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. CALCULATIONS OF RASISTIVITY ARD SUFTRCLHRICTIHG TC IHOTHAESITION MITALS
ABSTRACZT
A survey is given of varicues electron-pnronon «{7ocis which have been
calculated for the metals I, Mo, Ta, P2, and Cu. These effects incivde
the mass enhencemont X, supercenductine 7., eleciricel and therzal resis-
tivity. Hall coefficient, raconstioresisivace, : croesstully testsd
p"ea;ci1cns of linewidths vy of phonons. The caic Tatibns use local dansisy
approxi iimations (LDA) energy banes, experimantil phonons, and the rigid
mutiin t:n (RMT) approximation. Mesh size neise is less then 7 and &
Bloch-boltzmann intzgral ccuation has been solved to unprecedented accurzly.
Y. INTRODUCTION
Over thz past 8 years, electron-phonen effecis in transition metels
have bzen systematically ralrultued for the metals Rb,Mo.Ta.,Pd, and Cu b
pibliography of ihis wor« is

& Stoeny Brook-0ak Ridge consortiun., A complete
given as table 1V at the end of this report.

The conductivity ¢ is the current per unit eup
of the dictribution f(k) of sccupied states k z (

o = -{2e/2) g Vi df(k)/dﬁx (1}

where the factor of 2 is for spin degeneracy. Lowest-order theory say
that f(k) is the equilibriun Fermi distribution fo(k) displaced by an
amount &, = -eE, t7h, yielding ‘
(o) 5.2 ¢ 2 4. . 2
o' = {2e"1/a) ) Vﬁx('°F/D°P) = {n/w,efT 1 {z)

k

(n/f”)-rf (2/ ) Vk)‘ é(ﬁk) (3)

sei to zero. Thus ¢

where {-5¥/5z,) is aporoximated by ¢(ep-1) and » i
Py easily calcuiated from band

depends on  two parameiers, r/n)ﬁ - which is
theory, ond 1/1 wihich mezsures the © ‘scatfc“11:.
I pure crystels, electron-phonon scattering dominates except ot low T.
ﬁ:iaz for the electron-phonci

In the Tinit 7 > b, there is 2 simple expro
Chvr

Permancnt aadres S+, haw York, oY 10821
Pern1nenb addres ngoring, Ohio State Univ.,

Columbus, Chio
**Pormanent addres
Chio 45221
++Permanent address: Dept. of Phy
Indiana 47401.




’ﬁ/? = 727 %, kT (1)

where a.,. 18 an election-phonon ceupling constant very similar to {ihe mass

enhancement A which determines the supercondurting T.:
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Here N(o) is the (single spin} density of staies per atom at the Fermi
energy, M{k,k') is the electron- phonnn matriy clement and wik,k') is a
weight function equal 1o 1 for X and (v» \‘-X)2 Tor Atn. This eguation
“foliows rigorously when the Bloch-Boltzmann * eguation Tor f(k) is solved
variationally® for o in .om:sL order. These ¢auavions (2-5) reveal an
nL1m1tC bonnsﬂtion between T. and ¢. Both are described by integral
equations {the Eliashherg® p(u611ons in the case of T.) which have been
rigorously du,;..1ed to lowest order in the smali parameter N\ojﬁ ~p by manys
pody perturbation theory using procedures invented by Migdal®. Our aim has
been to do numerical studies of ¢ and T. simultaneously. By comput1ng many
different physical properties on the same basis we are able to test
accuracy much more relianly than if we had focussed only on Tg
e have also taker care to evaluate quantities like X in such 2 vy that

numerical coavergence ervors {from finite mesh >ize) are less than 1%. This

enabhles us to study the pos sio,i,ty that there are systematic errors
inherert in present day band theory which alter the value of guantities like
A. The sums in ea. (5) were performed using meshes of ~ §x10% k- points on
the Fermi surface of each metal. An outline of the calculations is

sketched in_fig. 1. [Energies ¢, and wavefunctions ., were derived from KXR
programs. Techn1ca11/ thecse ware non-self-consistent Mattheiss-prescripcion

enarqgy bands®, but for d-band elements these agree extremely well with
experiment aﬂd very well with more sophisticaied bend theory. The phonon
frequencies =~ came from Born-von Karman interpolations fitted to neutron

scattering data.
The matrix element is formally

M(k.k') = fdrdr’ 0,.\r)*e'](r,r')yq-vvo(r‘)w?(r) {(6)

usiy

, . . . -1 . e N
but in practice the screening functien ¢ ‘(vr,r') is too difficult to compute.
Therefore we have used

Mk dr v IneTV{r)e (r 7
1( :!\ AT f’ lrll ) EQ ‘J(’)\,k(') ( )
where V(r) is the total muffin tin potential around the atom at the origin,
while V,(r) is the be"e .ute‘t7:? oFf chis aton. This procedure, known as s
the r1c1c-'uffin~tin (EMT) wodei?, is expected to be very accurite in the
s )

kEVm:?°q10n. less accurile in.the 1nterf itixl reaion, and totally fails to
give the long range Fr1n”ol esciliations contained in (6). For d-band

o [S4N}

elements, the Fermi-surface wavefunctions ¢k(r) are fairly well localized
near the core, so the model should be aond Cepper, however, is a cross--
cver case, intermedicte between d anukq/ B elements, and ithe procedurD is
questionable. To overcomne this p"ohlow,,uu expicit the airbitrariness®

. lﬁ‘ s 2oV



LA ik e AR

o S I
H d ‘ ' 3
ey e 4 . P i v
INPUT ¢ neelded €t V. 4 % needods 1
] 77 bx . : i
; used: LA bLands 2 i used: nautre i
v e St S | ﬂ'-mun "Sv'ﬂv‘;' SN2 AT WA AL KA
c-nnnw:a.r;::--r—, AR A AT SR T N O LT M A S A BT I ey
f Ly -1 ;
smdade el [ S .1 7 ' , +
§ necded: «,rl,,;jdx. e (r,x )w'.f‘!(r')h;z’ X
; - ol <
5 used: XMT mcedel l
8 IO ST S SO TR T T TG S Ty m!“_’c:‘%”"’b" RAga o PR L3 ey Y J
Ty
" Wi TIN n—‘r;‘ . S e C T T}
i
Ev-——:--mmg First Brillouin zcne sum
h i A T A R A T S RSN TR 5 .n..'nl.J
i Y
. gome: 25 e T O TR S0
, » 3¢
& Scccwd Brlﬂou in zone sunmj
K > A g i
‘.,'/0 L]
f"‘;""_'ﬂ r - s 0 £ 'xsu.,.ra-v 232 .
Yoo [ 2 i )2 !
" . e, O i !
OUTPUT £ v, & s @ F(R),A,T ] ¢N(T),.n,h »3 /3R 3R,
g ) & ; cCE oy I3 a S
Y -"'HAJ CRENIVER LY LT AT 3 KL ’ !.'.’" et IATPILE O o Z VR DAy ™ Y W LR A 2 w

Fig. 1. Scheratlic outline of electron-phonon caiculaticns

available in fixing the "“wnuffin-tin zerc.” This arbitrariness is unimportznt
in Nb, Mo, Ta, ard Pd, but serijous for Cu. We choose a fixed value for th
muffin-tin zero.which gives a "fcrward scattering” matrix element M(k.kj in
accord with nearly free electron theory. This turns out to yield very
sensible answers for M{k,k'). One of the biggest virtues of the RMT model

is that the expression for M(k,k') turns out t¢ be guite simple and depenus
only on wave~function coefficients and scattering phase shifts &, (e )¢ which
are fixed once the muffin-tin zero is chosen. There is no op portun1by or

temptation for further adjustment.
2. FHONON LINEWIDTHS

An early triumph of this program was the suc C*! ful prediction of
unanticipated structure in the phonen linewidth Q{ s a function of Q in
b and Pd {see table IV part B.) This linewidth J*es.cribes the decay of =
phonon as it excites an electron from a state k just below ep to a state )
k+Q Jjust above ¢ A complicated one-dimensdonal manifold of state.k steies
contributes for fixed Q. As Q varies, v,/ can change quite rapidﬁf throusg
a complicated interplay of Fermi surfeze -J ueometry, wavefunction variation,
and phonen dispcrciun. Evpvrinenua] observation of these effects is inhibitad
by the low resolution and difficult bnr;LI“UHd stbtraction of inelastic
neutron scattecing. Thus although erperiment fias cuaiitatively confimad cu
calculations, detailed quantitative ccmpariann is ot possible in most case
hevertheless, this success gave us considerable confidence in the correcing
of our algorithms and the validity of the modal. Gur predictions for Ta hez

not yei been tested.
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Our 1ﬁ1ca!wt10ﬂs Gf ) =pd Atr sre stmmarized in table

prasent work  ref. 85 present ref. 55
-~ calc calc expt
Arp A A . T Te
Cuf 0.116  0.111 - - - -
Nb ) 1.07 1.72 1.3 121 17.4% 5.2
Ta | 0.57 G.ES d.9 7.0 8.0 4.5
Mo | - 0.40 0.4 0.8 0.8. 0.9
P 0.40 0.41 0.5 0.3 l.4 <0.002

La

disagreements with the numerical values of Glotzel ef al® also shown in

table I. However, we have a major d1ffcz?nce in interpretation. Glotzel et.
al. state "...theory is incapable of producing relieble T.'s... The most
probabie reascns. for this failure ave fl] the rigid ion "approximation ...
or ...[2] conventicnal local density scheme " Qur view is that T .'s are
adeguately well accounted for.conside: ing the sensiti v.t/ of T. and ‘the
uncertainty in the Coulomb parameter u*. The computed T.'s of “table 1 all

f

S.ve
1
{t
'
[

ani TlCdHC underestimate in the
case of Pd which has fairly long-lived spin fluctuations. Uncertainty in

p* might account for the discrepancy between thecry and experiment in Ib and
Ta also. Ve find s+“‘ng evidence tha. electron- phonon eifects are well
explainad by [1] the RMT model, and [2] conventional local density schemes.
We base th15(30v won our transport ca1culat1on> and "Q predictions than on-

IT’

the sole criterion of T chosen in ref. ‘_(J

assume p* = 0.13, which is likely to be a & 8

4. ELECTRICAL RESISTIVITY

Few calculations have bezen made of {7} for tranfifion metals which tzke

1he true band stlucLure into account. Pioncering work was done by

‘amashita andf Asurr, 1% who demonstrated fea s1b11:tv Their mesh of k end T
po1n*s wes coar$eé compared to ours, and permitted only semjcusntitative
comparison with experiment. Apart from this work and our own, we are aware
of no quantitativ work on the phonon-limited res1Qt1v1ﬁ/

Table I shows an interesting recularity, naie that Ay and ) are
usually quite s\mxiur. This was anticipated by Lﬂu“?a orty et al?? who
proposed using eqs. (2-4) to estirate ¢ with 1y, reciaced by & and derived
from T experiments, and (n/m)gpr derived frem pand theory. This procedure
is now thoroughly vindicated, "and it is a pity thai band theorists seldom
evaluate (n/i) # which would be very useful in asnalyzing transport
coefficients. ’ '

The caiculation of »(T) for T < ep as we

las T 2> ¢, requires a more

uol Ly



elaborate scheme than
the Bloch-Golesrann oo

parts A and £, Gur or
2. Lonsidering

o
fig.

given in eas. [2-5). Ricorous procedures for sclvins
patioen sye geseribhasd n the papers tisted in tab?e i
ceutice are spmmavized and comparad with exporiment®s in
that 1o adjusieble paramelers have entered {epa r* from

{“""""“'"’T*””“""“”"'"""““"'ff‘ Fig., . Resistivity vorsus Llespera-
N e ture. The seiid Tines for
e VYA Hb,Pd, and Cu are calcuia-
i ’///; tions which inciude both
g-tdepen e and anisotrs
o 1 dependance (; an 1] i
° the curve forfPeris a To i e
ordzr variaztional calcula-
8} 2 .z y
VAR tion and thus somewnat too
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the chaice of muffin-tin zere in Cu) the spactacuiar agreement be+ en theory
and experiment can be taken as a retutation of the pessimism of f 5 and
as confirmation of our view that band theory is fully capable f accounting
for electron~phonon effects in transition elemsnts.
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-

Data are from refs,

Also

Low T resistivity of Cu, showing the cffect of c-dependent correc-
ticns to the lowest-ordsr solution.

2 Bioch-Gruneisen formula

has been 7itted to the theory in the regime T ~ G? and disagrees

for T <« 100K.

13(C) and 14¢



e 3 shows the low temperature port of (7)) for Cu in wore detzil.
Thic iliustrates the roie of corracticns to the lowest order voriational
coluiion. In lewest ovrder there is a rzlativeiy simple formula for p(T)

whick consists of =qs. (2-4) with 2/ replaced by 3, (T) defined as

HERROR?
‘(i

a A1) =
tl 'D 1

where o F(~ is a clase analag of QZF( ) used ianc theory. The role of
band - lh* ory is then io nrov"ﬂa (n/m)are end hir%(a). This approximation
is remarkabiy accurats .or T > eg/e, but™ at Towsr T interesting covrections
enter v"u i can be civi ] tlzsses,  The distribution
function can be weittian wheve & 1s the displacemznt caused
by the epplied fieid. . ¢ is & constani, but the exact,
sclution exhibits both a depencﬁwce on the position on the Fermi surface,k
(calied tne "anisotropy" effect) and a dependonce on the elevation c-u above
or below the Fermi energy (called the “energy dependence® effect.) 1t turns
~out to reguire no edditionsl input from hand theory to handie the second
eifect as a(CJraTb1y as dasired (nealecting corrazctions of ordsr N{o )kET.)
Howaver, the znisct »opv effect requires cdeitionay tedious band bhoo“y inpuzt
(e.q. a series of funciions aSJ.F(”).) foih @re inportant as illustrated

TabTe II. Resistivity of Cu calculated at three temperatures at various
levels of approximation. )
. 20K 40K 2?2 K
Lowast ordar 0.00153 0.0350 1.067 i
energy dependence 0.00097 0.0210 1.06
anisotrony 0.00143 0.0352 1.053
complete sclution| 0.00083 0.0200 1.057

The total correction is a factor of 2 at 20, but
only 1% ctually a truncated

series represeniation of the anisotropy e¢ffect which captures > 80% of the
anisotrepy correction, at a computational expense of & factor of ~ 6 over
the Towest order solution. It would not be easy to improve this calculation

further,

5. DEVIATIONS FROM MATTHIESSEN'S RULE (DMR)

Matthiessen's rule states that o, (T) ﬁ(T) where o, is the
residual resistivi*y which 1s sample tot dependa?t “pure “{usually dominated
by impurities) and ”u“e‘T” the experimental resistivity of the pure
material, gives the 7 temperature dependence. The lowest-order varia-
ticnal theory obeys iHatthiessen's rule, but the hichar order corrections
do not, bacause the dispizcement ‘\L,v) is determinzd by dmpurity scatterine
if Poure < Fo and hy phonen scattering if ‘pbve > ¢,. These two scattering
mechanisms have very different effects on & k.or exarpie, when impurities
dominate there is no c-dependence) resulting in a xm;] known source of DHR

Our calculaticns for Cu are shown in fig. 4. The simplest possibie model

forsjmpurity scatiering was used, ramely a (k,k' )-1P““pnndent matrix element
which 15 a good starting point but cannot explain any differences between

in fig.3and table II.
% at 220K, for Cu. Our "complete" soluiion is a

ua Ly
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Fig. 4. p(T)- -0 p]obted versus po.. Mattheissen's rule sayvs the data shouid
be on Ca horizonial 1ined In cases {a,b,c) the theory has not
"been adjusted. In cases (d,e,f) the thﬂoa- has been shifted
upwards by & constant correction of (4%5,77,8%). This shift
compensates for a s11ghb discrepancy between ¢ e (T} and
experiment seen in fig, 2 at T > 80K. Data arhUre from
refs. 15(0) and 16(x).

species of impurity. Again, only trivial adjustments were made in the theory
and the agreement with experiment is quite spectacular. This strongly
suggests that the finer details of Bloch-Boltzmann theory are indeed mean-
ingful, that band theory does justice to transport at a detailed level, and
that our computational algorithms are adequate.
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6. THERMAL CONDUCTIVITY

L

7

Although we have made calculations for rb Tu,ednd Pd as well, only
results for Cu are discussed here. Figure.% shps that once again close
agreement with experiment is found. Correctigds to the lowest order
approximation are particularly imoortant in: B{T, at low T, because the e-
dependence of § plays a special role in heat conduction. The Wiedemann-
Franz law is accurately obeyed for T > > e but not at low T.

us| Ly

7. MAGRETCYRANSPORT

The regime of weak applied magnetic fields is dzfinad by <7 << 1. -
Here the current can be written.

TR (D (e (2) . 1
Jo = Cug'Bg * qayEilly ¥ oogars Eg Hg + e (10)

In a cubic crystal the term lingar in H , & third rank tensor, is determined
by a single number, the Hall cecel¥icient (Ry), while the guadratic part, 2
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fourth rank tensor, contains three distinct numbers. Ve have calculated

all four of these numbers as a Tunction of *euﬂn“"vxp for Cu. The results
for the Hall coefficient are shown in fig. 6. The common beliefl that

80 -

Fig. 6. Hall coefficient in Cu.
‘ Curves (a,b,c) are calcu-
Ll O A lated with resistance
i /f‘\\ ratios (RRR) ¢f (3&500,

/. \\\\ 70,4). The data, from
eol N . ref, 17, are for Ni

1{ © impurities with RRR=110 (9)
L/t —*5 and Au impurities with
RRR=27 (X).

)

ot i)
N, Ui

d .
so xX ® x x0x0,0 »

Unttv

$ -

Ry = 1/nq and measureathe carr1cz/ccnc;ntya*1on and sign is actually correct
0n1v for elastic °catter1nc arcund an ellipsoidal energy surface, a good
approximation {n many semicenductors, but rean1nJ]ess for transition metals.
The lowasi order trial so1u1~ﬂn has a Fermi distribution which is shifted
first by an amenL §.= -ef- 44 in the direciion of the E field and then by an
amount b LxH in ti dirsction of the Lorentz force, \here b must be
Agezerimined  Trom tht bolizmann equation. Unferiunately there is no varia-
tional principle for the Hall coefficient to guarantee tnat.errors in Ry are
h1chnr order ithan crreors in the distribution. -
‘ In relaxation time approximation the forrula for the Hall coefficient #%

“

»ne

'}
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vhere v, 13 the Gaussizn curvature of the Fermi surface at po int k. if
1=t 1s independent of &, it cancels from eq. (10) so that Ry it a purely
aeometrical rhisct, indspendent of T, measuring & compiic ted average of
rurvature tives ve]ociiv to thz third power. This is unde rstandable beczus

regions of Garge velocity and curvature, the Loreptz Torce can give a

h <0

1a10n redirecticn of tnG current. The lcwsst ¢ H"r trial tution reproduc
this gesTatric answar. £5 can be seea in fia. 6, there is a large T-dspendznt
correction for T < VGU¥, but at higher T, both fv’ory and exgerimeat give 2
T-ind epcnﬂant value of Fy. AL lower T the agbsence of a ”cr*etlona1 prirncicle
makes Ry difficult to compute, and egrecient LI,H experiment is only semi-
quantitative. As in the DR C’]CI]EL]CFS, no effort was made to account for
the aniscirapy of the impurity scattering. The large difference batween Ni
and fu impurities shows the need for a more scphisticatea treogiment.
The lowest order T-Independent theory doss quite well for many
tion metals at high T. This is illustrated in tabie III. The palle

S -

LL (f-

Table III. Hall coaofficients calculated in 1cwest érder and exprassed as
Zogs = ~(Seari/Rye)
theory exbt

Zeff Zeff
Cu 1.3 1.42
Mb | =1.50 -1.28
Pdy 1 0.53
Pd;y| 0.65 1.23

results are off by a factor of [ however, and show a significant dependence
on the band structure (illustrated by calculations which used two different
Mattheiss- prescr1nt1on potent1a15, from relativistic (II) and non-relativistic
(1) atomic charge calculations.? The factor of 2 discrepancy has been
analyzed in peper G2 of table IV and arises from the very large curvature
anisotropy on the central portion oF the Pd Fermi surface, un1ch makes the
result peculiarly sensitive to scattering anisotvropy omitted in lowest order.
Finally the magnetoresistance calculations for Cu in paper G3 of
table IV merit a comment. Al1 three coefficienis agree nicely with the
available Taw T cingle crystal data. Am as yet unchecked prediction wes
made, namely that the "Seitz coefficients," defined such that T-dependernce
cancels in lowest order, should actually exhibit a fairiy strong T-dependance
in the temperature interval 20K < 7 < 100K. We hope this prediction will be
checked.

uay py

8. CORCLUSION -
dhen this work was started € years azo, it was not completely obvious

that the [icch-Boltzmann theory would=work in dotail for transition metals.

The lesson to be drawn from our calcuiations is tnau accurate band theory

combined with the B8loch-Boltzmann theory is spactacularly successful at

accounting for a wide range ot effects. Although there are important un-

resolved cuestions®® in the Jistinction betwsen quasiparticles and density

funzticnal eneray “1nds there is no evidence that lDA bands fail to descriibs

Y
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