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Abstract

A correlated wavefunction variational quantum Monte Carlo
approach to the studies of electron exchange and correlation effects in
semiconductors is presented. Applications discussed include the cohe-
sive and structural properties of bulk semiconductors, and the magnetic-
field-induced Wigner electron crystal in two dimensions. Landau level
mixing is shown to be important in determining the transition between
the quantum Hall liquid and the Wigner crystal states in the regime of
relevant experimental parameters.

1. Introduction

Inthispaper,we reportrecentprogresson usinga correlatedwavefunction
variationalquantumMonte CarloapproachIinstudyingthepropertiesofsemiconduc-
torsystems.The approachemploysa wavefunctionoftheJastrow-Slaterformandthe
exactCoulombinteractionbetweenvalenceelectrons.Two specificapplicationswill
be discussed.For bulksemiconductors,calculationshavebeencarriedoutforthe

electronicandstructuralpropertiesyieldingresultsinexcellentagreementwithexper-
iment. The methodhasfurtherbeenappliedtocomputevariousquantifiessuchas
theelectronpaircorrelationfunctionsand single-particleorbitaloccupancywhichare
quantitiesnotaccessibleinstandardself-consistent-fieldtheories.

For thetwo-dimensional(2D)electronsystem,we appliedtheapproachto
investigatethephenomenonofWignerelectroncrystallization.Recentexperimental
evidence2"4indicatethatthiselusivecrystalisperhapsfinallyobservedin2D electron
and holesystemsatsemiconductorheterojunctionsinthefractionalquantum Hall
regime.We calculatedtheground-stateenergyof a triangularWignercrystalas a
functionofcarrierdensity,carriermass,andappliedmagneticfield.The effectsof
exchange,correlations,andLandaulevel(LI.,)mixingareinvestigated.The transition

' from theincompressiblequantumHall liquidtotheWignercrystallinestateisesti-
matedby comparingtheenergyoftheelectronsolidtothatof theLaughlinstatein
variousLandaulevelfillingfactors,D. Our resultsshow thatLL mixingcansignifi-

' cantlyalterthecriticalf'dlingfactor_c fortheliquid-solidtransition.The relative
importanceofLI.,mixingisdependenton thedensityandeffectivemassofthecarriers
atagivenLandaulevelfillingfactor.

InSection2,a briefreviewofthepresentapproachisgiven.Resultson the
cohesivepropertiesofcrystalsarepresentedinSection3,includingresultsforthe
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electron pair correlation function. In Section 4, we discuss the magnetic-field-induced
Wigner crystallization in 2D systems. Finally, a summary is given in Section 5.

2. Correlated Wavefunction Variational Quantum Monte Carlo
Approach

t,

The basic idea of the approach is to evaluate the ground-state properties of a
system using the exact Hamiltonian but with a variational many-elecu'on wavefunction
and without further approximations. The Hamiltonian in our studies is of the form

V2 1 e2
Hffi

• i + Vext(ri) + 2.. rij (1)

where the last term is the exact Coulomb interaction between the electrons. For
valence electron properties, the second term which describes the interaction of the
electrons with the cores may be accurately approximated by norm-conserving ionic
pseudopotentials. 1

The many-electron wavefunction employed is of the form of an exponential cor-
relation factor, the Jastrow factor, multiplying a Slater determinant of single particles:

where N is the number of electrons in the system. We retain both a single particle
term Z and a two-particle term u. The two-particle term correlates the motion of the
particles so that two electrons may avoid each other dynamically, and the one.particle
termallowsa relaxationofthechargedensitydistributioninthepresenceofthetwo-
particleterm.Inthecalculations,variationalparametersenterintoZ andu. Foraccu-
ratesolid-stateproperties,simulationcellconsistingofa pieceofthecrystalcontain-
inghundredsofelectronswithperiodicboundaryconditionsisrequired.Thus,itis

necessarytouseMetropolisMonte Carlointegrationalgorithms5 inevaluatingvari-
ousphysicalquantities.

With a physicallywell-motivatedvariationalwavefunction,theapproachhas
proventoyieldhighlyaccurateground-stateenergiesand structuralproperties.In
addition,a numberofquantitieswhicharenotaccessibletostandardelectronicstruc-
turemethodshave beenobtainedfrom theground-statewavefunction.Included
among thesearethesingle-particledensitymatrix,theelectronpaircorrelationfunc-
tion,andtheoccupancyforthesingle-particleorbitals.

3. Cohesive Properties of Diamond, Graphite and Silicon

Withfew exceptions,l,6,7presentdayabinitioelectronicstructurecalculations

on solidsarebasedon self-consistent-fieldmethodssuchas thelocaldensityfunc-
tionalformalism(LDA).Thesemethodsgiveexcellentresultsforstructuralparame-
tersandvibrationalproperties.However,ingeneral,theSCF methodshaveproblems
ingivingaccurateabsolutecohesiveenergiesandinpredictingpropertiesofsystems
withhighlycorrelatedelectrons(e.g.,magneticmaterials).The correlatedwavefunc-



rienapproach provid,_sa means to treatelectroninteractionsgoing beyond these
standard ab initio methods.

" Cohesive and Structural Properties. In our study of carbon- and silicon-
based crystals, 1 simulation cells with periodic boundary conditions containing up to

, 216 electrons(or54 atoms)were used. The Slaterdeterminantpan of thewavefunc-
tionisforme.dwithsingle-particleorbitalsobtainedina LDA calculationwithab initio

norm-conservingpseudopotendals.A two-particletermof theform u(rij)ffiA[1-exp(-
rij/F)]Irijare used with A and F spin-dependentvariationalparameters.A single-

particletermwithone variationalparameterwhich permitsthevalencechargedensity
distributionm relaxisalsoincluded.

The c.alculatedenergyofdiamond ispresentedinFig.1 togetherwitha fitto
theMurnaghan equationof state.We obtaineda calculatedequilibriumlatticecon-
stuntof3.54± 0.03_kand a bulkmodulus of420 ± 50 GPa inverygood agreement
withtheexperimentalvaluesof3.567A and 443 (}Pa,respectively.Similarlyaccurate
resultsforthestructuralparametershave been obtainedforsilicon•The calculated
cohesiveenergiesof diamond, graphite,and siliconarepresentedin Table I. The

correlatedwavefunctionresultsarc in excellentagreement with experiment8.In
general,Haru'ce-Fock(I-I_calculationssignificantlyunderestimatethe cohesive

energywhereastheLDA calculationstendtooverestimatethecohesiveenergy,typi-
callyby 15 - 20% ormore. Electroncorrelationeffects,thus,playa verysignificant
roleindeterminingthecrystalcohesiveenergy. For example,thevalenceelectron

• correlationenergyiscalculatedtobe 4.1eV pcratom"indiamond butonly2.4eV for
theisolatedcarbonatom.

-155 0 ......• • i i

-155.2 Table I. Calculatedcohesive energies
o (in eV).
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LDA VQMC Expcfi'menta

-tM.e Diamond 8.63 7.45(7) 7.37
_1 Graphite 8.65 7.40(7) 7.39

Silicon 5.29 4.81 4.7:1:0.1
ri ii

-155.0 a) Ref. 8

-158.0 _ " -' '
0.g2 0.g8 1.00 1.0'1; 1.08

4

a/_ o

Fig. 1. Calculated energy of diamond (dots)
together with a fit to the Murnaghan equation
of state (line).



El¢ctz'on Pair Correlation Functions. With the optimal wavefunction, it
is conceptually straightforward to compute during the Monte Carlo walk various quan-
tities such as the single-particle orbital occupation number, the quasiparticle excitation
energies within a Feynman single mode approximation, and the pair correlation func-
tions 9. For example, the electron pair correlation function g_(rl, r2) may be evaluate
throughtherelation

g(xl,x2)n(xl)n(x 2) = N(N - 1) _ I_t(r1= xl, r2 ffix2.... _rN)12dr3...clrN (3)

wheren istheelectronnumberdensityand spinindicesaresuppressed.Figure2
illustratesthecalculatedpaircorrelationfunctionsindiamond.Our resultsforgal3of
diamondandsiliconshow that,unliketheuniformelectrongascase,g isindeedhighly
anisotropicand isa sensitivetwo-pointfunctionofrlandr2.BothgTTandgT_are
veryrichinstructure.For example,asseeninFig.2,thecorrelationhole,hT_(r)=
gT_(rl,r)-I/2,forrllocatedatthebondcenterofdiamondhasa densitydistribution
whichisdistinctlyrelatedtothestructureandcovalentcharacterofthematerial,ltis
negativenearrl,thebondcenter,asexpected,buthT_,ispositiveonlyinthenearby
low densityanfibonding/interstitialregionsand notintheneighboringbond centers
reflectingthecovalentnatureofdiamond.Sincethepaircorrelationfunctionisinti-
matelyrelatedtotheexchange-correlationenergydensity,informationsuchas those
containedinFig.2 arevaluableina microscopicunderstandingofelectroncorrelations
insolids.

4. Magnetic-Field-Induced Wigner Crystals in Two Dimensions

Using the correlated wavefunction VQMC method, we have investigated 10
quantitatively the effects of exchange, correlations, and Landau level mixing to the
ground-state energy of a triangular electron crystal in a perpendicular magnetic field.

The two-dimensional electron gas in a strong magnetic field, realizable experi-
mentally in a MOSFET or a semiconductor heterojunetion, exhibits a rich variety of
phenomena. 2 By varying the carrier density, the effective mass, and the strength of
the external magnetic field, a very intricate phase diagram is expected. The details of
this phase diagram are only beginning to be explored experimentally and theoretically
in recent years. Among the various possible phases, two prominent ones are the
incompressible quantum Hall liquid phase and the Wigner crystal phase. The
experimental evidence for the Wigner crystal phase are still being scrutinized. A re-
entrant behavior to an insulating phase near _ = 1/5 for n-type samples and near _ =
1/3 for p-type samples of GaAs/AIGaAs junctions of comparable carrier densities has
been observed experimentally and interpreted as evidence for pinned Wigner crystals.

Electrons in Strong Magnetic Fields. Exchange-correlation effects in
2D in a strong magnetic field can be significantly different from those without the field
because of the high degeneracy of the Landau levels. 11 For example, electron correla-
tions resulting iin lowering of the potential energy can occur without cost of kinetic
energy in the strong field limit of fractionally occupied lowest LL. The presence of a
strong B field introduces a new length, the magnetic length given by the radius of the
Larmor orbit lls2=-l_e/eB, and a new energy, the cyclotron frequency toe= cB/m'c, into
the problem. Both quantities are independent of the carrier density. Crystallization is



Fig. 3. Calculated Wigner electron
crystal energy E- 1_ using ex-
change only with no LL mixing (---),
correlations only with no LL mixing

Fig. 2. Pair-correlation function in (...), correlations with LL mixing for
diamond for (a) parallel spin and (b) rs = 20 (.... ). The energy of the
opposite spin with one electron at the Laughlin liquid (Ref. 15) is given by
bond center, the solid curve.

expectedwhen JlB islessthantheinterelectrondistanced,i.e.,intheregimeof_)< I.
Landaulevelmixingisexpectedtobeimportantwhen theelectron-electroninteraction
energye2/ediscomparableor largerthantheinter-LLspacingI_o._c.Thereare,
therefore,threeimportantmaterialsparametersindeterminingthegroundstate,the
densityn,theeffectivemass m*,andtheappliedB field.The systemischaracterized
by twoindependentdimensionlessquantities:thefillingfactor_)whichisafunctionof
n andB andtheelectrongasparameterrswhichisa functionofn andm*.

On thetechnicalside,theusualperiodicboundaryconditionscannotbedirectly
appliedforelectronsina strongappliedB field.Thisisbecause,althoughthefieldis
uniform,thevectorpotentialA isaperiodic,e.g.,inthesymmetricgaugeA = (-yB/2,
xB/2).The appropriatetranslationalsymmetrymay berecoveredby introducingthe
conceptofration_fields12andnotingthatthephysicsofthesystemshouldbegauge

. invariantand thata finitetranslationinthepresentcaseisequivalenttoa gauge
transformation.Thesesymmetrypropertiesallowustoperformsimulationwithperi-
odicboundaryconditionsinamagneticfield.

• Our trialwavefunctionsfortheWignercrystalarestillinthegeneralJastrow-
Slaterformofanexponentialcorrelationfactormultiplyinga functionofthesingle-par-
ticleorbitals.The single-panicleorbitalsarechosentobe Gaussianslocalizedabout
the lattice sites:
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Here 13is a variational parameter involving LL mixing. For 13---1, Eq. 4 corresponds to
a wavefunction in the lowest 1.1, localized on a lattice site Rj with the proper phase
factors resulting from the use of a symmetric gauge at the origin. (The T's in Eq. 4 are
translation vectors of the simulation cells associated with the periodic boundary con-
ditions used.) Ali calculations reported here arc done for spin-aligned electrons with a
100-electron simulation cell.

Results without Landau Level Mixing. We first discuss the results
from wavcfunctions which are made up of functions only from the lowest Landau level
with either exchange or correlations included and then discuss in the next subsection
the effects of LL mixing. Because of calculational difficulties, most previous work 13
was done with the assumption that LI., mixing can be neglected. This portion of our
work, thus, serves as a confirmation of previous work and to establish the validity of
the present VQMC method. Our exchange-only (or H_ results are obtained by using
a wavefunction which is just a Slater determinant of the single-particle orbitals given
above with I_= 1. The correlation-only results are calculated for distinguishable parti-
cles (again, with 13ffi 1 for the orbitals) with the Jastrow correlation factor derived from
the consideration of the magnetophonons similar to the work of Lain and Girvin. 14 In
the iarge field limit, this Jastrow factor may be written as an analytic function of the
complex variables which describe the position of the particles in 2D. Hence, in both
calculations, there is by construction no mixing in of higher LL's into the ground-state
wavefunction, and the kinetic energy per electron is trivially given by _e/2.

The exchange-only and correlation-only results with no I.J., mixing are pre-
sented in Fig. 3 as the dashed and dotted curves, respectively. Previously, the most
accurate energies for the 2D electron system in a strong magnetic field in the
exchange-only approximation were calculated from the viewpoint of charge density
waves (CDW) 13 rather than the explicit Wigner crystal wavefunction used here. Our
present HF results are extremely close to the CDW results. Thus, little is gained by
the explicit self-consistency procedure used in the CDW approach.

Our correlation-only results with no LL mixing are also in agreement with the
results of Lain and Girvinl4 who used a special k-point sampling scheme in calculating
the energy rather than the VQMC method. In this approximation, the Wigner crystal
is considered as distinguishable particles correlated by the magnetophonons. Thus,
although it contains correlation effects, exchange interaction is ignored. As noted in
Rcf. 14, at _ ffi 1/2, the correlation-only result is, in fact, higher in energy than the HF
result due to the rather large exchange interaction at this fining factor. However, a
comparison of the Hartree, the exchange-only, and the correlation-only energies in the
lowest LI., approximation shows that correlation effects dominate over exchange in the
range of _ _; 1/3. The energies for the Laughlin state taken from Ref. 15 are given by
the solid curve in Fig. 3. The cross-over from the liquid state to the solid state is _: ,,
1/6.5 as found by I.am and Girvin.

E££ccts o£ Landau Level Mixing. Our work here is motivated by the
recent experimental work on the 2D hole systems which indicates the occurrence of a
Wigner crystal phase around _ = 1/3. This earlier transition from that of the electron
case has been ascribed to a larger LI., mixing due to the heavier hole mass in GaAs.



Even for the electron systems, the electron interaction energy is comparable to the
cyclotron frequency. Thus, a quantitative understanding of LI., mixing effects is impor-
tant.

• Because of the Coulomb repulsion between electrons on neighboring sites, it is
energetically favorable to have a charge density distribution more localized than the

, one given by single-particle orb;.tals in the lowest Landau level. This is the driving
mechanism for Landau level mixing. We put in this effect by optimizing the energy
with respect to the parameter 13in Eq. 4. Deviation of 13from 1 corresponds to admix-
ture of higher LL's into the wavefunetion, and one needs to evaluate both the kinetic
and interaction energies. The changes in energy and in the localization of the elec-
trons due to LL mixing can be quite large in the range of _ = 1/2 - 1/5 depending on the
value of rs. For example, at "o= 1/3, with LL mixing, we find an increase in density at
the lattice site by 8p(0)/p(0) = 70% and an lowering in energy by b'E/E - -6% at rs =
20 whereas at rs= 2 the same two quantities are 10% and-1%, respectively. Similar

trends have been found in previous work 16 by including LL mixing effects penurba-
tively in the HF-CDW state or in small system calculations.

Our results with LI, mixing and magnetophonon correlations for the ease of rs =
20 are depicted in Fig. 3 as the dashed-dotted curve. The parameters used in the cal-
culation correspond roughly to those in the experiment on the 2D hole systems. 4 We
see that there is a significant lowering in energy by allowing LL mixing in the range of

of experimental interest. At rs = 20, LI., mixing effects are in fact larger than those of
intralevel" exchange-correlation effects. Compared to the energy of the Laughlin state,
our results indicate within the approximations used here a crossover from the Laughlin
state to the solid phase at near _- 1/3 and _ = 1/6 for rs - 20 and rs - 2, respectively.
A definitive comparison of the energy of the two phases cannot be made at this time
because the Laughlin wavefunetion 17 does not include higher LL's. However, one
does not expect LI., mixing to affect the liquid phase as much as the solid phase. Our
results, thus, give quantitative support to the observation that, because of LL mixing
effects, 2£) hole systems at GaAs/AIGaAs interface crystallize at a larger _ than 2D
electron systems at comparable densities.

5. Summary

A correlated wavefunetion variational quantum Monte Carlo approach to elec-
tron-electron interactions in solids is reviewed. Highly accurate cohesive and struc-
tural properties, as well as quantities such as the electron pair correlation functions,
have been obtained for carbon- and silicon-based crystals. The energeties of the mag-
netic-field-induced Wigner crystal in 213 in the fractional quantum Hall regime has also
been investigated. Landau level mixing effects are shown to be significant in the
range of density and magnetic field strength of experimental interest. Our results

• provide an explanation for the recent observation of a re-entrant insulating transition
near 1_=-1/3for 2D hole systems at GaAs/AIGaAs interfaces.
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