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THE ROLE O F  S 7 A T I S T I C S  I N  SAFEGUARDS 

K. B .  S t e w a r t  a n d  J .  L .  Jaech 

A B S T R A C T  

This  document, BNWL-1385, d i s c u s s e s  c e r t a i n  s p e c i f i c  

u s e s  o f  s t a t i s t i c s  i n  connec t ion  w i t h  s a f e g u a r d s ,  b o t h  c u r r e n t  

and p r o j e c t e d .  The p r i n c i p a l  theme i s  t h a t  t h e  a p p l i c a t i o n  

o f  s t a t i s t i c s  p l a y s  an i m p o r t a n t  r o l e  i n  s a f e g u a r d i n g  n u c l e a r  

m a t e r i a l s ,  and t h a t  s t a t i s t i c s  s h o u l d  become an i n c r e a s i n g l y  

i m p o r t a n t  t o o l  i n  t h e  s a f e g u a r d s  f i e l d .  

i i i  
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T H E  R O L E  O F  S T A T I S T I C S  I N  S A F E G U A R D S  

K.  B .  S t e w a r t  and  J .  L .  J a e c h  

I N T R O D U C T I O N  

This  r e p o r t  i s  a  s t u d y  o f  ways and means i n  which s t a t i s -  

t i c s  may be  used  more f u l l y  i n  m a i n t a i n i n g  a c c u r a t e  i n v e n t o r y  

c o n t r o l  o f  n u c l e a r  m a t e r i a l s .  I n  a  n u c l e a r  m a t e r i a l s  con- 

t r o l  sys tem (which i s  a  v i t a l  p a r t  o f  an e n t i r e  s a f e g u a r d s  

system) d a t a  p l a y  a  dominant r o l e .  An e x t e n s i v e  p o r t i o n  o f  

t h e  a v a i l a b l e  i n f o r m a t i o n  abou t  t h e  sys tem i s  c o n t a i n e d  i n  t h e  

d a t a ,  and t h e  d e c i s i o n s  (o f  a  s a f e g u a r d s  n a t u r e )  t h a t  must be 

made a r e  h e a v i l y  dependent  upon t h e  d a t a  g e n e r a t e d .  Because 

o f  t h i s  i m p o r t a n t  r o l e ,  i t  i s  e s s e n t i a l  t h a t  g r e a t  c a r e  b e  

used  i n  c o l l e c t i n g ,  s t o r i n g ,  and a n a l y z i n g  t h e  d a t a .  Any t o o l  

t h a t  can be used  t o  a s s i s t  i n  t h e s e  t a s k s  s h o u l d  be used .  One 

i m p o r t a n t  t o o l  i s  s t a t i s t i c s .  The p r o p e r  a p p l i c a t i o n  o f  

s t a t i s  t i c a l  p r i n c i p l e  i s  e s s e n t i a l  t o  e n s u r e  t h a t  c o n c l u s i o n s  

drawn from t h e  d a t a  a r e  v a l i d ,  t o  i n d i c a t e  t h e  k inds  o f  d a t a  

t h a t  a r e  needed,  t o  s p e c i f y  t h e  q u a l i t y  o f  t h e  d a t a  r e q u i r e d ,  

and t o  e x t r a c t  maximum i n f o r m a t i o n  from t h e  a v a i l a b l e  d a t a .  

This  s t u d y  g i v e s  some s p e c i f i c  u s e s  o f  s t a t i s t i c s  i n  con- 

n e c t i o n  w i t h  s a f e g u a r d s ,  b o t h  c u r r e n t  and p r o j e c t e d .  I n  

d e v e l o p i n g  t h i s  theme, i t  i s  hoped t h a t  an i n c r e a s e d  awareness 

w i l l  be  i n c u r r e d  o f  t h e  impor tance  of  s t a t i s t i c s  t o  s a f e g u a r d s ,  

and t h a t  concerned i n d i v i d u a l s  w i l l  be  s t i m u l a t e d  t o  e v a l u a t e  

more f u l l y  t h e  p r a c t i c a b i l i t y  o f  a p p l y i n g  t h e s e  modern t e c h -  

n i q u e s  t o  s a f e g u a r d s  problems.  

SUMMARY 

Because s t a t i s t i c a l  p r o c e d u r e s  a r e  f a r  from r o u t i n e ,  i t  

i s  i n c r e a s i n g l y  i m p o r t a n t  t h a t  h i g h l y  t r a i n e d  p r o f e s s i o n a l  

p e o p l e  be  used  i n  any endeavor  t o  app ly  s t a t i s t i c s  a s  a  t o o l  

i n  s a f e g u a r d s .  



A wide r ange  o f  measurements and more a c c u r a t e  measurements 

w i l l  a ccompl i sh  much i n  o b t a i n i n g  a  v a l i d  image o f  what  a 

m a t e r i a l s  unaccounted  f o r  (MUF) i n c i d e n t  may r e p r e s e n t .  

MUF s i g n i f i c a n c e  must be  weighed a l o n g  w i t h  such  o t h e r  

i n d i c a t i o n s  a s  t h e  i n t e r n a l  c o n s i s t e n c y  of  i s o t o p i c  d a t a  and 

i t  i s  t h e  i n t e g r a t i o n  o f  a l l  s u c h  a s p e c t s  t h a t  w i l l  p r o v i d e  t h e  

most v a l i d  answer a s  t o  whe the r  a  m a t e r i a l s  d i v e r s i o n  h a s  

t a k e n  p l a c e .  

Game t h e o r y  o r  t h e  a p p l i c a t i o n  of s t r a t e g y  and c o u n t e r -  

s t r a t e g y  i s  a  wor thwhi l e  approach  t o  i d e n t i f y i n g  t h e  c a u s e  

o f  an a p p a r e n t .  MUF. 

C O N C L U S I O N S  

(1)  The s t a t i s t i c a l  p r o c e d u r e s  r e q u i r e d  t o  o b t a i n  maximum, 

v a l i d  i n f o r m a t i o n  from t h e  d a t a  a r e ,  i n  many c a s e s ,  f a r  

from r o u t i n e .  T h i s  f a c t ,  t o g e t h e r  w i t h  t h e  ex t reme 

impor tance  o f  s a f e g u a r d s ,  c a l l s  f o r  added emphasis  upon 

t h e  n e c e s s i t y  t o  u t i l i z e  p r o f e s s i o n a l s  t r a i n e d  i n  t h i s  

d i s c i p l i n e  t o  t h e  g r e a t e s t  e x t e n t  p o s s i b l e .  

( 2 )  The MUF i s  a  p r i m a r y  i n d i c a t o r  of  s a f e g u a r d s  pe r fo rmance .  

There  i s  s t r o n g  m o t i v a t i o n  t o  r educe  t h e  v a r i a n c e  o f  

MUF. T h i s  can  be accompl ished  i n  s e v e r a l  ways w i t h  t h e  

most obv ious  way b e i n g  t o  o b t a i n  b e t t e r  measurements ,  o r  

p e r h a p s  more measurements .  However, r e d u c t i o n  i n  v a r i -  

ance  can  b e  a c h i e v e d  a t  no a d d i t i o n a l  c o s t  o f  c o l l e c t i n g  

d a t a  s i m p l y  by u s i n g  more s o p h i s t i c a t e d  methods o f  d a t a  - 

a n a l y s i s  t o  e x h a u s t  t h e  s p e c i f i c  i n f o r m a t i o n  from t h e  

d a t a .  Under c e r t a i n  r e a l i s t i c  c o n d i t i o n s ,  t h e  g a i n s  i n  

e f f i c i e n c y  a c h i e v e d  i n  t h i s  manner can  be  v e r y  l a r g e .  

(3)  S i g n i f i c a n t  a t t e n t i o n  i s  b e i n g  g i v e n  t h e  MUF a s  an i n d i -  

c a t o r  o f  m i s s i n g  m a t e r i a l  o r  d i v e r s i o n .  However, t h e r e  

may be o t h e r  i n d i c a t o r s  s u c h  a s  t h e  i n t e r n a l  c o n s i s t e n c y  



o f  i s o t o p i c  d a t a .  The i n t e g r a t i o n  o f  a l l  o f  t h e s e  a s p e c t s  

s h o u l d  l e a d  t o  b e t t e r  d e c i s i o n s  on whe the r  d i v e r s i o n  has  

t a k e n  p l a c e ,  how much has  t a k e n  p l a c e ,  and where t o  l o o k  

f o r  t h e  s o u r c e  o f  d i v e r s i o n .  

( 4 )  C o n s i d e r a t i o n  i s  b e i n g  g i v e n  o t h e r  a p p l i c a t i o n s  o f  s t a -  

t i s t i c s  t o  t h e  problems o f  s a f e g u a r d s .  One good p o s s i -  

b i l i t y  f o r  a  s i g n i f i c a n t  c o n t r i b u t i o n  i s  t h e  e s t a b l i s h m e n t  

o f  c l e a r ,  q u a n t i t a t i v e  g o a l s  f o r  s a f e g u a r d s .  Another  

b r o a d  a r e a  i s  t h e  a p p l i c a t i o n  o f  game t h e o r y .  S i n c e  

t h e  c o n t r o l  o f  n u c l e a r  m a t e r i a l s  i n  a  t r u e  s a f e g u a r d s  

environment  i s  e s s e n t i a l l y  a  game o f  s t r a t e g y  and c o u n t e r -  

s t r a t e g y ,  t h e  t h e o r y  o f  games p r o v i d e s  a  s t a t i s t i c a l  

s u b j e c t - m a t t e r  f i e l d  p e r t i n e n t  t o  e v a l u a t i n g  o v e r a l l  

s t r a t e g i e s .  

D I S C U S S I O N  

S P E C I F I C  A P P L I C A T I O N S  

Minimum Var iance  MUF 

The MUF i s  a  c o n c e p t  v i t a l  t o  t h e  c o n t r o l  o f  n u c l e a r  

m a t e r i a l s .  The e s t i m a t i o n  o f  MUF a p p e a r s  t o  b e  v e r y  s i m p l e  

and s t r a i g h t f o r w a r d ,  and y e t ,  f o r  c e r t a i n  c o n d i t i o n s ,  more 

s o p h i s t i c a t e d  e s t i m a t i o n  p r o c e d u r e s  have  been  deve loped  which 

p r o v i d e  e s t i m a t e s  h a v i n g  p r o p e r t i e s  which r e p r e s e n t  s i g n i f i -  

c a n t  improvements o v e r  t h o s e  of  t h e  s i m p l e  e s t i m a t i o n  method. 

The e s t i m a t i o n  p r o c e d u r e  w i l l ,  under  t h e s e  c o n d i t i o n s ,  p r o -  

v i d e  e s t i m a t e s  w i t h  much g r e a t e r p r e c i s i o n a n d ,  i n  a d d i t i o n ,  - 

w i l l  remove t h e  c o r r e l a t i o n s '  between s u c c e s s i v e  MUF's t h a t  

e x i s t  u s i n g  t h e  s i m p l e  e s t i m a t i o n  p r o c e d u r e .  

I t  i s  assumed i n i t i a l l y  t h a t  t h r o u g h p u t  i s  r e l a t i v e l y  

c o n s t a n t ,  and  t h a t  measurements i n  t h e  sys t em can  be c l a s s i f i e d  

a s  i n p u t ,  o u t p u t ,  and i n v e n t o r y  measurements .  L e t  

xi = amount o f  i n p u t  minus amount o f  o u t p u t  f o r  

month i ( a  t ime  p e r i o d  o t h e r  t h a n  one month 

may be used)  



Y i = end ing  i n v e n t o r y  p h y s i c a l  measurement 

a t  t h e  end o f  month i [ o r  b e g i n n i n g  o f  

month ( i  + 1 )  1.  

'i = t r u e  amount o f  m a t e r i a l  i n  i n v e n t o r y  a t  

end o f  month i .  

F u r t h e r  assume t h a t  

v a r y  = u 2  f o r  a l l  i i Y 

v a r - x  = u 2  f o r  a l l  i i x 

The t r a d i t i o n a l  s i m p l e  e s t i m a t e  o f  t h e  MUF a t  t h e  end o f  

month n  i s  

An e s t i m a t i o n  p r o c e d u r e  i s  s u g g e s t e d  which w i l l  p r o v i d e  

a  d i f f e r e n t  e s t i m a t e  f o r  pn and l e a d  t o  a  d i f f e r e n t  e s t i m a t e  

f o r  MUF. Def ine  a  s e t  o f  z v a l u e s  a s  f o l l o w s :  



z  i s  s imply  t h e  end ing  p h y s i c a l  i n v e n t o r y  f o r  month n  and n  
hence i s  an e s t i m a t e  o f  p n .  With no l o s s e s ,  z ~ - ~  i s  a l s o  an 

e s t i m a t e  o f  t h e  i n v e n t o r y  a t  end of  month n .  The same i s  t r u e  

o f  a l l  t h e  z '  s ; t h e y  a l l  have e x p e c t e d  v a l u e  u n .  Th i s  s u g g e s t s  

t h a t  some a v e r a g i n g  p r o c e d u r e  a p p l i e d  t o  a l l  t h e  z ' s  might  p r o -  

v i d e  a  b e t t e r  e s t i m a t e  o f  u n  t h a n  s imply  u s i n g  t h e  p h y s i c a l  

i n v e n t o r y  a t  t h e  end o f  month n .  

I n t u i t i v e l y ,  one would b e l i e v e  t h a t  t h e  "most r e c e n t "  

z ' s  would be  b e t t e r  e s t i m a t e s  o f  t h e  c u r r e n t  i n v e n t o r y  t h a n  

would t h e  e a r l i e r  z ' s .  T h i s  would s u g g e s t  t h e  use  o f  some 

w e i g h t i n g  p r o c e d u r e .  Cons ide r  t h e  e s t i m a t e  o f  u n  c o n s i s t i n g  

o f  t h e  l i n e a r  combinat ion  

where 

I n  i s  an u n b i a s e d  e s t i m a t e  of  u n  under  t h e  assumpt ions  of  

t h i s  model. I n  d e t e r m i n i n g  t h e  s e t  o f  a ' s  t o  u s e  t o  p r o v i d e  

t h e  " b e s t "  e s t i m a t e  o f  u n ,  a  r e a s o n a b l e  c r i t e r i o n  i s  t o  s e l e c t  

t h a t  s e t  which r e s u l t s  i n  a  minimum v a r i a n c e  f o r  t h e  e s t i m a t o r .  

The d e r i v a t i o n  o f  t h i s  e s t i m a t o r  i s  somewhat c o m p l i c a t e d  by 

t h e  f a c t  t h a t  t h e  z ' s  a r e  n o t  m u t u a l l y  independen t .  The 

c o v a r i a n c e  between zi and z i s  
j  

cov ( z i , z j )  = (n  - j )  o 2  i < j x' 

A l s o ,  t h e  v a r i a n c e  o f  zi i s  



Denote by V t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  f o r  t h e  z ' s .  Then, 

one can  u s e  t h e  g e n e r a l i z e d  l e a s t  s q u a r e s  e s t i m a t e  ( 1  f o r  u n ,  
deno ted  by G n ,  and a p p e a l  t o  t h e  Gauss-Markoff theorem t o  

a s s e r t  t h a t  t h i s  i s  t h e  minimum v a r i a n c e  u n b i a s e d  e s t i m a t o r .  

T h i s  becomes 

where T  i s  a  column v e c t o r  o f  ones  w i t h  ( n + l )  rows,  and Z i s  
A 

t h e  column v e c t o r  o f  z ' s .  The v a r i a n c e  o f  pn i s  

A s  a  v e r y  s i m p l e  example,  suppose  

o 2  = 5 u n i t s  2 
Y 

a 2  = 1 u n i t  2 
X 

I n  t h i s  example,  t h e  v a r i a n c e  of a  p h y s i c a l  i n v e n t o r y  i s  f i v e  

t imes  a s  l a r g e  a s  t h e  v a r i a n c e  o f  t h e  t o t a l  i n p u t  l e s s  t h e  

t o t a l  o u t p u t .  Cons ide r  t h e  e s t i m a t e  o f  2 ' The z ' s  become 

The v a r i a n c e - c o v a r i a n c e  m a t r i x  i s  . = @  s 3 



This  i n d i c a t e s  t h a t  t h e  "bes t "  l i n e a r  combinat ion  t o  u s e  

i n  t h i s  example i s  

2 which h a s  v a r i a n c e  2 0 5 / 9 6  o r  2.135 u n i t s  . Note t h a t  t h e  u s u a l  
'7 

e s t i m a t e  o f  e  namely y 2 ,  h a s  a  v a r i a n c e  o f  5 u n i t s '  which s a y s  2 ' 
t h e  g a i n  i n  p r e c i s i o n  i n  t h i s  example i s  v e r y  s i g n i f i c a n t .  

I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h e  p a r t i c u l a r  l i n e a r  com- 

b i n a t i o n s  o f  z ' s  which s h o u l d  be used  and t h e  improvement i n  
2 2 p r e c i s i o n  depend o n l y  on t h e  r a t i o  o f  ox t o  o v ,  and n o t  on 

t h e i r  v a l u e s .  Th i s  p e r m i t s  t h e  c o n s t r u c t i o n  bf  t a b l e s  o f  t h e  

o c o e f f i c i e n t s  a s  a  f u n c t i o n  o f  c  = u:/u2 and n .  Tab le  1 
Y 

g i v e s  t h e s e  c o e f f i c i e n t s  f o r '  c  = 0.10 (0.10)  1 .80  and n  = 

l ( 1 )  10 .  

Given t h i s  new e s t i m a t i n g  p r o c e d u r e  f o r  e n ,  t h e  n e x t  

problem i s  t o  s e e  how t h e  r e s u l t  might  be used  i n  e s t i m a t i n g  

t h e  MUF. The r e a s o n a b l e  c h o i c e  i s  t o  use  t h e  b e s t  e s t i m a t e  

o f  t h e  end ing  i n v e n t o r y  f o r  month (n-1)  a l o n g  w i t h  t h e  

( i n p u t s  - o u t p u t s )  and end ing  p h y s i c a l  i n v e n t o r i e s  f o r  month n .  
1 1  

Denote t h i s  e s t i m a t e  o f  MUF by Mn. 





N 4 0  
0 0 0  
ootn 
o m c u  
mcu-4 . . .  

cum 
Q - 4  
0 m 
4 J-l 
4 0 



4 0 0 0  
O O O f  
O O C 4 )  
Ofo'rn 
\ 3 C \ 1 0 0  . . . .  







at 
Ln ln  
inn 
4 0 

? ?  



T h i s  i s  t h e  same a s  t h e  t r a d i t i o n a l  e s t i m a t e  o f  MUF e x c e p t  

Yn- 1 i s  r e p l a c e d  by 
I I 

The v a r i a n c e  o f  Mn i s  

I I 

v a r  M~ = o 2  + o 2  + o 
2 

Y X 3 

where o: = (TI V-I T ) - ~  

1 

T h i s  compares w i t h  t h e  v a r i a n c e  o f  M n ,  t h e  t r a d i t i o n a l  

e s t i m a t e .  

1 

v a r  M~ = 2 0 2  + o 
2 

Y X 
(15) 

A measure o f  t h e  improvement i n  p r e c i s i o n  may b e  e x p r e s s e d  a s  

t h e  r a t i o  
I 

v a r  Mn 
R2 = I t  

v a r  Mn 

o r ,  a l t e r n a t i v e l y  

1 I 

s t a n d a r d  d e v i a t i o n  M v a r  Mn 
R = n  = 

I I 
( 1 7 )  

s t a n d a r d  d e v i a t i o n  Mn v a r  Mn 

R i s  a  f u n c t i o n  o f  c  = o:/o; and n ,  t h e  number o f  months.  

For  s i m p l i f i c a t i o n ,  R i s  shown as a  f u n c t i o n  o f  c  o n l y  i n  

T a b l e  2 w i t h  i n f i n i t e  n .  For  a l l  p r a c t i c a l  p u r p o s e s ,  n  becomes 

" i n f i n i t e "  v e r y  q u i c k l y ,  and s o  T a b l e  2 i s  q u i t e  d e s c r i p t i v e  

f o r  any n .  To i l l u s t r a t e ,  i n  t h e  example used  p r e v i o u s l y ,  



TABLE 2 .  R Versus c f o r  I n f i n i t e  n  

This compares wi th  a  va lue  of 1.188 a t  I n f i n i t e  n .  

Note from Table 2 t h a t  t h e  ga in  i n  p r e c i s i o n  can be 

l a r g e  a s  c  g e t s  s m a l l ,  i . e . ,  a s  t h e  p h y s i c a l  inven tory  



u n c e r t a i n t y  t e n d s  t o  dominate .  T h i s  g a i n  i n  p r e c i s i o n  can  be  

e q u i v a l e n t  t o  t h e  i n f o r m a t i o n  o b t a i n e d  by a d d i t i o n a l  s ampl ing  

and a n a l y t i c a l  e f f o r t .  

I t  s h o u l d  be  emphasized t h a t  a l t h o u g h  t h e  f o r e g o i n g  d i s -  

c u s s i o n  assumes t h a t  0 2  and 0 2  a r e  c o n s t a n t  o v e r  t i m e ,  i . e . ,  
Y X 

t h a t  t h e  v a r i a n c e  o f  t h e  p h y s i c a l  i n v e n t o r y  and t h e  v a r i a n c e  o f  

t h e  ( i n p u t s  - o u t p u t s )  a r e  c o n s t a n t  from month t o  month, t h e s e  

a s sumpt ions  a r e  made f o r  s i m p l i c i t y  i n  p r e s e n t a t i o n  and a r e  

n o t  c r u c i a l  t o  t h e  argument .  S i m i l a r  r e s u l t s  have been  found 

f o r  t h e  s i t u a t i o n  i n  which a: i s  n o t  c o n s t a n t .  Work i s  p r o -  
'l 

c e e d i n g  f o r  t h e  c a s e  i n  which a '  i s  n o t  c o n s t a n t .  
Y 

Some f u r t h e r  r e s u l t s  on MUF, and s p e c i f i c a l l y  t h e  "mini -  

mum-variance" MUF, a r e  g i v e n  i n  t h e  s e c t i o n  o f  t h i s  r e p o r t  

e n t i t l e d  "MUF a s  C r i t e r i o n  o f  D i v e r s i o n . "  Before  t h i s  d i s c u s -  

s i o n ,  however ,  a n o t h e r  way i s  d i s c u s s e d  b r i e f l y  i n  which t h e  

v a r i a n c e  o f  t h e  MUF may be d e c r e a s e d .  

Cos twise  Min imiza t ion  o f  t h e  V a r i a n c e  o f  MUF 

I n  t h e  p r e v i o u s  s e c t i o n ,  a  method was shown whereby d i f -  

f e r e n t  e s t i m a t i n g  p r o c e d u r e s  a p p l i e d  t o  a  g i v e n  s e t  o f  d a t a  

w i l l  r educe  t h e  v a r i a n c e s  o f  t h e  e s t i m a t e s  o f  t h e  i n v e n t o r y  and 

MUF. Any improvements t h a t  can  be  made i n  t h e  q u a l i t y  o f  t h e  

d a t a  themse lves  w i l l  p r o v i d e  a d d i t i o n a l  b e n e f i t s .  T h i s  s e c t i o n  

a d d r e s s e s  i t s e l f  t o  d a t a  improvements a s  opposed t o  " a n a l y s i s  

o f  t h e  d a t a "  improvements .  

The two obv ious  ways i n  which d a t a  improvements may be  

accompl ished  a r e  by u s i n g  improved methods o f  making measure-  

ments and by making more measurements .  Both s t e p s  c o s t  money, 

s o  i t  i s  advantageous  t o  know how many measurements t o  t a k e  

a t  what  p l a c e s  w i t h  what sampl ing  and measurement d e v i c e s .  

The p a r t i c u l a r  combinat ion  o f  e f f o r t s  which minimizes  t o t a l  

c o s t ,  o r  a l t e r n a t i v e l y ,  which maximizes i n f o r m a t i o n  f o r  a  f i x e d  

c o s t ,  i s  t h e  r e a s o n a b l e  combina t ion  t o  employ. 



I n  a  s i m p l i f i e d  s t r u c t u r e ,  assume t h a t  MUF i s  a  l i n e a r  com- 

b i n a t i o n  o f  s e v e r a l  (m) random v a r i a b l e s ,  where t h e  ith one 

i s  deno ted  by ui t o  show t h a t  i t  i s  t h e  ave rage  o f  ni 

measurements.  

m 
MUF = Tii 

i=l 

Assuming t h e  Ti v a l u e s  a r e  u n c o r r e l a t e d ,  i 

m 
v a r  MUF = 1 v a r  ui /ni  

i=l 

Suppose t h a t  a  t o t a l  o f  C d o l l a r s  a r e  t o  be s p e n t  t o  

o b t a i n  t h e  measurements ,  and t h a t  i t  c o s t s  ci  d o l l a r s  t o  o b t a i n  

a  s i n g l e  ui measurement.  Then i t  can be shown t h a t  ni s h o u l d  

be chosen d i r e c t l y  p r o p o r t i o n a l  ' t o  t h e  s t a n d a r d  d e v i a t i o n  o f  

t h e  measurement and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  

o f  t h e  c o s t .  

where k i s  chosen i n  such a  manner t h a t  

To i l l u s t r a t e ,  suppose  t h e r e  a r e  f i v e  measurement p o i n t s  

w i t h  t h e  f o l l o w i n g  v a l u e s  f o r  o i ,  c i  and C .  

U l  = 
2 c1 = 4 

o 2  = 
3  C 2  = 4 

O3 = 5 C 3  = 9 

a 4  = 10 c 4  = 1 

o 5  = 20 C 5  = 1 

C = 330 



Then, 

n1 = 2k/2 = k 

n 2  = 3k/2 

n = 5k/3  3 

n4 = 1 0 k / l  = 10k 

= 20k / l  = 20k 

From E q u a t i o n  2 1 :  

T h e r e f o r e ,  

nl  = 
6 measurements on u 1 

n 2  = 
9 measurements on u 2  

n = 10 measurements o n  u3  3 

n4 = 
60 measurements on u 4 

n 5  = 120 measurements on u 5 

The v a r i a n c e  o f  MUF i n  t h i s  c a s e  i s ,  (by E q u a t i o n  19)  

Suppose we had  chosen  

which g i v e s  t h e  same t o t a l  c o s t .  Then, t h e  v a r i a n c e  o f  MUF 

would be 



This  example i s  i n t e n d e d  t o  i l l u s t r a t e  t h e  approach  and 

i s  a d m i t t e d l y  an o v e r s i m p l i f i c a t i o n .  However, t h e  s i m p l i f i c a -  

t i o n  i s  o n l y  one o f  computa t iona l  e a s e  and does  n o t  imply t h a t  

such  a  c o s t  m i n i m i z a t i o n  approach  i s  n o t  f e a s i b l e  i n  p r a c t i c e .  

I t  may b e  t h a t ,  i n  a  g i v e n  s i t u a t i o n ,  s i m p l e  c l o s e d - f o r m  s o l u -  

t i o n s  would n o t  be  found.  However, even i n  v e r y  complex 

s i t u a t i o n s ,  computer s i m u l a t i o n  may be used  e f f e c t i v e l y  t o  

p r o v i d e  adequa te  answers .  

T h i s  d i s c u s s i o n  on c o s t - m i n i m i z a t i o n  i s  v e r y  c l o s e l y  

r e l a t e d  t o  a  s t a t i s t i c a l  t e c h n i q u e  r e f e r r e d  t o  a s  e s t i m a t i n g  

components o f  v a r i a n c e .  T h i s  r e f e r s  t o  e s t i m a t i n g  t h e  con-  

t r i b u t i o n  t o  an o v e r a l l  v a r i a n c e  t h a t  comes from d i f f e r e n t  

s o u r c e s .  An i d e n t i f i c a t i o n  o f  t h e  major  c o n t r i b u t i n g  s o u r c e s  

p r o v i d e s  an i n d i c a t i o n  o f  where t h e  e f f o r t  s h o u l d  be p l a c e d  

i n  r e d u c i n g  t h e  o v e r a l l  v a r i a n c e .  

Components o f  v a r i a n c e  e s t i m a t i o n  p l a y s  a  b a s i c  r o l e  i n  

s t a t i s t i c s .  T h i s  i s  s t a t e d  v e r y  w e l l  i n  a  book by Anderson 

and Bancrof t . "However, t h i s  (components o f  v a r i a n c e )  i s  

a c t u a l l y  t h e  b a s i s  o f  a l l  s t a t i s t i c a l  c o n c e p t s ,  because  i t  

d e a l s  w i t h  t h a t  p a r t i c u l a r  a s p e c t  o f  d a t a  which r e q u i r e s  

s t a t i s t i c a l  t r e a t m e n t  - v a r i a b i l i t y . "  

MUF a s  C r i t e r i o n  o f  D i v e r s i o n  

The p r e c e d i n g  two s e c t i o n s  were concerned  w i t h  t e c h n i q u e s  

f o r  r e d u c i n g  t h e  v a r i a n c e  o f  MUF. The impor tance  o f  t h i s  i n  

s a f e g u a r d s  i s  emphasized i n  t h i s  s e c t i o n .  

To b e g i n  t h e  d i s c u s s i o n ,  some remarks a r e  made on t h e  

s t a t i s t i c a l  t e s t i n g  o f  h y p o t h e s e s ,  s i n c e  t h i s  i s  c e n t r a l  t o  

t h e  d i s c u s s i o n  on t h e  u s e  o f  MUF a s  a  c r i t e r i o n  o f  d i v e r s i o n .  

I t  may be t h a t  i n  some s i t u a t i o n s  MUF i s  n o t  used  f o r m a l l y  a s  

a  s t a t i s t i c  i n  h y p o t h e s i s  t e s t i n g ,  y e t  i n h e r e n t  i n  t h e  v e r y  

m o t i v a t i o n  beh ind  c a l c u l a t i n g  MUF i s  t h e  i n t e n t  t o  u s e  i t  a s  



a  measure o f  d i v e r s i o n  whe the r  o r  n o t  t h e r e  i s  l o s s  o f  m a t e r i a l  

by some o t h e r  r o u t e .  Thus ,  t h e r e  i s  b e n e f i t  i n  f o r m a l i z i n g  

t h e  p r o c e s s .  

The g e n e r a l  t h e o r y  w i l l  b e  e x p l a i n e d  i n  t e rms  a p p r o p r i a t e  

t o  t h i s  d i s c u s s i o n .  A n u l l  h y p o t h e s i s  i s  s e t  up which ,  on 

t h e  b a s i s  o f  t h e  d a t a ,  w i l l  e i t h e r  be  r e j e c t e d  i n  f a v o r  o f  an  

a l t e r n a t i v e  h y p o t h e s i s ,  o r  e l s e  i t  w i l l  n o t  be  r e j e c t e d .  

S p e c i f i c a l l y ,  l e t  t h e  n u l l  h y p o t h e s i s  be  

t h a t  i s ;  t h e r e  i s  no d i v e r s i o n  ( o r  l o s s ) .  L e t  t h e  a l t e r n a t i v e  

h y p o t h e s i s  be  t h a t  t h e r e  i s  D l  u n i t s  o f  d i v e r s i o n  o v e r  t h e  

p e r i o d  o f  t ime i n  q u e s t i o n .  

Data  w i l l  b e  c o l l e c t e d ,  D w i l l  be  e s t i m a t e d  from t h e  d a t a ,  

and on t h e  b a s i s  o f  t h i s  e s t i m a t e ,  t h e  n u l l  h y p o t h e s i s  w i l l  be  
,. 

t e s t e d .  Denote t h e  e s t i m a t e  by D ,  which w i l l  be  t h e  MUF e s t i -  
,. 

mated by some p r o c e d u r e .  C l e a r l y ,  i f  D i s  " l a r g e , "  one would be  

i n c l i n e d  t o  r e j e c t  t h e  n u l l  h y p o t h e s i s  and conc lude  t h a t  a  

l o s s  o f  m a t e r i a l s  has  o c c u r r e d .  But how l a r g e  i s  " l a r g e ? "  

T h i s  depends upon t h e  r i s k s  o f  making i n c o r r e c t  d e c i s i o n s  which 

one i s  w i l l i n g  t o  t a k e ,  and upon t h e  v a r i a n c e  o f  D .  

The f i g u r e  s k e t c h e d  below i s  h e l p f u l  i n  u n d e r s t a n d i n g  t h e  

s i t u a t i o n .  

H : D = O  0 HI : O = D ,  

A M O U N T  O F  D I V E R S I O N ,  D  



T h i s  i s  c a l l e d  a  power c u r v e .  I t s  p l acemen t  and s h a p e  

depend o n :  

a = p r o b a b i l i t y  o f  a s s e r t i n g  t h a t  t h e r e  i s  d i v e r s i o n  

when i n d e e d  t h e r e  i s  none ( c a l l e d  a  Type I e r r o r ) .  

a i s  c a l l e d  t h e  s i g n i f i c a n c e  l e v e l  o f  t h e  t e s t .  

6(D1) = p r o b a b i l i t y  o f  a s s e r t i n g  t h e r e  i s  no d i v e r s i o n  

when i n  f a c t  Dl u n i t s  have been  d i v e r t e d  ( c a l l e d  

a  Type I 1  e r r o r ;  B i s  f u n c t i o n  o f  Dl) .  
* 

Dc = " c r i t i c a l  v a l u e "  f o r  D ,  i . e . ,  t h e  a s s e r t i o n  i s  

made t h a t  t h e r e  i s  d i v e r s i o n  when 6 > D _ .  

O n  = v a r i a n c e  o f  6. 
D 

a i s  normal ly  chosen  q u i t e  small .  6 i s ,  o f  c o u r s e ,  a  

f u n c t i o n  o f  D,  and i s  chosen  s m a l l  f o r  t h a t  v a l u e  o f  D which 

one would l i k e  t o  d e t e c t  "most" o f  t h e  t i m e .  Dc i s  a  f u n c t i o n  
2 o f  a ,  and a A  This  l a t t e r  q u a n t i t y  i s  o f  c r u c i a l  impor tance  n '  

t o  t h e  whole d i s c u s s i o n  

To i l l u s t r a t e ,  suppose  

a = 0.05 ( 5 %  chance  o f  a s s e r t i n g  t h a t  t h e r e  i s  

d i v e r s i o n  when i n  f a c t  t h e r e  i s  none . )  
9 
L 

0~ D = 4  u n i t s  ~ = 2 u n i t s )  t 
(OD 

A A 

To f i n d  D c ,  t h e  c r i t i c a l  v a l u e  f o r  D ,  assume t h a t  D i s  

normal ly  d i s t r i b u t e d  w i t h  a v e r a g e  v a l u e  (mean) z e r o  (under  

t h e  n u l l  h y p o t h e s i s  o f  no d i v e r s i o n )  and s t a n d a r d  d e v i a t i o n  2 .  

Then t h e  p e r t i n e n t  s t a t i s t i c  t o  u s e  i s  t h e  r a t i o  

Under t h e  n u l l  h y p o t h e s i s ,  t h i s  i s  normal ly  d i s t r i b u t e d  

w i t h  mean z e r o  and s t a n d a r d  d e v i a t i o n  one .  ( I f  a; i s  n o t  

known, b u t  i s  e s t i m a t e d ,  S t u d e n t ' s  "t" d i s t r i b u t i o n  i s  used  

w i t h  t h e  a p p r o p r i a t e  number o f  d e g r e e s  o f  f r eedom. )  Then, 

from a  t a b l e  o f  t h e  normal  d i s t r i b u t i o n ,  

Prob [ (6 /2)  > 1 . 6 4 1  = 0.05  = a 

t I t  i s  assumed i n  t h i s  e xamp le  t h a t  t h i s  i s  e i t h e r  known o r  
e s t i m a t e d  w i t h  some d e g r e e  o f  p r e c i s i o n .  



from which Prob ( D  > 3.28)  = 0 . 0 5 .  Thus,  D c ,  t h e  c r i t i c a l  

v a l u e ,  i s  3 .28  i n  t h i s  example.  The "power curve"  i s  t h e n  

e a s i l y  c o n s t r u c t e d .  For  example,  f i n d  t h e  p o i n t  on t h e  c u r v e  

a t  Dl = 5 u n i t s .  The above p r o c e s s  i s  r e v e r s e d :  

Prob ( d i v e r s i o n  i s  a s s e r t e d )  

A 

= Prob ( D  > 3.28)  

( 6 - 5  3 . 2 8 - 5 )  
= Prob 7 > 2 

T h i s  l a s t  s t e p  i s  made t o  a c h i e v e  a  v a r i a b l e  which has  

mean ze ro  and s t a n d a r d  d e v i a t i o n  o n e ,  and hence  w i l l  p e r m i t  u s e  

o f  s t a n d a r d  normal t a b l e s .  Denot ing  t h i s  t r a n s f o r m e d  v a r i a b l e  

by D*, t h e  above e x p r e s s i o n  becomes 

Prob (D* > - 0 . 8 6 )  

which i s  0 .81  from t h e  normal t a b l e .  Thus,  

~ ( 5 )  = 1 - 0.81  = 0 .19 ,  o r  t h e r e  i s  a 

19% chance  t h a t  a  d i v e r s i o n  o f  5  u n i t s  w i l l  n o t  b e  d e t e c t e d .  

T h i s  g i v e s  one p o i n t  on t h e  power c u r v e .  

T h i s  example and d i s c u s s i o n  r a i s e s  a  few q u e s t i o n s .  What 

s h o u l d  be  chosen  as a  v a l u e  f o r  a ?  (What p e r c e n t a g e  o f  t h e  

t ime  s h o u l d  be  s p e n t  t r y i n g  t o  t r a c k  down some m a t e r i a l  when 

i n  f a c t  t h e  e v a l u a t o r  i s  j u s t  o b s e r v i n g  a  random f l u c t u a t i o n ? )  
A 

What a b o u t  an o b s e r v e d  l a r g e  n e g a t i v e  v a l u e  o f  D? What B 

v a l u e s  a r e  r e a s o n a b l e  f o r  g i v e n  D ' s ?  These q u e s t i o n s  i n v o l v e  

e x t e n s i v e  t h o u g h t ,  and t h e r e  a r e  no e a s y  answers .  However, t he  

p o i n t  i s  t h a t  when f o r m a l i z i n g -  t h e  h y p o t h e s i s  t e s t i n g  a p p r o a c h ,  

one i s  f o r c e d  t o  f a c e  up t o  q u e s t i o n s  such  a s  t h o s e ,  t o  r e c o g -  

n i z e  t h e  r i s k s  i n v o l v e d ,  and t o  p r e d e t e r m i n e  what a c t i o n  w i l l  

be  t a k e n  when, i n  f a c t ,  a  s i g n i f i c a n t l y  l a r g e  MUF does o c c u r .  

F u r t h e r m o r e ,  t h e  power c u r v e  i s  e x t r e m e l y  i m p o r t a n t  i n  mea- 

s u r i n g  t h e  impact  o f  a  r educed  v a r i a n c e  i n  MUF. I t  t e l l s  

p r e c i s e l y  how i m p o r t a n t  i t  i s  t o  r e d u c e  t h i s  v a r i a n c e ,  s a y ,  by 

a  f a c t o r  o f  two. 



To i l l u s t r a t e  t h i s  l a s t  p o i n t ,  suppose  t h a t  i n  t h e  p r e -  

v i o u s  example u A  were 4  i n s t e a d  o f  2 .  Then, t h e  c r i t i c a l  D 
v a l u e  Dc i s  changed.  

Prob [ (D/4)  > 1.641 = 0.05  

i m p l i e s  Dc i s  now 6.56 r a t h e r  t h a n  3 .28 .  Arguing i n t u i t i v e l y ,  

i n  t h e  p r e s e n c e  o f  a  g r e a t e r  random e r r o r ,  more "evidence"  o f  

d i v e r s i o n  i s  needed b e f o r e  i t  can  b e  concluded t h a t  d i v e r s i o n  

has  t r u l y  o c c u r r e d .  T h i s  w i l l  o b v i o u s l y  r educe  t h e  power o f  

t h e  t e s t .  S p e c i f i c a l l y ,  a g a i n  a t  Dl = 5 ,  

Prob [ D  6.561 
,. 

= Prob [y > 6 .56-51  4 

= Prob [D* > 0 .391  = 0.35  

Thus,  by d o u b l i n g  t h e  s t a n d a r d  d e v i a t i o n  i n  t h i s  example,  

t h e  power ( l - B )  i s  r educed  from 0 . 8 1  t o  0 . 3 5 ,  o r ,  e q u i v a l e n t l y ,  

t h e  6 e r r o r  changes from 0 .19  t o  0 .65 .  There  i s  a  65% chance 

t h a t  a  d i v e r s i o n  o f  5  u n i t s  w i l l  n o t  be  d e t e c t e d .  The power 

cu rve  demons t ra t e s  t h e  p r a c t i c a l  s i g n i f i c a n c e  o f  d e c r e a s i n g  t h e  

u n c e r t a i n t y  i n  MUF by a  g i v e n  amount. 

T h i s  i s  i l l u s t r a t e d  f o r  t h e  example i n  s e c t i o n  (1)  o f  

t h i s  r e p o r t  where t h e  v a r i a n c e  o f  t h e  u s u a l  e s t i m a t e  o f  MUF 

was compared w i t h  t h e  v a r i a n c e  o f  t h e  minimum-variance e s t i ;  

mator  ( s e e  E q u a t i o n s  1 3  a n d . 1 5 ) .  I n  t h e  example t r e a t e d  t h e r e ,  

f o r  i n f i n i t e  n ,  and c  = u:/u2 = 0 . 2 ,  t h e  s t a n d a r d  d e v i a t i o n  o f  
Y 

t h e  u s u a l  e s t i m a t o r  MA was 1 8 . 8 %  l a r g e r  t h a n  t h a t  o f  M:, t h e  

minimum v a r i a n c e  e s t i m a t o r .  The power c u r v e  d a t a  f o r  t h i s  

example a r e  r ep roduced  i n  T a b l e  3 .  The power c u r v e  i s  a  

f u n c t i o n  o f  t h e  s i z e s  o f  o2  and o: i n  a d d i t i o n  t o  t h e i r  r a t i o ,  
Y 



and s o  t h e  f i r s t  column o f  Tab le  3 i s  g iven  a s  a  m u l t i p l e  o f  

a t h e  p h y s i c a l  i n v e n t o r y  s t a n d a r d  d e v i a t i o n .  
Y '  

TABLE 3. Example of Power Curve 

Power f o r  
t 1 1  

C l e a r l y ,  f o r  "smal l"  o r  " l a r g e "  d i v e r s i o n s ,  t h e  r e d u c t i o n  

i n  s t a n d a r d  d e v i a t i o n  o f  18 .8% h a s  l i t t l e  p r a c t i c a l  impor tance .  

I t  i s  i n  t h e  " b o r d e r l i n e "  a r e a  where ,  i n  f a c t ,  i t  i s  most impor- 

t a n t  t h a t  t h e  d a t a  be a s  p rec i s -e  a s  p o s s i b l e ,  t h a t  t h e  b e n e f i t s  

become o f  p r a c t i c a l  impor tance .  

Thus f a r ,  t h e  MUF h a s  o n l y  been c o n s i d e r e d  a s  an i n d i c a t o r  

o f  when t h e r e  might  be d i v e r s i o n  d u r i n g  a  g iven  month ( o r  u n i t  

t ime p e r i o d ) .  There  i s  s i g n i f i c a n t  a d d i t i o n a l  i n f o r m a t i o n  



embedded i n  t h e  d a t a  which can  be  e x t r a c t e d  when one c o n s i d e r s  

sequences  o f  MUF's i n  a d d i t i o n  t o  each  i n d i v i d u a l  one .  

The two t e c h n i q u e s  t o  be  d i s c u s s e d  b o t h  depend on s t a t i s -  

t i c a l  independence  between t h e  s u c c e s s i v e  MUF's. Such i n d e -  

pendence does n o t  e x i s t  w i t h  t h e  t r a d i t i o n a l  e s t i m a t e ,  M A ,  
s i n c e  t h e  b e g i n n i n g  i n v e n t o r y  f o r  one month i s  t h e  same a s  

t h e  end ing  i n v e n t o r y  f o r  t h e  p r e c e d i n g  month. T h i s  p o i n t s  

o u t  a n o t h e r  advan tage  o f  t h e  minimum-variance MUF. Somewhat 

s u r p r i s i n g l y ,  p e r h a p s ,  s u c c e s s i v e  MUF's c a l c u l a t e d  by t h i s  

p r o c e d u r e  a r e  s t a t i s t i c a l l y  independen t  o f  one a n o t h e r .  T h i s  

i s  an i m p o r t a n t  p r o p e r t y .  

T h i s  p r o p e r t y  h a s  been  p roved  r i g o r o u s l y ,  b u t  w i l l  be  

demons t ra t ed  h e r e  w i t h  a  s i m p l e  example.  Suppose n  = 2 s o  

t h a t ,  from Equa t ion  1 2  

A 

"1 comes from Equa t ion  9 and s p e c i f i c a l l y  from T a b l e  1. Say 

c  = 0 2 / 0 2  = 0 . 5 .  Then 
x  Y 

where Z o  = Y o  + X1 

T h e r e f o r e  

9 = 0 .4  y o  + 0 .4  x1 + 0 . 6  z1 

1 1  

t h e  p r e v i o u s  MUF, M~ i s  



A 

where '"0 = Y o  

A t  f i r s t  g l a n c e ,  t h e s e  would a p p e a r  t o  be  s t r o n g l y  c o r r e -  

l a t e d ,  s i n c e  b o t h  a r e  f u n c t i o n s  o f  y o ,  and y l .  However, i n  
X19 I t  

c a l c u l a t i n g  t h e  c o v a r i a n c e  between MY and M 2 ,  remembering t h a t  

y o ,  x l ,  and y1 a r e  themselves  u n c o r r e l a t e d ,  t h i s  becomes 

1 1  1 1  

Cov (MI, M2) = 0.4  u 2  + 0 . 4  2 
Y 0  Y 1  

from (1)  and (3)  

2 But ,  i n  t h i s  example,  c  = u 2 / u 2  = 0 . 5 ,  o r  ox = 0 . 5  u 2  and 
x Y Y' 

t h e  c o v a r i a n c e  becomes z e r o .  T h i s  i s  a  d e m o n s t r a t i o n  o f  t h e  

f a c t  t h a t  t h e  p a r t i c u l a r  c o e f f i c i e n t s  which d e f i n e  t h e  l i n e a r  

combinat ion  o f  x ' s  and y ' s  t o  r e s u l t  i n  a  MUF e s t i m a t e  a r e  s o  

chosen t h a t  s t a t i s t i c a l  independence  r e s u l t s .  

T h i s  i s  a  v e r y  i m p o r t a n t  f a c t  from a  p r a c t i c a l  s t a n d p o i n t .  

I t  p e r m i t s  t h e  u s e  o f  some s t a n d a r d  s t a t i s t i c a l  p r o c e d u r e s  

which would n o t  be a p p l i c a b l e  i n  t h e  p r e s e n c e  o f  c o r r e l a t e d  . 

MUF's. One such  p r o c e d u r e  i s  t h e  mean s q u a r e  s u c c e s s i v e  d i f -  

f e r e n c e  (MSSD) method o f  l o o k i n g  f o r  t r e n d s  i n  t h e  d a t a .  

Cons ide r  t h e  q u a n t i t y  

2 ( n -  1 )  



In  t h e  absence of  t r ends  i n  t h e  d a t a ,  Q' has an expected 
t I 

va lue  equal  t o  t h e  va r i ance  of  M i .  (The f i r s t  few terms i n  

t h e  sum w i l l  have unequal v a r i a n c e s ,  b u t  t he se  w i l l  qu i ck ly  

approach a  l i m i t i n g  va lue .  One can perhaps remove t h e  f i r s t  

few from the  a n a l y s i s . )  Thus, Q may be compared wi th  t he  

usua l  va r i ance  e s t i m a t o r .  

v a r  = 

I f  t he  r a t i o  of  Q~ t o  Var i s  s i g n i f i c a n t l y  d i f f e r e n t  from 

one,  s i gn i f i . c an t  nonrandomness e x i s t s  i n  t he  d a t a .  Tables t o  

t e s t  f o r  t he  s t a t i s t i c a l  s i g n i f i c a n c e  of  t h i s  r a t i o  a r e  con- 

t a i n e d  i n  Reference 3 .  

I n  t h e  absence of nonrandomness, Q 2  and Var a r e  both  what 

may be c a l l e d  "ex t e rna l "  e s t ima te s  of t h e  var iance  of MUF, 

i . e . ,  they a r e  based on t h e  amount of  v a r i a t i o n  ac t -ua l l y  

observed among t h e  observed MUF's. When nonrandomness o b t a i n s ,  

Q 2  would be t h e  a p p r o p r i a t e  measure .of t h i s  va r i ance .  I t  i s  

very  en l igh t en ing  t o  compare t h e s e  va lues  wi th  those  ob t a ined  

" i n t e r n a l l y , "  i . e . ,  by propaga t ing  t h e  e r r o r s  of  t he  q u a n t i t i e s  

making up a  given MUF. 

I f  a l l  t h e  va r i ance  sources  a r e  accounted f o r  and a r e  

e s t ima ted  w i th  s u f f i c i e n t  p r e c i s i o n ,  then  t h e  " ex t e rna l "  and 

" i n t e r n a l f f  e s t i m a t e s  o f  va r i ance  MUF should  agree .  F a i l u r e  

t o  agree  p o i n t s  o u t  t h a t  t h e  s i t u a t i o n  has no t  been modeled 

p r o p e r l y ,  o r  t h a t  t h e  i npu t  d a t a  a r e  i n  e r r o r .  I t  i s  very  

impor tan t  t o  know t h i s  because o therwise  t h e  cos t -min imiza t ion  

approach i n  t h e  s e c t i o n  devoted t o  cos twise  minimizat ion of  

va r i ance  can l e a d  t o  wrong answers a s  t o  where t he  e f f o r t  

should  be expended. Even i f  formal c o s t  minimizat ion p ro -  

cedures a r e  n o t  fo l lowed,  t h e  e v a l u a t o r  i s  c e r t a i n l y  guided by 



h i s  assumed components o f  e r r o r  s t r u c t u r e  i n  d e t e r m i n i n g  t h i s  

e f f o r t  a l l o c a t i o n .  I t  i s  i m p o r t a n t  t h a t  he  have t h e  e r r o r  

s t r u c t u r e  p r o p e r l y  a p p r a i s e d .  

A s  a  f i n a l  n o t e  i n  t h i s  s e c t i o n ,  t h e  e v a l u a t o r  s h o u l d  a t  

t h e  v e r y  l e a s t  p l o t  s equences  o f  MUF's t o  s e e  how t h e y  v a r y  

o v e r  t i m e .  An e s p e c i a l l y  e f f e c t i v e  p l o t  i n  d e t e c t i n g  s m a l l ,  

p e r s i s t e n t  b i a s e s  a n d / o r  s h i f t s  i n  b i a s  i s  t h e  s o - c a l l e d  

Cusum p l o t  which accumula te s  t h e  sum o f  t h e  MUF's and p l o t s  

t h i s  sum a s  a  f u n c t i o n  o f  t i m e .  C l e a r l y ,  when i n  c o n t r o l ,  t h i s  

p l o t  s h o u l d  hover  a round z e r o .  

I n  t h e  n e x t  s e c t i o n ,  a  d i f f e r e n t  t o p i c  i s  c o n s i d e r e d  w i t h  

t h e  t r e a t m e n t  o f  b i a s e s  i n  a n a l y z i n g  and i n t e r p r e t i n g  d a t a  

rev iewed.  

The Trea tmen t  o f  B i a s e s  i n  U n c e r t a i n t y  S t a t e m e n t s  

Suppose t h a t  a  measurement ,  x ,  h a s  e x p e c t e d  v a l u e  

where 8 i s  t h e  " t r u e "  v a l u e  o f  t h e  measurement,  and 6 i s  t h e  

b i a s  i n  t h e  measurement.  The p r e c i s i o n  o f  t h e  measurement i s  

o b t a i n e d  from 

The e x p e c t e d  s q u a r e d  d i f f e r e n c e  between t h e  measurement - 

and t h e  t r u e  v a l u e  i s  

The middle  t e rm i s  z e r o ,  and t h e  l a s t  t e rm i s  a 2 ,  from 

Equa t ion  ( 2 6 ) .  Thus,  



I n  t h i s  s e n s e ,  b i a s 2  may be  c o n s i d e r e d  a s  a  v a r i a n c e  

component. Th i s  concep t  i s  e s s e n t i a l  t o  an u n d e r s t a n d i n g  o f  

t h e  n a t u r e  o f  t h e  u n c e r t a i n t y  o f  a  MUF.  I f  d e s i r e d ,  t h e  

b i a s 2  component may b e  t h o u g h t  o f  a s  a  random component which 

p e r s i s t s  o v e r  t h e  t ime p e r i o d  i n  q u e s t i o n .  For  example,  i t  

may r e p r e s e n t  a  c a l i b r a t i o n  e r r o r ,  and t h e  i n s t r u m e n t  i n  

q u e s t i o n  may b e  r e c a l i b r a t e d  a t  t h e  b e g i n n i n g  o f  a  new t ime 

p e r i o d ,  thus-  i n d u c i n g  ( p o s s i b l y )  a  new v a l u e  f o r  6 .  

P r e c i s i o n s ,  e x p r e s s e d  i n  r e l a t i v e  t e r m s ,  improve ( i . e . ,  

random v a r i a n c e s  d e c r e a s e )  w i t h  i n c r e a s e d  numbers o f  measure-  

ments ,  w h i l e  b i a s e s  do n o t .  For t h i s  r e a s o n ,  modera te  b i a s e s  

f o r  i n d i v i d u a l  d e t e r m i n a t i o n s  can p rove  t o  b e  domina t ing  i n  a  

campaign. When making c o s t - m i n i m i z a t i o n  s t u d i e s ,  t h e s e  b i a s e s  

c e r t a i n l y  must b e  k e p t  i n  mind. 

Cumulat ive E r r o r  Model i n  C a l i b r a t i o n  Work 

This  s u b j e c t  w i l l  n o t  b e  developed f u l l y  i n  t h i s  r e p o r t ,  

b u t  i t  i s  i m p o r t a n t  enough t h a t  ment ion  must b e  made o f  i t .  

I n  t h e  p r e v i o u s  s e c t i o n ,  i t  was p o i n t e d  o u t  t h a t  modera te  

b i a s e s  w i l l  o f t e n  dominate  o v e r  a campaign, and c a l i b r a t i o n  

e r r o r  was g i v e n  a s  an example o f  such  a  b i a s .  I t  i s  o u r  con-  

c e r n  t h a t  t h e  c a l i b r a t i o n  e r r o r  a s s i g n e d  i n  a  g i v e n  s i t u a t i o n  

may be  an u n d e r e s t i m a t e  o f  t h e  t r u e  e r r o r ,  and ,  i n  f a c t ,  i t  

may w e l l  be  a  s e r i o u s  u n d e r e s t i m a t e .  

Th i s  conce rn  a r i s e s  because  o f  t h e  way i n  which c a l i b r a -  

t i o n s  a r e  g e n e r a l l y  pe r fo rmed .  I n  t a n k  c a l i b r a t i o n s ,  f o r  

example,  i n c r e m e n t s  o f  l i q u i d  a r e  added and s u c c e s s i v e  r e a d i n g s  

a r e  t a k e n .  These r e a d i n g s  a r e  n o t  s t a t i s t i c a l l y  independen t  

o f  one a n o t h e r  b u t  r a t h e r ,  t h e  random e r r o r s  a r e  c u m u l a t i v e  i n  



n a t u r e .  The c a l i b r a t i o n  d a t a  a r e  o f t e n  f i t  by l e a s t  s q u a r e s  

t e c h n i q u e s ,  even though t h e  assumpt ion  o f  an i n d e p e n d e n t  and 

e q u a l  e r r o r  s t r u c t u r e  f o r  e a c h  v a l u e  o f  t h e  dependent  v a r i a b l e  

does n o t  h o l d  t r u e .  The n e t  r e s u l t  i s  t h a t  t h e  p r e c i s i o n  

a s s i g n e d  t h e  c a l i b r a t i o n  may be  g r o s s l y  o v e r s t a t e d .  S i n c e  

c a l i b r a t i o n  p r e c i s i o n s  a f f e c t  s a f e g u a r d s  numbers a s  b i a s e s ,  t h e  

e f f e c t  o f  t h e  i n v a l i d  a n a l y s i s  o f  t h e  c a l i b r a t i o n  d a t a  can  b e  

v e r y  m i s l e a d i n g ,  and can l e a d  t o  t h e  a s s ignment  o f  u n c e r t a i n t y  

t o  a  MUF t h a t  i s  g r o s s l y  i n c o r r e c t .  

For  a  more comple te  d i s c u s s i o n  o f  t h i s  t o p i c ,  s e e  R e f e r -  

e n c e s  4 ,  5 ,  and 8 .  The l a t t e r  r e f e r e n c e  i s  s p e c i f i c a l l y  

d i r e c t e d  a t  t a n k  c a l i b r a t i o n s .  

F u t u r e  and Extended Uses o f  S t a t i s t i c s  i n  S a f e g u a r d s  

There  a r e  many e x c i t i n g  f u t u r e  p o s s i b i l i t i e s  f o r  t h e  a p p l i -  

c a t i o n s  o f  s t a t i s t i c s  and c l o s e l y  r e l a t e d  t e c h n i q u e s  t o  t h e  

problems o f  s a f e g u a r d i n g  n u c l e a r  m a t e r i a l s .  Areas  i n  which 

some a t t e n t i o n  has  been  g i v e n  f u t u r e  a p p l i c a t i o n s  a r e  men- 

t i o n e d  b r i e f l y  i n  t h i s  c l o s i n g  s e c t i o n .  

One o f  t h e  a s p e c t s  of  f u t u r e  s a f e g u a r d s  i s  t h e  development  

o f  q u a n t i t a t i v e  c r i t e r i a  f o r  making o b j e c t i v e  judgements on 

t h e  per formance  o f  s a f e g u a r d s  a c t i v i t i e s .  Are d e c i s i o n s  t o  b e  

made on t h e  b a s i s  o f  a b s o l u t e  e f f e c t i v e n e s s  a l o n e ?  To what  

e x t e n t  s h o u l d  c o s t - e f f e c t i v e n e s s  p l a y  a  r o l e ?  What i s  t h e  p r o -  

p e r  way t o  i n c l u d e  t h e  v a r i a b l e s  (amount d i v e r t e d  and t ime  t o  

d e t e c t ) w h e n  e v a l u a t i n g  them j o i n t l y ?  I t  i s  i n  answer ing  

q u e s t i o n s  s u c h  a s  t h e s e  t h a t  s t a t i s t i c s ,  i n  u s i n g  t h e  many 

s u b j e c t - m a t t e r  forms t h a t  t h e  s u b j e c t  now t a k e s ,  c a n  b e  

e x t r e m e l y  h e l p f u l  i n  s e t t i n g  f o r t h  i n  q u a n t i t a t i v e  and unam- 

b iguous  form t h e  o b j e c t i v e s  o f  s a f e g u a r d s  e f f o r t s .  T h i s  w i l l  

c r e a t e  an i n t e r a c t i n g  r e l a t i o n s h i p  between t h e  d e c i s i o n  maker 

and t h e  sys t ems  d e v e l o p e r s  and w i l l  be  h e l p f u l  i n  d i r e c t i n g  

t h e  f u t u r e  t h r u s t  o f  a c t i v i t i e s  i n t o  a  commonly-agreed-upon 

q u a n t i t a t i v e  c h a n n e l .  



Another  e x c i t i n g  p o s s i b i l i t y  i s  t h e  a p p l i c a t i o n  o f  t h e  

t h e o r y  o f  games t o  s a f e g u a r d s  p rob lems .  I n  t h e  p u r e  s a f e g u a r d s  

s i t u a t i o n ,  t h e  p r i m a r y  emphasis  i s  i n  d e v e l o p i n g  t h e  optimum 

s t r a t e g y  f o r  d e f e a t i n g  an adver sa ry .  Adversa ry  s t r a t e g i e s ,  

p r o b a b i l i t i e s  o f  a t t e m p t s  a t  d i v e r s i o n ,  and c o u n t e r  s t r a t e -  

g i e s  s h o u l d  b e  f o r m a l l y  s t u d i e d .  I n  view o f  t h e  complex i ty  

o f  t h e  s i t u a t i o n ,  s i m p l e  c l o s e d - f o r m  answers  a r e  p r o b a b l y  n o t  

p o s s i b l e .  Here a g a i n ,  though,  w i t h  t h e  a v a i l a b i l i t y  o f  modern 

h i g h  s p e e d  computers ,  s i m u l a t i o n  s t u d i e s  which w i l l  p r o v i d e  

adequa te  answers  a r e  e n t i r e l y  f e a s i b l e .  

F i n a l l y ,  c o n s i d e r  t h e  a p p l i c a t i o n  o f  d e c i s i o n  t h e o r y  

t o  s a f e g u a r d s .  The g e n e r a l  o b j e c t i v e  o f  d e c i s i o n  t h e o r y ,  

which i s  c l o s e l y  r e l a t e d  t o  t h e  t h e o r y  o f  games, i s  t o  make 

t h e  b e s t  d e c i s i o n  on t h e  b a s i s  of t h e  a v a i l a b l e  i n f o r m a t i o n .  

I t  accompl ishes  t h i s  by mapping an outcome s p a c e  o f  p o s s i b l e  

r e s u l t s  i n t o  a  d e c i s i o n  s p a c e .  I n  t h e  s a f e g u a r d s  c o n t e x t ,  

t h e  k i n d s  o f  s t a t i s t i c a l  i n d i c a t o r s  o f  d i v e r s i o n  would be  

mapped i n t o  t h e  s p a c e  o f  d i v e r s i o n a r y  t a c t i c s ,  t h e  i n t e n t  

b e i n g  t o  i n f e r  t h e  o r i g i n  o f  t h e  d i v e r s i o n .  Such an a p p r o a c h ,  

whe the r  f o r m a l i z e d  o r  n o t ,  i s  r e a l l y  b a s i c  t o  good s a f e g u a r d s  

s i n c e  i t  does l i t t l e  good t o  have e v i d e n c e  o f  d i v e r s i o n  if 

one i s  a t  a  l o s s  t o  know what i n v e s t i g a t i v e  and c o r r e c t i v e  

a c t i o n  t o  t a k e .  
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