
 
Final Technical Report 

 
Grant DE-FG02-00ER54582: “Double discontinuities in space plasma” 

 
From: Yun Chow Whang 
G32 Pangborn Hall, Catholic University of America, Washington, D.C. 20064 
tel: 202-319-5977     fax: 202-319-4499    email address: whang@cua.edu 
 

Three journal publications supported by this grant: 
Whang, Y. C., D. Fairfield, R. P. Lepping, T. Mukai, Y. Saito, J. Slavin, and A. Szabo, Double 

discontinuities at the magnetotail plasma sheet- lobe boundary, Ann. Geophys., 19, 1095, 2001. 
Whang, Y. C., Hall magnetohydrodynamics model of double discontinuities, Phys. Plasmas, 9, 4905, 

2002. 
Whang, Y. C., Theory and observation of double discontinuities, Nonlinear Processes in Geophysics, 

11, 259-226 (2004). 
 

Abstract 
 
This research used high-resolution magnetic field data to examine the interior structures of MHD 

shocks in interplanetary space and in the magnetotail; we discovered that a slow-mode shock is often 
followed by an adjoining rotational discontinuity layer on the postshock side. The thickness of each 
layer is of the order of a few ion inertial lengths. Such a compound structure is known as a double 
discontinuity. When the magnetic field rotates by several degrees per ion inertial length inside a thin 
layer, the Hall current term becomes important in the generalized Ohm’s law. Steady state solutions 
based on the Hall-MHD theory have been obtained to show the merging of a rotational layer and a 
slow shock layer to form a compound structure like the observed double discontinuities. 
 

Introduction 
 
MHD shock, rotational discontinuity, tangential discontinuity, and contact discontinuity are four 

kind of MHD discontinuities well understood in theory, and their existence in space plasma has been 
verified by using observational data from spacecraft.  

Our research using high-resolution magnetic field data to examine the interior structures of MHD 
discontinuities in interplanetary space and in the magnetotail led to a surprising discovery that a slow 
shock is often followed by an adjoining rotational discontinuity layer on the postshock side. We call 
such a compound structure a double discontinuity (Whang et al., 1997, 1998).  

According to the ideal MHD theory, when a rotational discontinuity approaches a slow shock 
from the postshock side, the rotational discontinuity would always penetrate through the slow shock 
from behind and then continue to propagate away from the slow shock as a separate MHD 
discontinuity in the preshock region. Thus, the ideal MHD description cannot explain why the 
rotational discontinuity may not penetrate through the shock layer. The alternative is to explore 
whether the Hall-MHD theory can explain the merging of a slow shock layer and an adjoining 
rotational layer into a stable compound structure.  

In research supported by this grant we first present the observational evidence for the compound 
structure composed of a slow shock layer and a rotational layer based on high-resolution data. Then 
we show that when the magnetic field rotates by several degrees per ion inertial length inside a thin 
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layer, the Hall current term becomes important in the generalized Ohm’s law. We show that steady-
state Hall-MHD equations can produce solutions for compound structure composed of a slow shock 
and an adjoining rotational layer. 

 
Observation of double discontinuity in interplanetary space and in the magnetotail 

 
Typical identification of slow shocks from observational data is to treat the shock as a 

discontinuity and to analyze the jump conditions of the plasma and magnetic field on two sides of the 
shock. Figures 1-2 show an example for the observation of a forward slow shock in interplanetary 
space on 06/04/1995 from the Wind spacecraft. Observational data in Figure 1, at the rate of one data 
point in every 84 s, show the signature of a forward slow shock across which the proton density 
increases, the proton temperature increases, and the magnitude of magnetic field decreases. Available 
electron data from Wind have time resolution of 12 s; Figure 2 shows that the electron density has a 
sharp jump at the shock crossing. 
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Figure 1.  Identification of a slow shock crossing on April 6, 1995, from the Wind magnetic field and 
proton data. The time resolution is 84 s. 

 
 
In the strict sense, MHD shocks are not discontinuities; a shock has a finite thickness across 

which physical properties change continuously. Observational data from the magnetic field, the 
proton, and the electron experiments are available at different time resolutions. The magnetic field 
data from Wind are available at the rate of one data point per 92 ms. Making use of high-resolution 
data we can examine the interior structure within the finite thickness of the discontinuity observed on 
06/04/1995. 
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Figure 2.  The electron density has a sharp jump at the shock crossing. The time resolution of the 
electron data is 12-s. If better time-resolution data are available, one can examine the internal 
structure of the shock.  
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Figure 3.  The 12 s of high-resolution magnetic field data show the detailed structure of the shock 
discontinuity as a compound structure composed of an S layer and an adjoining R layer. The change 
in the magnitude of the magnetic field occurs mainly inside the S layer, and across the R layer the 
magnetic field rotates by an angle of ~50°. 
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In Figure 3 we plot 12 s of high-resolution magnetic field data. Here the x axis is the normal 
direction of the discontinuity surface pointing in the direction of the mass flow, let the x,y plane be 
parallel to the magnetic field upstream of the shock layer, 

2 2 2
t y zB B B= +   and ( )1tan z yB Bφ −= . 

Then we can interpret the magnetic field structure of the observed discontinuity as a compound 
structure composed of two layers, a forward slow shock layer S and an adjoining rotational layer R 
on the postshock side. B and Bt decrease rapidly inside the S layer. Across the R layer the magnetic 
field rotates by an angle of ~50° about the normal direction of the shock surface, while its magnitude 
almost remains constant. The two successive layers are very close to each other, and hence the 
compound structure looks like a new kind of MHD discont inuity. The thickness of the rotational 
layer is of the order of 10 preshock ion inertial lengths, that is defined by pi? c ?= , where 

( )1/22
pi 1 i? = 4p e mN is the ion plasma frequency, and mi the proton mass.  

On 06/04/1995, the Geotail spacecraft was also upstream of the Earth’s bow shock. The double 
discontinuity observed from Wind was also observed from Geotail. The Geotail spacecraft crossed 
the double discontinuity at 51 min later than the crossing time of the Wind spacecraft. During this 
time interval the discontinuity surface has traveled 204 RE (1.3 × 106 km) in interplanetary space, yet 
the double discontinuities observed from two spacecraft have nearly identical signatures. The two 
crossing points were at a distance of ~60 RE (0.4 ×106 km) on the surface of discontinuity. This 
means that the double discontinuity must be a reasonably stable solar wind structure and its size is 
larger than the dimension of the Earth’s frontside magnetosphere. 

Double discontinuities exist not only in interplanetary space but also in the magnetotail region; 
they could be a general MHD structure in space plasma. The observed plasma and magnetic field 
signature is interpreted as the merging of a slow shock and a rotational discontinuity to form a stable 
compound structure. All observed double discontinuities have large shock angles θ on the preshock 
side. The angle through which the magnetic field rotates inside the rotational layer can vary over a 
wide range; the rotation can be clockwise or counterclockwise. We must also point out that, in 
interplanetary space and in the magnetotail, a slow shock is not always followed by an adjoining 
rotational layer. We studied slow shocks and double discontinuities at the plasma sheet- lobe 
boundary using the Geotail data between 14/09/1993 and 16/02/1994 and the Wind data between 
02/01/2000 and 05/01/2000, the occurrence ratio between the double discontinuity and the stand-
alone slow shock is about 1.2. 

 
Steady-state Hall-MHD theory 

 
We interpret the formation of double discontinuity as resulting from the interaction of a 

rotational discontinuity approaching a slow shock from the postshock side; under certain conditions, 
the rotational discontinuity cannot penetrate through the shock and the two layers merge to form a 
stable compound structure. According to ideal MHD theory, after the interaction the rotational layer 
must penetrate through the slow shock layer; thus, the existence of such a compound structure cannot 
be explained based on ideal MHD theory.  

We formulate the governing equation in the frame of reference attached to the discontinuity. The 
important dynamics of the problem is the rapid rotation of both the magnetic field and the fluid 
velocity inside a thin rotational layer. Inside the rotational layer the fluid velocity u is not field-
aligned. As the magnetic field rotates through the rotational layer by several degrees per ion inertial 
length, the Hall current term becomes important in the steady-state generalized Ohm’s law  
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1 1
c nec

η+ × = × +E u B J B J , 

Here the first term on the right-hand side is the Hall current, η is the resistivity, the gradient of 
electron pressure is neglected, Gaussian units are used, and 

4
c
π

= ∇×J B . 

Similarly, the rotation of the fluid velocity makes the viscous term an important partner in the 
equation of motion.  

We explored whether the Hall-MHD effect can explain the existence of the observed double 
discontinuities. Our first attempt is to obtain steady-state solutions based on the Hall-MHD theory to 
show the merging of a rotational layer and a slow shock layer to form a steady-state compound 
structure like the observed double discontinuities (Whang, 2002). 

All variables are functions of x only. From the divergence free condition we obtain 
constxB = . 

We use subscript 1 to denote the flow conditions in the upstream region of the discontinuity. Without 
loss of generality we can set 1 1||u B , the flow is field-aligned in the upstream region. In this frame of 
reference we obtain from Faraday’s law of induction 

0y zE E= = . 
Now we have 

1
4

y z
z x x z

dBc dB
u B u B c

ne dx dx
η

π
 

− = − 
 

, 

and                                             
1

4
yz

x y y x

dBc dB
u B u B c

ne dx dx
η

π
 

− = + 
 

.                                   

The continuity equation and the three components of the equation of motion can be integrated to 
give 

constxu mρ = = ,                                                      (1) 
2 2

1
1 1

4
3 8 8

x t t
x x

du B B
mu P mu P

dx
µ

π π
 

= + + − + + 
 

, 

4
y x y

y

du B B
mu

dx
µ

π
= − , 

and                                                           
4
x zz

z

B Bdu
mu

dx
µ

π
= − .                                                        

It is convenient to introduce a dimensionless variable /xξ λ= , a dimensionless resistivity   R = 
ηcen1/Bx, and a dimensionless viscosity M = µ/mλ. In order to show the rotational variations of the 
magnetic field and the fluid velocity, we introduce 

cosy tB B φ= , 

sinz tB B φ= , 
cosy tu u α= , 

sinz tu u α= . 
Now, we can write the Ohm’s law as  
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( )1 sint x t t

x x x x

B u B ud d
d B u B d u

φ
α φ

ξ ξ
 

− = − 
 

R                                          (2) 

and 

( )1 1 cosx x t t x

x t x x t

u B B u Bd d
d u B d B u B
φ

α φ
ξ ξ

 
+ = − − 

 
R .                                   (3) 

and the three components of the equation of motion as 
2 2

1 1
2

1

4 1 cos
3 8 8 cos

x t
x

du B
m mu P

d
β θ

ξ π π θ
+ +

= + + −M ,                                      (4) 

( )cos
4

t x t
t

du B B
m mu

d
α φ

ξ π
= − −M ,                                               (5) 

and                                                       ( )sin
4

x t

t

B Bd
m

d u
α

α φ
ξ π

= −M .                                                    (6) 

When the angle α φ≠ , the fluid velocity u is not field-aligned. In the above equations θ1 is the acute 

angle between the normal vector and the magnetic field in the upstream and 2
1 1 18 /P Bβ π= . The effect 

of Joule heating and viscous dissipation are negligibly small in the energy equation, the flow is 
practically isentropic inside the rotational layer. We use the isentropic equation 

5
3

dP P
dρ ρ

= .                                                                 (7) 

The system of governing equations [(1) – (7)] can be used to study the variations of seven variables 
(Bt, φ, ux, ut, α, ρ, and P) through the rotational discontinuity. 
 

Two-layer Hall-MHD model 
 
We use a two-layer model to study steady-state Hall-MHD solutions of double discontinuity. The 

model assumes that a compound structure consists of a slow shock laye r followed by a rotational 
layer; all flow properties are continuous across the interface between the two layers, and α = 
φ = 0 throughout the shock layer. The model also assumes that on the rotational layer side of the 
interface dα/dξ and dφ/dξ  are not zero. Let subscript 1 denote the conditions in the upstream of the 
shock layer, and subscript i denote conditions at the interface between the two layers. A set of 
modified Rankine-Hugoniot relations is used to calculate the jump conditions between region 1 and 
the interface. The Hall-MHD equations [(1) - (7)] are used to calculate the variations of the plasma 
and magnetic field in the rotational layer in the downstream of the interface.  

The plasma and magnetic field have a jump across the slow shock layer between the upstream 
region 1 and the interface i. The jumps in plasma and magnetic fields across the slow shock layer are 
described by a system of modified Rankine-Hugoniot relations. In addition to (1), the system consists 
of 

2 2
1

1 18 8
ti t

x i i x
B B

mu P mu P
π π

+ + = + +  ,                                            (8) 

1
14 4

x ti x t
ti t

B B B B
mu mu

π π
− = − ,                                                 (9) 

              
2

1 1 1
1

1
1 1i

xi ti x ti x t x t

i

n d
u B B u u B B u

A n d
φ
ξ

       − + − = −          
R ,                       (10) 
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and                       
2 2

1 1

1

5 5
2 2 2 2
i i

i

u P u P
ρ ρ

+ = + .                                                     (11) 

Here 1 14 x xA u Bπρ=  is the shock Alfven number. When (dφ/dξ)i = 0, this system reduces to the 
classical Rankine-Hugoniot relations. In the absence of the Hall-MHD terms the dimensionless 
solutions of the classical Rankine-Hugoniot relations for MHD shocks can be expressed as functions 
of three dimensionless parameter in the preshock region: the shock Alfven number A, the shock angle 
θ, and the plasma β  ratio. The solutions of the modified Rankine-Hugoniot relations depend on one 
more dimensionless variables: the gradient of rotational angle at the interface (dφ/dξ)i.  
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Figure 4.  Two example solutions with (dφ/dx)i = 10º/λ and -5º/λ, β   = 0.8, A = 0.9, and θ = 60º. Τhe 
thickness of the rotational layers is about 2 to 3 ion inertial lengths. 

 
We carry out solutions for steady-state model of double discontinuities in two steps. We first 

calculate the jump conditions between region 1 and the interface using the modified Rankine-
Hugoniot relations. Then using the shock solutions at the interface as the boundary condition we 
solve the Hall-MHD equations [(1) - (7)] for the variations of the plasma and magnetic field in the 
rotational layer in the downstream of the interface.  

Figure 4 shows two example solutions. The interface is located at ξ = 0. The plots for the 
rotational angle φ show that the thickness of the rotational layers is about 2 to 3 ion inertial lengths. 
The flow is compressible; ux, ut, Bt, P, and ρ change slightly through the rotational layer. The 
variations in rotational angles φ, the dimensionless tangential velocity and magnetic field ut/ux1 and 
Bt/Bx through the rotational layer are proportional to the magnitude of dφ/dξ at the interface. A 
systematic numerical study shows that the thickness of the rotational layer increases at increasing β , 
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and that the thickness of the rotational layer increases at decreasing θ. The profile of the rotational 
angle is almost independent of the shock Alfven number A. 

 
Summary 

 
A MHD shock has a finite thickness across which physical properties change continuously. We 

used high-resolution data to examine the magnetic field structure of slow shocks, and found that a 
slow shock is often followed by an adjoining rotational discontinuity layer on the postshock side. 
Such a compound structure is known as a double discontinuity. The thickness of the rotational layer 
is of the order of a few ion inertial lengths; the magnetic field rotates by several degrees per ion 
inertial length inside the rotational layer. 

The high-resolution magnetic field data obtained from Wind and Geotail spacecraft play a vital 
role in the observation of double discontinuities. The best available time resolutions of the magnetic 
field are 92 ms for the Wind data and 62.5 ms for the Geotail data. Prior to our discovery of double 
discontinuities, Song et al. [1992] have reported the observation of a possible superposition of a 
rotational discontinuity and slow mode discontinuity in front of the magnetopause; Seon et al. [1996] 
have described variations of magnetic fields that could be considered as circularly polarized 
structures in the shock layer in some slow shock crossings in the distant magnetotail. If better 
resolution data were used in the analyses, their researches may have been early observations of 
double discontinuities. 

We interpret the formation of double discontinuity as resulting from the interaction of a 
rotational discontinuity approaching a slow shock from the postshock side; under certain 
circumstances, the rotational discontinuity cannot penetrate through the slow shock and the two 
discontinuities merge to form a new compound structure. According to ideal MHD theory, when a 
rotational discontinuity approaches a slow shock from the postshock side, the rotational discontinuity 
would always penetrate through the slow shock from behind and then continue to propagate away 
from the slow shock as a separate MHD discontinuity in the preshock region. Thus, the ideal MHD 
theory cannot explain why the rotational discontinuity may not penetrate through the shock layer, and 
the merging of the two layers into a stable compound structure. When the magnetic field rotates by 
several degrees per ion inertial length inside a thin rotational discontinuity, the Hall current term 
becomes important in the generalized Ohm’s law. We made some preliminary progress to show that 
steady-state Hall-MHD equations can produce solutions to show the merging of a rotational layer 
with a slow shock layer to form a compound structure just like the observed double discontinuities.  
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