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Introduction

Atomic electrons subject to intense laser fields can absorb many photons, leading
either to multiphoton ionization or the emission of a single, energetic photon which can be a
high multiple of the laser frequency. The latter process, high-order harmonic generation, has
been observed experimentally using a range of laser wavelengths and intensities over the past
several years.l, 2 Hermonic generation spectra have a generic form: a steep decline for the
low order harmonics, followed by a plateau extending to high harmonic order, and finally an
abrupt cutoff beyond which no harmonics are discernible. During the plateau the harmonic
production is a very weak function of the process order. Harmonic generation is a promising
source of coherent, tunable radiation in the XUV to soft X-ray range which could have a
variety of scientific and possibly technological applications. Its conversion from an
interesting multiphoton phenomenon to a useful laboratory radiation source requires a
complete understanding of both its microscopic and macroscopic aspects. By "microscopic"
we mean the response a single atom to a pulse of intense laser radiation, while
"macroscopic" refers to the spatial and temporal characteristics of the emitted radiation as it
propagates through the nonlinear medium in which it is produced. In this article we focus on

• the response of a single atom to an intense, short pulse laser. The macroscopic aspects of
harmonic generation are treated in detail elsewhere in this volume. 3

The most detailed experimental studies of harmonic generation to date used 11.tm,36
psec laser pulses and rare gas atoms at a pressure of - 15 torr.4 The intensity was close to the
saturation intensity for the neutral atom, a few times 1013 W/cm 2. The maximum harmonic
observed ranges from 21st in xenon to the 33rd in argon. (An earlier study by McPherson, et
al. 5 observed 17th harmonic of a KrF laser (248 nm) in neon at a saturation intensity of ~
5x1015 W/cm2.) Recently, short-pulse experiments by several groups have observed high-
order harmonic generation in the rare gases at intensities well above the saturation intensity
for the atom and several of its ionization stages. These experiments have dramatically
exvanded the ran_e of harmonic _eneration, convertin_ ohotons with energies of 1-5 eV to
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over 150 eV. L'Huillier and Balcou observed the 125th harmonic of 1064 nm in neon and
helium, 6 Macklin, et al. the 111 th harmonic of 806 nm in neon,7 Miyazaki and Sakai the 41st
of 616 nm in helium,8 Crane, et al. the 45th harmonic of 527 nm in helium, 9 and Sarukura,
et al. have observed the 25th harmonic of 248 nm in neon and helium. ]0 Since ionized
electrc,,_ cannot contribute to harmonic production unless their motion becomes relativistic,
these experiments are probing the limits of harmonic generation from neutral atoms. They
also raise the question of whether the ions formed during the leading edge of the laser pulse
can also contribute to harmonic generation.

In this paper we present some recent results on the response of single atoms at
intensities relevant to the short pulse experiments discussed above. The calculations employ
t/me-dependent methods, which we briefly review in the next section. Following that we
discuss the behavior of the harmonics as a function of laser intensity. Two features are
notable: the slow scaling of the harmonic intensities with laser intensity, and the rapid
variation in the phase of the individual harmonics with respect to harmonic order. We then
give a simple empirical formula that predicts the extent of the plateau for a given ionization
potential, wavelength and intensity. The formula is widely applicable and has recently
received experimental conf'n-mation.6, 7 We also discuss a simple classical argument for the
size of the cutoff. Following a brief discussion of the connection between harmonic
generation and above threshold ionization, we close by commenting on the likelihood that
recent experiments have observed harmonic generation from ions.

Numerical Methods

In this section we briefly sketch the numerical methods used to obtain the response
of a single atom to an intense laser. Considerably more details can be found in the
references.II, 12 Given that the laser field strengths achievable in current short pulse
experiments can match or exceed the intra-atomic forces, we need a formalism which can
handle these interactions on an equal footing. During the past few years we have developed
such an intense field theory. It involves the explicit solution of the time-dependent
Schr'ddinger equation for the atom in the pulsed field. Because the field is extremely strong, it
can be represented by a classical oscillating electric field, so that the resulting equation to be
solved is given by

•o3W(r,t)
l---_ = {Ho + f(t)zEm, sin((ot)}W(r,t ) (1)

where Ho is the atomic Hamiltonian which includes the kinetic energies and the Coulombic
interactions. The atom-field interaction term corresponds to a linearly polarized laser field
with an slowly varying envelope given byf(t). This is an initial value problem with the field-
free ground state of the -.tom being the solution at t = 0.

For one electron atoms or model one-electron potentials we solve Eq. 1 exactly on a
numerical grid. For multi-electron atoms this is not possible using present computational
capabilities for the optical wavelengths and high intensities of interest here. However, we
have demonstrated that a sufficiently accurate solution for the rare gases can be obtained
using a single-active-electron (SAE) model. ]3 In this approximation simultaneous, multiple
excitations of the atomic electrons are neglected. We separately determine the response to the
driving field of each valence-shell electron in the potential generated by the nuclear attraction
and the remaining electrons, frozen in their initial orbitals. This results in solving an equation
similar to Eq. 1 but with an appropriate single-particle effective potential for the orbital of
each "active" electron. From the evolution of the time-dependent orbitals we can extract the
rates and strengths of the desired electron and photon emission processes.

We determine the value of the time-dependent electronic orbitals on a grid of points
defined in either a cylindrical or spherical coordinate system. The linear polarization of the



laser field means the wave function has cylindrical symmetry and therefore only two spatial
dimensions are involved. The kinetic energy operations are carried out using finite
differences and the time propagation via a Peacemann-Rachford implicit scheme. 12 The
development of the SAE model has made possible the study of strongly non-perturbative
processes with modest computational effort. Its success demonstrates that the ionization and
polarization dynamics of the rare gases become dominated by single excitations in the strong
field regime.14,15

We follow the evolution of the time-dependent wave function for a pulse, f(t), which
rises over five to ten optical cycles then is held constant over many additional cycles. During

" the constant intensity portion of the pulse, emission rates can be determined. The photon
emission strength is given by the square of the Fourier transform of the time-dependent

. dipole of the total electronic charge distribution: 16

o'(co) - c03Id(co)l2= ¢03 1 rs
Tz_T 1ST,dte'°"_ a3rW'(?'t)zud(?'t)] (2)I

1 I'= co_a 1 r, .
T2 _ T__r, ate'_"S d3rW" (f 't)_(f 't) (2')

where z is the coordinate operator along the polarization axis and Y = [H,[H,z]] is the
acceleration form of the dipole. This latter choice is found to be more tractable because it
weights the value of the wave function near the origin which is more likely to be
uncontaminated by numerical errors. The use of the acceleration form has allowed us to
obtain converged harmonic emission spectra for much higher intensities than would have
been possible with Eq. 2. For the hydrogen atom_ _ is simply -z/r 3 + fit) Emax sin(wt).
Because the entire electronic wave function appears in the dipole moment expression we
must sum the contributions of the individual active electrons before transforming and
squaring, i.e., the separate dipoles add coherently. The interval for the transform is chosen to
be well after the turn-on to minimize transient effect:._.Eq. 2 provides the emission spectrum
for a given intensity and wavelength. Because the atoms within the laser focus experience a
range of intensities during the pulse, these calculations must be repeated for many intensities.
For driving laser pulses shorter than 50 fs the transform in Eq. 2 is taken over the entire
pulse because under these circumstances the transient effects are real and can be significant.
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Fig. 1. Single atom spectrum for neon at 806 nm and 6x1014 W/cre2.



Single Atom Results

In this section we examine some of the details of the single atom response to a strong
laser field. In Fig. 1 a typical single atom spectrum for neon at an intensity slightly less than
saturation for the Stanford experiments 7 is shown. The harmonics appear well above a broad
background. The initial decrease, broad plateau, and abrupt cutoff are clearly visible. The
cutoff energy is defined as the end of the plateau, i.e. the energy at which the abrupt decline in
harmonic intensity begins. It is the scaling with intensity of these features which we
concentrate on for the moment.

Fig. 2 shows the intensity dependence for four selected harmonics in hydrogen at
1064 nm. Only the third harmonic behaves perturbatively, scaling as the third power of the
intensity. The higher harmonics scale much more slowly than the Iq behavior expected from
perturbation theory and show numerous structures. The slow scaling of the harmonics with
intensity is responsible for the favorable phase-matching which can be achieved in strong
fields, even with tight focusing. 15 The phases of the individual harmonics also show rapid
variations with intensity and can vary significantly as a function of harmonic o_ler at a given
intensity. This behavior makes it unlikely that several harmonics could be used in concert to
form, for example, ultra short pulses.
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Fig. 2 The intensitydependenceof the q=3, 7, 9, and 21 harmonicsfor hydrogen at 1064nm.



Figs. 3 (a) and (b) shows single atom spectra for helium at 527 nm and 1053 nm for
several intensities between 1-6 x 1014 W/cm 2. As the intensity rises, the level of the plateau
rises and extends to higher energy. The plateau is somewhat higher for the shorter
wavelength, while it extends to higher energy for the longer wavelength. From many such
calculations, for a variety of potentials and laser wavelengths, we have found that the cutoff
energy obeys the approximate rule: 17

Eo= Eo+ 3U, (3)

where Ec is the cutoff energy, Eo is the field-free ionization potential of the atom and Up is
the ponderomotive energy for an intensity I, equal to 1/4oo2 in atomic units. The predicteA
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Fig.3a.Spectrumforheliumat527 nm. ArrowsindicatepredictedcutofffromEq. 3.
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Fig. 3b. Spectrum for helium at 1053 nm. Arrows indicate predicted cutoff from Eq. 3.



cutoff is indicated for each intensity. This cutoff is a simple combination of two energy
scales, Eo for the bound state and Up for free electron motion. We will comment further on
the possible origin of the cutoff below. For now, we note the/2 dependence of the cutoff
would a priori tend to favor long wavelength driving lasers for obtaining high energy
harmonic photons, however, phase matching considerations may modify this expectation

To illustrate the ubiquitous nature of the cutoff rule, Eq. 3, we examine three
poteatials that cover a range of conditions. They are: three-dimensional hydrogen, a three
dimensional Yukawa-type potential with one bound state, and a one-dimensional "soft
Coulomb" potential. The hydrogen potential, V = -1/r, has an ionization potential Eo = 0.5 au
and an infinite number of bound states. The parameters of the Yukawa potential •

-¢xre
Vr,_ = q' (4)

r

are chosen so that it has the same Eo and only one bound state. It is a short-ranged potential.
The one-dimensional "soft-Coulomb" potential, popularized by Eberly and coworkers 18 is
given by

-1

vCx)= (5)

Choosing the parameter/z to be precisely 2 makes the ionization potential equal to that of the
hydrogen atom, 0.5 au. 19 This potential is long ranged, supporting an infinite number of
bound states in a Rydberg-like series. There is not, however, any correlation between the
low-lying excited states of the two Coulombic potentials. Since ali three potentials, different
as they are, have the same ionization potential, Eq. 3 predicts that for the same wavelength
and intensity they will ali have the same cutoff. As Fig. 4 shows, this is indeed the case.
Furthermore, the difference in the heights of the plateaus is completely accounted for by the
difference in the ionization rates of the respective potentials, caused by their very different
polarizabilities. This scaling of the height of the plateau with ionization rate is another general
feature of single atom harmonic spectra.
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Fig. 4. Single atom spectrum, three differentpotentials at lxl014 W/cm2 and 1064nm.



Next we investigate an approximate time-dependent dipole moment which gives
some insight into the origin of the high-order harmonics. 20 As noted by Eberly, 21 one can

expand the time-dependent dipole in a basis of field-free atomic states, In)"

d(t) = (v(t)lzl_(t)) = _ a'.(t)a.(t)(nlzlm). (6)
Il ol'll

This expression is still formally exact. If we now assume that the ground state population
, dominates ali of the excited state populations we can approximate d(t) with the single sum

, d(t) -_ao(t)E a, (t)(Olzln)+ c.c. = (_(t)lO)(OlzlV/(t))+ c.c. (7)
li

where lao12is the field-free ground state population. The physical meaning of this expression
is clear: the approximate dipole is the sum of ali processes which return the electron to the
field-free ground state. When Eo/tO >> 1, the field-free ground state serves as a good
approximation to the field-dressed ground state. In Fig. 5 we compare the single atom
spectrum computed from the exact and the approximate d(t). The results shown are quite
general: we find the spectra agree well for ali but the lowest harmonics. 11,20 This
demonstrates that the emission of high order harmonics is confined to a small region around
the nucleus since the ground state is localized there. This is also the steepest (most
anharmonic) part of the potential, resulting in the largest acceleration (of. Eq. 2').
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Fig. 5. Single atom spectrum for neon at 6x1014 W/cre 2 and 1064 nm using the full and approximate
, dipole moments.

• Simple Classical Model

The realization that high harmonics are emitted as the electron passes the nucleus
suggests a natural explanation for the cutoff. If we view the ionization process as liberating
some fraction of the electron wave function at each instant of the optical cycle then the atom
may be viewed as a "source" of classical electrons that are "born" during the optical cycle.
The subsequent motion of the electrons can then be treated classically since they are in the
continuum where the density of states is large. The resulting trajectories depend upon the



phase of the electric field at which the electron is assumed to be born, the initial energy
(which is probably quite low) and the effect of the atomic potential. The energy of the emitted
photons is then obviously limited by the maximum energy that an electron can have at the
time it returns to the nucleus. This "two step" model is a simple extension of the classical
models proposed for above threshold ionization (ATI) over the past few years. 22-24 These
simple models are usually invoked in the tunneling regime, which occurs at high intensities.

To see that this model actually can be predictive, consider electrons that are released at
various times during an optical cycle with no initial velocity and ignore the effects of the
atomic potential for the moment. The motion of the electron then obeys the one-dimensional
equation:

x(t)=Oto[Sin(oJt)-sin(O_to)+[3-(fot-fOto)COS(Ogto)] (8) '

where 049is the classical electron oscillation amplitude, 17is the initial displacement iri units
of O_o= Emax/Oi2 and ¢0tois the initial electric field phase. Fig. 6 is a plot of the energy that
the electron has when it returns to the nucleus, in units of Up, as a function of the. initial
electric field phase. For this very simplified initial condition the maximum return energy is --

3.2Up for an initial phase of 1080 (the electric field is a maximum for a phase of 900). When
added to the ionization potential, this predicts the cutoff remarkably weil.

It is easy to see several flaws in this simple argument. We have ignored the initial
velocity of the electrons. We have also ignored the effect of the potential, which would
require that we start the electron with a substantial kinetic energy if it originates at the origin
since the potential energy is large and negative there. Most importantly perhaps, the
trajectories ali originated at the origin which is probably unphysical in the tunneling regime
where one would expect the electron to become free at the saddle point of the combined atom
+ laser potential. This last restriction becomes less important at high intensities since the
saddle point occurs quite close to the origin on the scale of O_o.The most that can be said for
this "explanation" of the cutoff at this time is that it appears to justify the scale of the
observed cutoff and that it is deserving of further study. We are currently investigating theo,

behavior of classical trajectories using more physical initial conditions and taking full account
of the atomic potential. 25
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Fig. 6. The energy of a classical electron released at rest from the origin upon its return to the origin as a
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to a trajectory which never returns.



ATI vs. Harmonics

Several authors have noted the essentially single atom nature of both above threshold
ionization and harmonic generation.20, 21 Both originate in the response of a single, strongly
driven electron to an oscillating field. It is therefore reasonable to expect that the electron and
photon spectra will have similar features. Although this is a fundamental issue in laser-atom
interactions, experimental evidence is scarce since electron and photon spectra are usually
taken under very different experimental conditions. Due to space charge limitations electron
spectra are recorded at very low gas pressures meaning that there is a very limited dynamic
range. Harmonic generation spectra are usually recorded at much higher pressure to take
advantage of the coherence of the process (i.e., the number of photons scales as the square of

, the atomic density) and have a much larger dynamic range. Numerical simulations, however
allow for the simultaneous calculation of both spectra and hence a direct comparison of the
single-atom aspects of ATI and harmonic generation.

Fig. 7 summarizes a series of calculations done for xenon at 1064 nm. The rates are
calculated for a specific intensity using a trapezoidal pulse envelope. The harmonic generation
spectrum is calculated during the latter portion of the pulse after any transients due to the
turn-on have decayed. The ATI rates are given by the probability of finding an electron in a
given positive energy state after the laser is off. The most striking result of these single
electron calculations is that while the harmonic generation curves show the cutoff we have
been discussing, the ATI curves do not. We believe based upon this and similar calculations
that the results shown are quite general. The prediction that ATI will smoothly decrease
beyond the high harmonic cutoff should become testable in the near future as high repetition
rate lasers become available.
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Harmonic Emission from Ions

In closing we consider the possibility of observing harmonic emission from ions. As
peak intensities rise and pulse times become shorter more ions will be exposed to fields
strong enough to excite electrons from higher ionization stages. Our calculations to date
indicate that most harmonic photons come from neutral atoms. 17 One recent experiment,



however, shows clear evidence for emission from ions. Sarukura et al. lO have reported
observation of the 23rd harmonic of 248 nm in He using a 285 fs pulse. We have calculated
harmonic spectra for neutral He at this wavelength and find no harmonics beyond the 13th at
the saturation intensity, which occurs at about 5x1014 W/cm 2. He +, however, h_s a
saturation intensity of about 4x1015 W/cm 2 under these conditions, and is capable of
producing the reported harmonics and cutoff. This is illustrated in Fig. 8 where we have
scaled the experimental data of Sarukura onto single atom spectra. The cutoffs predicted by
Eq. 3 are indicated by arrows as before. This simple exercise neglects phase matching, which
is not expected to play a role in determining the cutoff at this wavelength. Similarly, emission
from Ne+ must be invoked to explain the high-order harmonics detected in neon by the same
workers. Calculations for helium at 527 nm for 1 psec pulses 17lead us to believe that single-
atom emission from ions can be comparable to that from neutral atoms, although in an
experimental laser focus the volume of space occupied by ions may be smaller than that
occupied by neutral atoms.
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