]

(4.21)
by introducing the averages V and ﬁ. The magnetic field dependence
of ¥ will come from €, and V. Let us first consider Gn.

For most of the electrons near the Fermi surface, the mag-
netic energy is small compared to the kinetic energy, and pertur-

bation theory should be adequate since the classical electron
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orbits do not deviate much from straight lines. We may still label

the states by the unperturbed momenta p, and € (H) takes the form
2 >
ElpH) = €po) + e*HL I+ P78/ 2% m (4.3)

as can be seen using the W.K.B. method. This represents the dla-
magnetic energy increase for electrons confined to within the film.
Equation (4.3) is not applicable when[py/bxlbecomes very large.
This 1s because these electrons run nearly parallel to the film
and get localized to one side of the film by the magnetic field

(Fig. 5). The geometrical condition for this to happen is
2EHLfy/sz > ' ,

Those "boundary electrons", however, would not contribute to the
pairing energy of superconductivity since we have palred space-
reversed states|which are now separated to different sides of the
film. We shall|see this later explicitly.

Equation (4.3) represents an expansion and distortion of the

Ferml surface. |We must recall here that € must be measured re-
lative to a chemical potential so as to keep the average é?=:O.
Hence only the distortion will affect Eq. (4.1), and this is a
fourth order effect on the effective density of states N at the
Fermi surface. The entire picture breaks down only when H 1s so
strong as to make the radius of curvature comparable with the

thickness. For L ~10 °

cm, we get H = pF/eI,fulO6 gauss.
We see therefore that the main effect of the field arises

through the change of the matrix element of V, and in going back .
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to Eq. (4.2), we come to the following interesting assertion.

Theorem 3

Under the assumption of separable potential and essentially
continuous single particle energy spectrum, the energy gap in the
presence of the fileld 1s reduced, but superconductivity is never
broken unless Sn = O for all states n near the Fermi surface (except
for points of measure zero). In the latter case, the minimum
energy gap defined by %}n»{En}' is zero, but a superconductive
solution to Eq. {4.2) may still exist (ﬁh = Sn¢, g+ 0).

The proof will be rather obvious. When Sn = O for those states
with € =0 (Fermi surface), Eq. (4.2) does not become singular as
g —> 0 since those states do not contribute, so there may or may
not be a superconductive solution. On the other hand, if Sn=F 0
in some portion of the Fermi surface, one can always find a solu-
tion by making 5Z sufficiently small unless the discreteness of én
becomes important. The minimum energy gap can still be zero.

{This observation brings in the necessity of distinguishing the
vanishing of energy gap from the vanishing of "superconductive"
state and consequent phase transition to the normal state. A
"superconductive" state with a vanishing gap will have different
physical properties from the ordinary one. 1In this paper a super-
conductive state is meant to be a state with ¢h1* O for some n.)

Under a condition like our magnetic fileld problem, 1t would
actually be difficult to realize the special case of theorem 3
since the system is anisotropic, which means that it would be dif-

ficult to destroy superconductivity completely by a magnetic field.
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It 1s true that the actual interaction does not exactly have the ‘_
property assumed, so the problem of critical field may depend on
the details of interaction. It is also true that even though Sn
of theorem 3 may not exactly vanish, it may become so much reduced
everywhere that the gap vanishes for practical purposes.

At any rate, it 1s clear that the effect of the magnetic field,
whatever the dependence, may be regarded as a change in the effec-
tive coupling parameter §’= NV. Namely,-f will now become a func-
tion of H and @. (It depends on @ because V depends on the weight
function 1/EA which involves @.) Consequently we may write the solu-

tion to Eq. (4.2') as

¢ = 2w o[- Ve (H &) (4.4)
which is a transcendental equation. If f’decreases smoothly to
zero for some H, ﬁ vanishes at this point and we shall have a second
order transition to the normal state in view of theorem 2.

Setting up Eq. (4.2) and solving it in the magnetic field is
an involved task. PFurthermore, there is not much sense in doing
it since the real potential will be more complicated. We can, how-
ever, compare our perturbation formula (3.12) with Eq. (4.4) and
thereby identify j’(H,@). This is legitimate for weak fields, but
it seems reasonable to expect that Eq. (4.4) has a larger domain
of validity than the simple perturbation formula.

In order to carry out this program, let us take a differen-
tial of Eq. (4.2)

o = - ZZ ¢a<s¢$ -+ :E:;ér SV& (4.5) 1"
n

3
2E, .
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~‘ By the standard technique, the first sum reduces to

.—

‘ -4 5 .=~ ¢ 5p (s/4) (.6)
n -2E' - -
= -p%/9
Comparing this with Eq. (3.9) we immedlately obtain

28V, =-¢ Eﬂzs: AP e de d2for

» 2E, 912
z_ff /de z-ﬁM& QG/A/g)
g
(4.7)
i where )¢ = q¥,c0s6 . Hence from Eq. (4.2) we find
3 2 A(, b r
=151 = = SW/Y, = 28R e £ Ce)
‘ ’ €] < > (4.8)
fie CE) = go lel > €
is the potential for the fleld free case (Vp,p = VO if

Here VO

p,p'c D, and zero otherwise).
Since [SnI2 O, the perturbation result certainly loses its

meaning if the right-hand side of (4.8) exceeds 1. We must then

choose a cut-off @2 according to

) A = ﬂca!A(zo)lz/fpz = cot 92 X

) or c:osiel1 = o(/(/+o() . (4.9)
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We have ignhored here the compllication arising from j%t(E) . Equa-
tion (4.9) is similar to Egq. (3.11) but more stringent. Beyond

this angle up to ©, we shall set simply
2
= Isal® = fieCE) (4.10)

Equation (4.2) now may be written

= ){2 = V -—L--+ vV, S 1S0= |
l 225" 0 »"Z"QEn 0 ” 2E" (“—.ll)

’

Consulting Egs. {3.12), (4.2), (4.8), and (4.10), we get

| = 6 sl,f(w/;) - f,(é:-r Qf) SA-')G/¢—)} Cos b >caq.(4.12)

Here 'f% = NVO; rI and rII come from the two regions corresponding

to Egs. (4.8) and (4.10) respectively:
A
2F m o (1 1 feoss,) = [4Gited)] T o

2T m s, = [flra)]% (4.13)

and 2, = &C(cos@e). Equations (4.12) and (4.13) are primarily de-
signed for small cos@e<KJ.and large M%/@ (thin film), but should

be reasonable for the entire range. Especially rI is made to

2
vanish correctly for cos@2 =1,
In case 00392 < cos@l, there is no region II, so that
-) - I |- -
| = § sh (@/¢) - Co % sh (36/9&),
%, = % (co58,) (4.14)

/zf = o(/c:::&, .
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Since 1/_90 = sh'lw/¢o mJn(QdﬂZO) and sh'l(&)/@ m,@n(&v/@), Egs.
(4.12) and (4.14) may also be written (dropping the bar)

-1
An(g/a,) = g’—(rg rxz) on T 6ey/9)
- v] shTT (€, /9)

or
0 exp[—(rg + rlg) sh_10M2/¢)] (4.15a)
7 g exp[ -r1 sh™l (€ /)] (L4.15b)

which are transcendental equations for ¢. TFor simplicity, we

shall write them as a single equation

P/9, = expl-rsn™ (e/p)]. (4.16)

For sufficiently weak fields Eq. (4.15b) applies, but as the field
increases and/or the thickness decreases, we go over to Egq. (4.15a).

The transition takes place at cos Ql = ¢cos8 O or

2’

(T/pgL) % = a /(1 +a) A a K 1 (4.17)

since the left-hand side is <« 1. In terms of H and L, this means
e, >

W/pFL = /8 eHL"/r (4.18)
or V4s) eI—I‘jF"‘J!Q(pFL)/1TLL = 1.

For L = 10_50m, it corresponds to H & 25 gauss, and for L =
0.5 x 10-5cm, H= 200 gauss. Fields stronger than these will

lead into the domain of Eq. (4.15a).
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For very strong fields, @ becomes small so that sh™1(30/8) = .
In(2k/F). Thus Eq.(4.16) reduces to
9/8, = (2R/9) = (2at/g)F/(1F) _ (4.19)
exp [ ~(z/1-r) An(23/8,) | -

For large a, then, it decays exponentially like
8/8, = exo [-eadn(eXy/0,) | - (23%,/8,)7% (4.20)

according to Eq.(4.1%), but will not vanish at a finite magnetic
field.
It is not possible to solve Eq.(4.16) explicitly for ¢

over the entire range, but the following formula

8/, = ex [~ (x/12) sn (ot/8,) | (h.21) :
r = o Vag
H/e, = ma§, va, for a< a; (4.212)
= al (a/140) 2 4 (1he/)2 2]y (a/10a)t 2 /o,
W, = 73,5, (a/ 1+a)/2 o a>ay; (4.21p)
@ = ’IT/pFL 8]
o = 2 2 4/#

turns out to be a fairly good representation of the solution to

Eq.(4.16).

For a relatively thick film and weak field, sh™* yVﬁO may

be replaced by 9(/¢O, and Eq.(4.21) reduces for g & 1 to
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g/8

il

5 exp [-r n/8, ]
= exp [-qu§o Ya] (4.22)

exp [-(8/7) € 17(e)y ]

where vy = 1 for a<a,, and y~1 for a>a, - Since our calculations
have been based on thin film conditions, perhaps the exact value

of ¥ following from Eq.(4.21b) is not to be trusted. But Eq.(4.22)
above 1s a rather convenlent way of seeing the qualitative beha-
vior of ¢/¢O since y(r,Qﬁ/ﬁo) defined in this fashion turns out to
be not too wildly varylng over the entire range of a. In fact, we
know from Eq.(4.20) that v —> 22n(2wqo§o)/vqo§o as a —» oo, which
is ~ 0.1 for L = 1072 cm and § _ = 107! om. In the intermediate
range o = O(1), < can be >1.

The fact that our result does not produce a phase transi-
tion at a finite field is in accordance with our general considera-
tions, but cannot be taken literally since it is certainly not cor-
rect to extrapolate our crude theory to arbitrarily high magnetic
fields. It only demonstrates the difficulty of completely destroy-
ing superconductivity at zero temperature.

We conclude therefore that at zero temperature the gap will
decrease steadlly with increasing magnetic field, and will undergo
a second order phase transition at a critical field HC which is
probably very high but cannot be estimated within our framework.

HC may be as high as the field necessary to produce complete clr-
cular orbits within the film (H ~p/eL). We must, however, also

take into account the spln paramagnetic energy which tends to de-

stroy the B.C.S. type pairing:

eH
2me

/ KT ~6 x 107° gauss / °K .
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Finally, wé would like to emphasize that the energy gap will be
anisotropic in a magnetic field, and may actually go to zero
around the direction perpendicular to the field and parallel to
the film since those electron states are most disturbed by the
field. The tunnelling and the thermal conductivity experiments
will measure different quantities in such a case. If, however,
impurity scattering is important ("dirty" superconductor), the

anisotropy tends to be smoothed out.11
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5. Phase Transition at Finite Temperatures.

The treatment of the magnetic field problem at finite
temperature goes in much the same way as in the previous sections,
and qualitatively speaking it is even easier than at zero tempera-
ture. The problem of phase transition in these two cases can be

treated separately.

The basic procedure is varilational calculation where one mini-
mizes the thermodynamic free energy in the presence of the magnetic

)

field. This was carried out in detail by Bardeen” in perturbation
theory. The obJection raised against his calculation of the kernel
Kg%) still holds, but it does not look as serious as at T = O.

This 1s because both the H-independent and dependent parts of thermo-

dynamic free energy FS behave alike as functions of the variational

parameter ¢:3

< ¢t (i -~ plut)
F‘(z) o ¢D¢ -t—anlﬂ ({3¢/-2) HZ
~ #"H" ) (34> <<I, (5.1)

where t = T/T , P = 1/4T; @, is the gap at T = O. This is the
reason why he obtains a second order transition at higher tempera-

tures, t > 0.325,

From our point of view, we will have to redo all the calcula-
tions with our geometrical conditions and using thermal Green's
functions. Here let us avoid these troubles and look at the

structure of the energy gap equation for finite temperature when
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the magnetlic eigenstates are pailred:

7é1 = %;i v;":ié%i fbhl1<??t?k/<5) (5.2)

En and Vnm depend on the magnetic field, but not on the
temperature. But when we express the solution ¢n23¢ in terms
of an effective coupling constant_f = NV after rewriting Eq.
(5.2) in the standard form

1= VZ%ﬂtanh(sEn/e), (5.3)
n

a temperature dependence Of_f creeps in through the definition

of the average V with respect to the weight tanh(BEn/Q)/En.

We point out, however, that the weight function is rather in-
sensitive to temperature as the actual @ changes with temperature
to keep the sum in Eq. (5.5) constant. This corresponds to the
well known fact that the coherence length is nearly independent
of temperature. As a result, we may regard-E as a function of
the magnetic field and the gap parameter at T = O: _9 ='§(H2,¢o).
This brings 1in a great simplification of the problem for finite
temperatures. Let us plot, in the standard manner, the @ vs. T
curve for the field-free case corresponding to a coupling para-
meter_?o. As the magnetic field is switched on, the effective
coupling parameter-f decreases from 9o, but this change is
temperature-independent. Consequently we obtain a family of
curves which are only reduced in scale (note that ﬁo and the
critical temperature Tc are proportional to each other). These

curves are shown in Fig. 6 (broken lines).

Now suppose we are operating at a fixed temperature Tl' The

energy gap ﬁ(H,Tl) is given by the intercepts of the family of




- 25 -

curves with the vertical plane T =T With increasing H, ¢

1
comes down steadlily until it vanishes when Tl happens to be the
critical temperature for a fictitious superconductor with re-

duced coupling parameter 9 = §(H). Hence

Theorem 4.

A thin superconductor in a magnetic fileld behaves approxi-
mately like a filctitious superconductor without the magnetic
field, but having a reduced gap and a correspondingly reduced
critical temperature. For fixed T and variable H, it undergoes a
gsecond-order phase transition when the critical temperature of

the fictitious system equals T.

Let us express the above relation quantitatively. For H = O,

the energy gap @(T) has the universal form
g(t)/2(0) = F(t)
F(0) =1, F(1) =0

g(o)= CkTé (C = 1.75 in the B.C.S. theory) (5.4)

When H # 0, ¢(0) and T, are replaced respectively by

#(0,1) = R(H)Z(0)
T

T (H) = R(H)

It

(5.5)

C

where R(H) 1s the scaling factor. We get thus the general formula

#(t,H) = R(H)g Flt/A(H)]
g, =g(r =0, H =0)
= /T (H = 0) (5.6)
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Since F(t) = 0 at t = 1, it follows immediately that the critical

field H, at which @ = 0 is determined by
R(EH,)) = t . (5.7)
, 1/2
Near t = 1, F(t) behaves like (1-t) , 80 that

#(e, )~ (1-0/m)H/2 = [1 - r(u)/m() | M2 (5.8)

R = ¢(0,H)/F  is gilven by Egs.(4.21)-(4.22) depending on their
applicability. In general the weak field formula (4.2la) will be
valid at high temperatures where R &1. At lower temperatures a
changeover to Eq.(4.21b) takes place as the field increases. How-
ever, this depends on film thickness. We will consider the two

cases.

1) wq0§0 (ao < 1. This happens for a relatively thick film

-4 cm). Then Eq.(4.22) (with

(L2 0.5 %107 em for §_ = 10
v = 1) is certainly valid for temperatures
t>to = Ro = ex‘p['aowqo%o] (5.9)

-4

This 1s very close to 1. For example, with éo = 10 em,
t, =1 -1077 for L = 107° cm and t_ = 0.9 for L = 0.5 x 1077 cm.
The @ vs. H curve following from Egs.(4.22) and (5.8) becomes
then

7 (6.1)/8%(5,0) = 1 - BO/S

1/2, 2 -1/2 _-3/2
e, = (1-6)2(x2/ 8 )§ 12 17 (5.10)
This essentilally agrees with the results of Ginzburg-Landau-Gorkov-

Douglass theory and of Bardeen near t = 1.

For temperatures below to, there will be a changeover




to the region a;>ao at a field determined by Egs. (4.17) and
(4.18). As long as a1, Trqogo/gsl, Eq. (4.22) is still
good, but the ¢ vs. H behavior will be somewhat more complica-

ted than Eq. (5.10). The critical field is gilven by
—'/L "J/'a.

A
e, = (fn 1/8)" (vi2//B)f L (5.11)
which goes over to Egq. (5.10) for t & 1.

As the temperature is further lowered, we begin to deviate
from Eq. (5.11). HC must now be determined numerically from
Eq. (4.21). This happens for the temperature ranges of most

experiments.

quigo/ab>9 1. For this very thin film case, the change-

over between aA;dO and a}ao will take place if

t<t, = R, = exp[—/aOXn(quo.go/Eo)] , (5.12)

Above this, we have then

9% (t,H)/9%(£,0) = 1 -B°/H S,
%

[/

V ) ~5
e, = (fn l/‘c)2 (’IT7/8) pF/zL é[[n(?wjéo/pFLg)]'é(&lB)

At lower temperatures when Eq. (4.21b) takes over, the behav-

lor again should be determined numerically.

Comparison Between Theory and Experiment.

1s convenient to use the implicit form

In order to express our basic equation (5.6) analytically, it
12
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#(t) /9, = tann [@(t) /B t]. (6.1)

Introducing the scaling factor (QO-—a RZ, t > R'lt), we obtain

9(t,H)R™(H) /9, = tanh [@(t,H)/g t] (6.2)

which we can write in the form

t/R(H) = tanhx/=x
or y = Qn[l/R(H)] - ﬁn 1/t = Qn(tanh:‘/&ﬁ (6.3)
where X =

#(t,H) /0,

We can plot all data on a single y vs. X curve 1f we measure ¢ in
units of Qot and shift the y-coordinate by Qn 1/t for different
t. For those relatively thick films and weak fields where Eq. -

2

(4.22) applies, fn.l/R ~ H, so that Eq. (6.3) becomes of the

form

ci? - [n 1/t = In(tanhx /x) (6.4)

Eq. (6.3) is plotted in Fig. 7. Also shown are the experi-
mental points of Morris and those of Douglass and Meservey for
lead, based on Eq. (6.4). These are well outside the range of
applicability of Eq. (4.22), but numerical calculation has shown

that fn 1/RecH?

is still valid to a good approximation. In
addition, we find Hc = 35700 gauss under Douglass' condition
t = 0.12 and L = 10 2cm. Figure 8 shows the same comparison on

more conventional plots. We see that the general trends at lower .

temperatures are




correctly predicted by the theoretical curve.
We have a few remarks to make.

1) Lead 1s an anomalous superconductor with a large
coupling parameter.f whereas our theory is based

essentially on the weak coupling.

2) The effect of the finite penetration depth 1is

neglected in our formulas.

3) The experimental conditions are more complicated
than those assumed in our model (parallel surfaces with

specular reflection, no impurity scattering, etc.).

4 There are certain uncertainties in the interpreta-
tion of experimental data, e.g. the identification of
g with measured quantities, and the exact determination

of HC where @ vanishes.

Each of these points can be taken into account if necessary,
but since all of these possibllities may be present and may cause
modifications in different directions, we have not attempted to
analyze them. In view of the crudeness of our theory, we there-
fore conclude that the agreement between theory and experiment

1s at least qualitatively satisfactory.

7. Comparison With Other Theories.

>

Bardeen” in a recent paper on critical fields in superconduc-



tors, concluded that the microscopic theory ylelded a first order
phase transition for thin films with reduced temperature T/ﬁcjs
0.3. His calculations differ from our approach in two major
respects; (a) our use of discrete guantized momentum variables

qX rather than the continuum momentum variable and (b) our choice
of the London gauge rather than an arbitrary gauge for purposes

of calculations.

Our adoptilion of the discrete quantization model and the London
gauge enables us to conclude that for sufficiently thin fllms,
the leading term in the B.C.S. kernel K(q), £/4, vanishes; this
in turn determines in a crucial way in the framework of perturba-
tion theory the question of phase transition at low temperatures.
In fact if we take £¢ calculated for the bulk material case in
I, apply alternating filelds H and other specifics appropriate
to the thin film case (c.f.%(2.19) ), we find complete equilva-
lence with Bardeen's calculations for this case if the 4/q term

in K(gq) is nailvely retained.

The cholce of the London gauge, aside from vastly simplifying
the form of K(q) for the Meissner relation (c.f. (2.5) ), also
sorts out in a simple manner those transitions qy which are
ilmportant to the discussion. A general gauge will involve us
in momentum varilables py, and the paired states (py,-py) in such

a gauge are not really the correct choice since they are far

apart and hence give small correlation energy.

For cases when there 1s a large amount of thermal excitation



present, or vaTC, the Ginzburg-Landau-Gorkov-Douglass theoryu’5
-3/2,

predicts second order transition for thin films with Hcoc

Despite the fact that experimental data7

seem to suggest that

it might be possible to account for the low temperature proper-
ties along the lines of G-L-G theory as well when a sufficilently
strong field 1s applied so that d(H)'v KT, we wish to point out
that Gorkov's theory (even with the inclusion of a strong mag-
netic field) cannot reproduce our results for T near T = 0°K.
This 1s because the Gorkov theory is essentially a London
Theory, }o P4 ?\o, where é‘o and 7\0 are the bulk coherence dis-
tance and penetration depth respectively. Since §o = VF/wd, at

T = 0, we have —»> ooas § —» o (strong magnetic field near
o

critical field HC), and the London limit is not satisfied.

Mathur, Panchapakesan and Saxena6 arrived recently at the
conclusion that a second order phase transition 1s expected at
T = 0°K for thin films based on earlier calculations of Gupta
and Mathur15 which used Wentzel's theory of gauge invariance1
It appears that Mathur et. al. took the London limit for bulk
specimen parameters_§o and %O in their study. This is quite
evidently not satisfied for thin films where the appropriate
limit is the Pilppard non-local form when expressed in terms of
bulk material parameters éo and AO. This 1s to be contrasted
with the work of DouglassLL on thin films, where the London limit

are

is used appropriately in the form §«7\, with éand ?\/\the

coherence distance and penetration depth for the thin film

itself.



8. Concluding Remarks.

We have adopted specular reflection boundary conditions for
electrons at film surfaces. Though a more exact solution, say
for an electron 1n an image potentiall5 is certainly more prefer-
able to any artificial boundary condition on some ad hoc "surface!
we feel that our conclusions are dependent primarily on the
London gauge rather than on the details of boundary conditions or
the shape of the boundary. In this connection it will be 1nstruc-
tive to study the cases where, for example, the magnetic field 1is
not parallel to the film surfaces, or parallel but unequal fields
are applied at the opposite surfaces. This will involve us in
the proper choice of current distribution and pairing so as to
optimize the balance between magnetic and palring energies. Signi-
ficant modifications that would ensue are already suggested in the

16

works of Douglass4 and Tinkham.

A proper extension of the present work to finite temperatures,
which evaluates K(q,T) in terms of thermal Green's functions in

17

the presence of magnetic fileld, 1s obviously highly desirable
since the temperature dependence here is introduced only qualita-
tively via Theorem 4. Such a comprehensive analysis will allow us
to compare reliably our results with those of G-L-G at high

temperatures.

Finally, experimental work on thin films in the range 100 to
1000AO, at reduced temperature T/EE'< 0.3 for a soft(and weak

coupling) superconductor like tin will test most critically the
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present notions. We note especially that our formulas are
generally valid only in the weak coupling case (NV<& 1), thus it
may perhaps be improper to infer any definitive conclusions from

7,8

experimental studiles on an anomalous (strong coupling) super-

conductor like lead.
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Figure Captions

,‘l’ Fig.

Fig.

Fig.

- Pig.

Fig.

Fig.

Fig.

l'

(a) Thin film of thickness L along Ox, with equal and
parallel magnetic fields at film surfaces.

(b) Parallel thin films, side by side, with alternating
fields H applied in the body of the film.

(c) The mathematically equivalent single film, with
magnetic fileld H and specular reflection at film
boundaries.

The distribution of external field and vector potential
as a function of distance along Ox for the laminated bulk
medium.

(a) The energy versus energy gap £ diagram for a thick
£ilm; ﬁc is the critical gap for a first order
phase transition.

(b) The energy versus energy gap g diagram for a thin
film, according to Eq. (2.19).

Cross sectlion of Ferml sphere, with discrete slabs
separated by m/L along the x-direction. The annulus
region represent the B.C.S. band of interaction of wildth
2%/1;.
Situations whereby the electrons are localized to one side
of the film.
Three-dimensional plot illustrating the scaling rule.

1
Curve PP gives the profile of # vs - [y R(H) ~ CH® at
a fixed t.

Universal function y = JZn(tanh x/x ) and experimental
points. The experimental points of Morris are those
obtained by using the B.C.S. relation ¢o =1.75 TC;

t = T/T, was computed with T _ = 6.2°K.

Comparison of theoretical and experimental curves on

conventional plots taken from reference 8.
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