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ABSTRACT

A survey is given of variCiis electron-phono?1
 MTOCLS which have been

calculated for the metals fib. V.o, Ta, Pd, :;nd Cu. These effects include
the r;:ass enhancement A, suporccndijct'ir'cj T r , e lec t r ica l and thermal resis-
t i v i t y . Hall coef f ic ient , r^cnstcresistj.icc:, and tt,r> successfully tested
predictions of linewidths VQ of phonons. The CCI'ICLlatiins use local density
approxirrratiofis (LDA) energy banes, exfierirr.nt.il photons, and ths r i g id
irsuffin t i n (RMT) spproxirat ion. Mesh size noise is less than V- and the
Bloch-boltzmann integral equation has been solved to unprscedent&d accuracy.

1. INTRODUCTION

Over ths past 8 years4 electron-phoncn effects in transition ir-atcls
have bzen systematically calculated for the metals nb,Ho,Ta,Pd, anr Cc: by
a Stony Brook-Oak Ridge consortium. A complete bibliography of this won; is
given as table IV at the end of this report.

The conductivity o is the current per unit applied field E, or in U-r~;s
of the distribution f(k) of occupied states k r (kn)

o = -(2e/n) I Vj,y df{k)/dE (1)
k -sX x

v;here the factor of 2 is for spin degeneracy. Lcv.-est-order theory says
that f(k) is the equilibrium Fermi distribution fQ(k) displaced by an"
amount sy = -eEx xfft, yielding

c ( 0 ) = [Z^/U) I v£x(-WEk) - {n/m;eff e2a (2)
k

(n/rn)ef f = (2/:.-) I v^. 6(ck) (3)
k

where {-:-ff'at^) is approximr.ted by c(ck~L) and u is set to zero. Thus a
depends on two parameters, (fi/m)o^.. v,-hich is easily cfllcu'iated frcr.i i-a'-d
theory, owd 1/t which measures the L" 'scattering.

In pure crystals, electroo-phonon scattering dominates except ct-lowT.
In the limit T > er. there, is a simple expression frr the electror.-phonon
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Here N(o) is the (single spin) density of states per atom at the Fermi
energy, H(k.k') is the electron-phonon matrix element and w(ksk') is a
weight function equal to 1 for A and (VJ,X-VJ. >x)

2 for \^r. This equation
follows rigorously when the 31och-Boltz:'"iann"J equation for f(k) is solved
va nationally' for a in "lowest order. These equations (2-5) reveal an
intimate connection between Tr and a. Both are described by integral
equations (the Eliasnberg5 equations in the case of Tc) which have been
rigorously justified to lowest order in the sxu'l'i parameter '\'(o)'fî Q by many-
body perturbation theory using procedures invented by Migdalv. Our aim has
been to do numerical studies of a and Tc simultaneously. By computing many
different, physical properties on the same basis' we are able to test
accuracy much more reliaoly than if we had focussed only on T c.

We have also taker, cere to evaluate quantities like >. in such s way that
numerical convergence errors (from finite mesh oize.i are less than ]%. This
enables us to study the possibility5 that there ere systematic errors
inherent in present day band theory which alter the value of quantities like
A. The sums in eq. (5) were performed using meshes of -v 5>-104 k-points on
the Fermi surface of each metal. An outline of the calculations is
sketched in fiq. 1. Energies rt, and wavefunctiqns •;,, were derived from KKRprograms. Technically these were non-self--consistent Mattheiss-prescnption
energy bands0, but for d-band elements these agree extremely well with
experiment and very well with more sophisticated bend theory. The phonon
frequencies -Q came from Born-von Karman interpolations fitted to neutron
scattering data.
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Fig. 1. Schematic outline of electron-phonon calculations

available in fixing the "muffin-tin zero." This arbitrariness is unimportant
in Kb, Mo5 Ta, and Pd, but serious for Cu. We choose a fixed value for the
muffin-tin zero-which qives a "forward scattering" matrix element M(k,.k) in
accord with nearly free electron theory. This turns out to yield very
sensible answers for M(k,k'). One of the biggest virtues of the RMT model
is that the expression for M(k,k') turns out to be quite simple and depends
only on wave-function coefficients and scattering phase shifts 6£(er)

s which
are fixed once the muffin-tin zero is chosen. There is no opportunity or
temptation for further adjustment.

2. PHONON LINEWIDTHS

An early triumph of this program was the successful prediction of
unanticipated structure in the phonon linewidth v n^as a function of Q in

jNb and Pd (see table IV part B.) This linewidth ~ describes the decay of a
phonon as it excites an electron from a state k just below ep to a state
k+Q just above ep. A complicated one-dimensional manifold of state^k
contributes for fixed Q. As Q varies, Yp/can change quite rapidl'y" through
a complicated interplay"of Fenni surfp:e -'o yeo,T.c-trys wavefunction variation,
and phonon dispersion. Experimental observation of these effects is inhibited
by the low resolution and difficult background subtraction of inelastic
neutron scattering. Thus although experiment has qualitatively confimsd our
calculations, detailed quantitative comparison is not possible in most cases.
Nevertheless, this success gave us considerable! confidence in the correctness
of our algorithms and the validity of the model. Our predictions for ia have-
not yet been tested.



From v « H t i- straightforward to ce:n;;.j^ 5. usina '-he identity (table
IV. A.I) i'j

A - (Krh K(o)"1 I Y Q ^ / A ^ (8)

Our "calculations of >. -nd >.tr «re summarised in table 1. l-.'e have only si;u?.l

Table !. Calculations o-T A, rid

Cu
Mb
Ta
Mo
Pd

present

A.
tr

0.116
1.07
0.57
-

0.46

V,

0
1
0
0
0

orK

A

.111

.12

.83

.-'0

.41

re

1
0
0
0

A

„

.3

.9

.4

.5

IS Present

j calc
c
—

12:1
7.0
0.8 .
0.3

y calc
c
_

17.4
8.0
0.8 .
1.4

Texpt
'c
_

9.2
4.5
0.91

<0.002

•v»
t*v>

disagreements with the numerical values of Glot^.el ef aj_s also shown^in
table I. However, we have a major difference in interpretation. Glbtzel et.
al. st*te "...theory is incapable of producing reliable Tc's... The most
probable, reasons-for this failure are [1] the rigid ion approximation ...
or ...[2] conventional local density schemes..." Our view is that Tc's are
adequately well accounted for.,considering tl.e sensitivity of L. and 'the

all
the

uncertainty in the Coulomb parameter u*. The computed T 's of table I
assume p* = 0.13, which is likely to be a significant underestimate in
case of Pd which has fairly long-lived spin fluctuations. Uncertainty in
v* might account for the discrepancy between theory and experiment in Nb and
Ta also. We find strong evidence thau electron-phonon effects are well
explained by [1] the RMT model, and [2] conventional local density schemes.
We base this (fin ve> on our transport calculations and vg_. predictions than on'
the sole criterfon of T_ chosen in ref. JS. ""•'

4. ELECTRICAL RESISTIVITY

Few calculations have been made of o(T) for transition metals which take
the true band structure into account. Pioneering work was done by
Yamashita and(Asar_o'">10 who demonstrated feasibility. Their mesh of k and T
points was coarse"compared to ours, and permitted only seniquantitative
comparison with experiment. Apart from this work and our own, we are aware
of no quantitative work on the phonon-1inn ted resistivity.

Table I shows an interesting regularity, nar.:ely that \+.r snd A are
usually quite similar. This was'anticipated by Cliakraborty1" et. aj : a who
proposed using eqs. (2-4) to estimate c with A.,., replaced by .• "and derived
from Tc experiments, and (n/m) e f f derived from cand theory." This procedure-
is now thoroughly vindicated, and it is a pity thru, band theorists seldom
evaluate (n/m) ̂ ^ which would be very useful in analyzing transport
coefficients.

The calculation of p(T) for T < Pp as well as T > e 0 requires a more



elaborate sciier.̂  i)\r.n coven in cq^. (2-5). Rir.'oroijs procedures for sol vino
the nioch-Golt^irnnn equation ire describee- in the papc?rs listed in table IV
parts A and t. Our rc-sulif- ire GUM^anzfJ tr,o coi-pareci with experinient-* in
fig. 2. Considering that 10 adjustable p^raiaeters have entered (apart frc:::

Fig. 2. Resi-stivity versus tempera-
ture, "fha solid lines for .
M'b,Pci, and Cu are calcula-
tions w.hich Include both
e-dependence and anisotro::y;

. the c.u've forCPj"* is a lowest
order variationai calcula-
tion and thus somswhat too
large for T < 100K. Data
are from ref. 12.

100 200
T e m p e r a t u r e ( K )

300

the choice of muffin-tin zero in Cv) the spectacular agreement between theory
and experiment can be taken as a refutation of the pessimism of ref. 5 and
as confirmation of our view that band theory is fully capable of accounting
for electron-phonon effects in transition elegants.

Fig. 3. Low T resistivity of Cu, shewing the effect of c-dependent correc-
tions to the lowest-order solution. Also a Bioch-Gruneisen formula
has been fitted to the theory in the regime T -v OQ and disagrees
for T •: TOOK. Data are fro:r, rc-fs. 13(C) and 14(x}\



figure 3 shows the low tompc-rature p;.rt of . (T) for Cu in ii'ore detail.
This illustrates the role of corrections- to tno lowest order variational
solution. In lowest order there is a rc'!<".tivo*iy simple formula for p(T)
which consists of c-qs. (2-4) with >./ replaced by •'•+,,("''}• defined as

f
where a"..F(r:) is a close analog of a F(r.) used i<\T

c theory. The role of
band ct theory is then to provide (;Vro)cff end ^ .'•(;:}. This approximation
is remarkably accurate for-T > ? Q / 2 , but" at lower T interesting corrections
enter which can be divided into two classes. The distribution
function can b& written as fo(k + 6(k,e)} where o is the displacement caused
by the applied field, hi lowest "order,, i is a~ constant, but the exact,
solution exhibits both a dependence on the'position on the Fermi surface,k'
(called t.;ie "anisotropy11 effect) and a dependence on the elevation c-y above
or below the Fermi energy (called the "energy dependence" effect.) It turns
out to require jno cdditionsl input frc:r, bp.-d theory to handle the second
effect as accurately as desired (nenlectir.o corrections of order N(o)kyT.j
However, the anisotropy effect requires c'dditiona'. tedious band theory input
(e.g. a series of functions a^,,F(::).) ['.oth are important as illustrated

Table II. Resistivity of Cu calculated at three temperatures at various
'levels of approximation.

20K 40K ??/K
Lowest order

energy dependence
anisotropy
coiiiplete solution

0.00153 0.0350 1.067
0.00097 0.0210 1.061
0.GOT 43 0.0352 1.053
0.00083 0.0200 1.057

in fig.3and table II. The total correction is a factor of 2 at 20K, but
only \% at 220K, for Cu. Our "complete" solution is actually a truncated
series representation of the anisotropy effect which captures > 80% of the
anisotrcpy correction, at a consputational expense of a factor 6f v 6 over
the lowest order solution. It would not be easy to improve this calculation
further.

5. DEVIATIONS FROM MATTHIESSEN'S RULE (DMR)
Matthiessen's rule states that p,. ,(T) = p + p ^(T) where P 0 is the

residual resistivity which is sample " dependent pure(usually do;ninated
by impurities) and p (T), the experimental resistivity of the pure
material,'gives the r ' temperature dependence. The lowest-order varia-
tional theory obeys Matthiessen's rule, but the higher order corrections
do not, because the displacement £(k,c) is determined by impurity scattering
if rn,,.,n < Pn -ind hy phonun scattering if r, ^ c-.,. These two scatterina

P"I e j • [Jure *J
inechanisris have very different effects on 5 (for exarple, when inpurities
dominate there is no c-dependence) resulting in a well known source of DF.R.
Our calculations for Cu are shown in fig. 4. The simplest possible model
forvimpurity scattering was used, namely a (k,k')-incependent matrix element,
which is a good starting point but cannot explain uny differences between
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Fig. 4. P ( T ) - P 0 plotted versus p . Mattheissen's rule says the data should
be on a hori '.ontal line. In cases (a,b,c) the theory has not
been adjusted. In cases (d,e,f) the theor; has bser, shifted
upwards by a constant correction of (4«,7^,SS). This shift
compensates for a slight discrepancy between p rp(T) and

. experiment seen in fig. ? at T > 80i(. Data are from
refs. 15(0) and 16(x).

species of impurity. Again5 only trivial adjustments were made in the theory
and the agreement with experiment is quite spectacular. This strongly
suggests that the finer details of Bloch-Boltzmann theory are indeed mean-
ingful , that band theory does justice to transport at a detailed level , and
that our computational algorithms are adequate.

o. THERMAL CONDUCTIVITY , » hi

Although we have made calculations for K'b,Tcij../and Pd as well, only
results fo» Cu are discussed here. Figure.£* s'npvfs that once again close
agreement with experiment is found. Corrections to the lowest order
approximation are particularly important in£K.<T) at low T, because the e-
dependence of 5 plays a special role in heat conduction. The Wiedemann-
Franz law is accurately obeyed for T > c-D but not at low T.

7. I-WG;HETOTRAMSPORT

The regime of weak applied magnetic fields is cisfir.eci by _• - << 1.
Hero the current can be written.

Y P y o&K EM H.
a&^-o t> y o

(10)

In a cubic crystal the term linear in H , a third rank tensor, is determined
by a single number, the Hall ccoiMcient (RJJ), while the quadratic part, a



Fig. 5. Thermal
resistance of Cu,
Data 5re from
rcf. 13.

300

fourth rank tensor, contains three distinct numbers. "We have calculated
all four of these numbers as a function of temperature for Cu. The results
for the Hall coefficient are shown in fig. 5. The common belief that

80

Fig. 6. Hall coefficient in Cu.
Curves (a,b,c) are calcu-
lated with resistance
ratios (RRR) cf {3S500,
70,4). The data, from
ref. 17, are for Ni
impurities with RRR=T10 (0)
and Au impurities with
RRR=27 (X).

300

R̂ l = 1/nq and measure^the carric-J concentration and sign is actually correct
only for elastic scattering eround an ellipsoidal energy surface, a good
approximation in many semiconductors, but meaningless for transition metals.
The lowest order trial solution has a Fermi distribution which is shifted
first by ?.v, arc.̂ unt ;. = ,-eEi/H in the direction of the E field and then by :-.r.
•amount b E>H in tl!e direction of the Lorcntz force, where b must be
^fenr.ined from the DoVt^r'.mn- equation. Unfcrtur.-tely there is no varia-
t'ional principle for the Hall coefficient to guarantee that.errors in Rjj arc
higher order than errors in the distribution.

In relaxation tiire approximation the formula for the Hall coefficient 4 S
is



RH - (6
1 •" I I v.'-rl:(-r.f/3£.)]' (10)

where <,# is t-ie Gaussian curvature of the Fermi surface at point k. if
-y=~ iŝ iiMk.-penclent of k. it cancels from eq. (10) so that. \>u i: a purely
geometrical reject, independent of T, measuring a complicated average of
curvature times velocity to the third power. This is understandable because
in regions of large velocity and curvature, the Lor°nt2 force can give a
large redirection of the current. The lowest order trial solution reproduces
this geOT.-rcric answer. As can be seen in fin. 6. there is a large T-desendar.i
correction for T < 100K, but at higher T, both theory and exporinertt give a
T-'iiidependent value of R-j. At lower T the absence of a variational principle
makes Ffy difficult to compute, and agreement with experiment is only ser:i-
quantitative. As in the DMR calculations, no effort was made to account for
the anisctropy of the impurity scattering. The large difference between Ni
and Au iinpurities shows the need for a more sophisticated treatment.

The lowest order-T-Independent theory does quite well for many transi-
tion metals at high T. This is illustrated in table III. The palladium

Table III. Hall coefficients calculated in lowest order and expressed as
2eff = -^

Cu
Nb
?6L
Pd

theory

II

1.39
-1.50
0.53
0.69

7 expt
Zeff

1.42
-1.28

1.23

anisotropy on
resiilt peculiarly

results are off by a factor of f however, and show a significant dependence
on the band structure (illustrated by calculations which used two different
Mattheiss-prescription potentials, from relativistic (II) and non-relativistic
(I) atomic charge calculations.1) The factor of 2 discrepancy has been
analyzed in paper G2 of table IV, and arises from the very large curvature

the central portion of the Pd Fermi surface, which makes the-
sensitive to scattering anisotropy omitted in lowest order.

Finally the magnetoresistance calculations for Cu in paper G3 of
table IV merit a comment. All three coefficients agree nicely with the
available law T single crystal data. An as yet unchecked prediction was
made, namely that the "Seitz coefficients." defined such that T-dependence
cancels in lowest order, should actually exhibit a fairly strong T-dependence
in the temperature interval 20K < T < 100K. K'e hope this prediction will be
checked.

8. .CONCLUSION

When this work was started 8 years ago, it was not completely obvious
that the f"'icch-Boi tzmann theory would *work in detail for transition metals.
The lesson to be drawn from our calculations is that accurate, band theory
combined with the 81och-Bo!tzmann theory is spectacularly successful at
accounting for a wide ranee ot effects. Although there are important un-
resolved C;usstions; 2 in the distinction between quasiparticles and density
functional enorqy bands, there is no evidence that IDA bands fail to descri:-:
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;'

/ 0
•ACKN'OV.'LLDGEMENTS

Work at Stony Brook was supported by NSF grant no. [1KR34-?0308. Researcn
at Oak Ridge was sponsored in pert by the Division of Materials Sciences,
U.S.O.O.E. under contract no. DE-AC05-S40R21400 with Martin Marietta
Energy Syslsins, Inc. Research at Indiana was supported by NSF grant no.
DMR81-17013.
REFERENCES
1. F. Bloch, Z. Phys. S2, 555 (1928).

2. J.M. Ziman, Electrons and Pho.ions (Oxford Univ. Press, Oxford 1980).

3. G.M. Eliashberg, Zh. Eksp. Teor. Fiz. 3S, 966 (1960) [Soviet Physics -
JETP 1J, 696 (I960)]; D.d. Scalapino, J.R. Schrieffer, and J.W. Wilkins,
Thys.' Rev. J4^ 5 263 (1966).

4. A.B. Migdal, Zh. Eksp. Teor. Fiz. 34, 1438 (195S)[Soviet Physics - JETP
7 , 995 (1958)].

5. D. Glijtzel, D. Rainer, and H.R. Schober, Z. Phys. B_35, 317 (1979).

6. L.F. Mattheissj J.H. Wood, and A.C. Switcndick, in Mstnod?_>.ijnwCc.n
ii?M

a] Physics, edited by B.O. Alder et al.5 V.8, Energy BaHaT^TT'To'ltc
•rtTJcaofcni1fc*Vress, N.Y". 1968, p.63).

7. S.K. Sinha, Phys. Rev. 169, 477 (1968).

8. M.J.G. Lee and V. Heine, Phys. Rev. B.5, 3839 (1971).

9. G.D. Gaspari and B.L. Gyorffy, Phys. Rev. Lett. 2SS 801 (1972).

10. J. Yamashits and S. Assno, Prog. Theor. Phys. 5j_, 317 (1974).

11. B. Chakraborty, W.E. Pickett, and P.B. Allen, Phys. Rev. Bj.4, 3227 (1976).

12. J. Bass, in LandoH-Bcrnstein Tables, N?w Series, Gp III v 15a Metals:
El ectronic am.j_ |r-:nspo)*t_Ph_e_n_O[iigna (Springer-Berlin 1982.)

13. G.K. White and S,B. Woods, Phil. Trans. Roy. Soc. London A2j>l_, ? 7 3 (1959).



]i\. R.A. M a t u l u , J . Phys. Chew. Re f . Data £ , ' 1147 ( 1 9 7 9 ) . • " ;

15. J . S . Dugdnle c:.d Z . S . B a s i n s k i . ' P b y s . Rev. 2 5 7 , 55? ( 1 9 6 7 ) .

16 . F.. Leng 'e ler , W. S c h i l l i n g , and H. l t e n z l , J . Low Temp. Phys. 2 , 59 (19"C)

] ? . J . S . Dugdale end L .D. F i r t h , J . Phys. C?s 1?.T2 ( 1 9 6 9 ) .

I f i . "K ' .E . P i c k e t t , Comments on S o l . S l a t e Phys. _1_2, 1 ( 1 9 8 5 ) ; jjjjo., i n p r e i s .


