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Summary

It is shown how the standard oethods of perturba-
tive QCD are valid to extremely small x.  The methode
are valid provided a quantity we call the ‘packing
fraction’ of partons in a hadron is much less than
one. One surprising consequence is that the cross-
section for production of jets of a few GeV energy can
be reliably calculated. Since this cross-section in
tens of millibarns, the phenomenology of pinimum bias
events at the §5C will he different than at lower
energy; this will bhave a significant effect on the
backgrounds for new physics events.

Introduction

In this report is summarized work done by the
subgroup on *Theory problems at small x" at the Snow-
mass workshop. The members of the subgroup were: §.J.
Brodsky, J.C. Collins (leader), S5.D. Ellis, B.J.Gnn-
salves, A.H. Mueller, and W.-K. Tung.

The issues addressed by the subgroup arise as
follous: Many predictions for the rates of interest-
ing processes and of background events at the 55C rely
on the validity of the ACD-inproved parton model, as
is manifest in the whole of these proceedings.
Calculations of cross-sections for the production of
high-mass systems, like jets at large tranverse energy
or new heavy particle-, are malde by first calculating
the cross-section for the process at the parton level
and by <then convoiuting with the distributions of
partons in each of the incoming hadrons. The factor-
ization theorems™ of QGCD state that when the produced
system carries off a large fraction of the total
center-of-mass energy, this method of calculation is

valid. However, if the fractional energy treferred to
as ‘x’ in the subgroup’s title) is small, then the
validity of the calculations is not manifest, even

when the produced system has a large invariant mass.

The reason tbat the validity of the calcolations
is not manifest is that we are approaching a kinematic
boundary, viz., x = 0. At kinematic boundaries per-
turbative calculations tend to break down, .because
tigher-order terms in the perturbation series -may
dominate lower orders, and then a low-order calcula-
tion of the cross-section is inaccurate.

Fig. 1 illustrates the method of calculation just
referred to. There is a hard collision of two par-
tons, one out of each hadron. The produced system
under consideration is part of the final state from
the hard collision. The partons carry fractions x
and x, of their parent hadrons’ momenta, so tha® the
center-of-mass energy of the parton collisiva is given

by
5 = xAst' {H

To appear in:

where s is the square of the overall center~of-mass
energy. He will usually denote a typical invariant
mass in the subprocess by Q. Technically the basis
for the calculations iy the set of results called
‘factorization theorens’”.  Their predictive power is
that the parton cross-sections can be expanded in
powers of a spall effective coupling a_(G}/%, and that
the parton distributions ere the same for any process,
with the distributions at different eEergies being
related by the Altarelli-Parisi equation®.

Fig. 1 QCD factorization for hard process

It is evident froa, for exarple, tge compilation
of cross-sections given by Eichten et al™ (EHLQ} that
many interesting processes at the 5S5C involve small
values of x. (He will henceforth ose the symbol “‘x’
generically, to refar either to the fractional trans-
verse energy or invariant mass of the system being
produced, or to the typical fracticnal =nomentum
carried by the partons entering the hard collision.
Both numbers are usually comparable.} For example,
consider production of single N’s or Z's.
iant mass is @ = 80 to 100 GeV, so that a typical x
value for production.by the Drell-Yan process is Q/vs
= B0GeV/40TeV = 2240 . 1f one consigsts non-g;ntral
production, then x‘s in %he range 20 © to 10 are
igportant.

In the past, most theorists would have considered
such values of x as being ridiculously small for
applying perturbative methods in @Cu. But if we are
to make serious calculations for ithe SSC, we must be
able to make predictions in these situations. As we
will see, perturbative QCD does in fact apply, and it
applies, moreaover, at even smaller values of xz.
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Llet me summarize the gueustions addressed and

answered by tte swall-x subgroup:

(1} Are standard perturbative QCD methods valid at
very small x (while keeping @ 2> 1 GeV1? -- They are.
To answer this guestion we bad to gain an understand-
ing of the Bussjan work recently reviewed by Gribov,
Levin and Byskin'.

(2) Wuhere do the methods break down? =-- Rhen the
partorns at the chosen vilues of x and Q@ £ill the
hadron.

{(3) How accurate are numerical galculations of +the
solutions of the Altarelli-Parisi” equation, and +to
how low ¥ can they be taken? -- Tung presented a fast
and accurate program for this solution, and checked
its accuracy, This work is described in his contribu-
tion”, and wiil not be treated in this report.

{4) Granted that we trust standard perturdative
talculations do»n to very small x, what are the cross-
sections for producticn of jets of a few 3e¥ trans-
verse energy? -- These are in the mb region, and
can bave ap important effect on  background
calculations.

He believe it is important for more theorists to
explore in greater depth the field of perturbative
methods at small %, and to build on the work reviewed

in Ref. &.
He had many fruitful interactions with other
subgroups; this had impact on our work. Ke would

particularly like to acknowledge discussions with the
structure function, tae swmall-z,, and the jet
fragmentation subgroups. The sub;ect matter of these
subgroups very much overlapped with our own. We would
also like to thank Jin Rohlff for discussions on the
jet data from the 5ppS rollider.

Factorizatica at small x
In this section, we will summarize what the
subgroup concluded were the appropriate basic results
about factaorization at small x.

Let us first remind ourselves of the steps by
which perturbative calculations are made by the method
suamarized in Fig. 13
(1) The cross-section ¢ at the parton level is calcu-

lated in low-order perturbation theory, being

composed of the Born approximation plus higher-
order corrections, which are a power series in
the effective coupling cs(ﬂ).

{2) The parton distributions™£{x,p) with g = 0(Q) can
be calcylated by evolving the Altarelli-Parisi
equation” from low values of Q.

Nuch of the predictive power of the calculations comes

from the unversality uf the parton distributions.

That is, they can be measured in one process (say,

deeply inelastic scattering) at one energy and .the

same values can then be used in other processes.

These methods are certainly validi'bjf we take
. the overall center-of-mgss energy of the process to be
large, while keeping Q" /5 fixed. The problem is to
verify., the validity of the methods in the situation
that @ /s is very small but that the actusl size of @
remains large, as in production of single R’s ar Z°'s

Ta see why we should not grant the metheds auto-
matic validity at small x, we must recall how the
factorization theorem used in the calculations is
proved. Feynman graphs for the cross-section are
exanined and then their leading-twist behavior is
extracted. This behavior comes from regions of loop-
momentue space that can be pictured roughly as in Fig.

(2)

1. It should be noted, however, that Fig. 1 somewbat
misrzpresents the structore of the womentum regions,
since the whole scattering is hathed in a sea of soft
partons, (’S5oft’ can be zonsidered as meaning ‘having
;aw center-of-mass rapidity’.: These soft partons are
in effect generated from gluon bremsstrahlung asso-
ciated with tbe bar@ collision.

When x is small, the leading-twist behavior ac- ~
tually coaeg from regions with the same structure as
at large x . However, even if the {actorization
theorem is wvalid in the small-x region, it is not
manifest that the cross-sections zr= perturbatively
calculable.  The problem is nost easi.; seen in terns
of Feynman graphs -- we must integrate over a range of
momenta and typically we obtain logarithmically be-
haved integrals like

lotarx = 5L ayry, (2)

where x = @/v¥s. The higher the order of a graph, the
msore independent integrals like this there are, and
the greater, therefore, tlie nuober of powers of In(x).
Consequently bigher orders of perturbation theory tend
to have =much larger coefficients than they do at
normal values of x, so that simple low-order caicula-
tions are liable to hecome invalid.

He may summarize this section by listing som~ of
the questions that it provokes:

(1) How low in x can one go before the baisic
factorization theores fails?
(2) Assuaing the validity of factorization, to what

extent can one use it with only low-order calcul-
ations of the Altarelli-Parisi kernel a2nd of the
parton cross-sections ¢?

{3) 1If low-order calculations are not sufficient, how
can one find suitable resunmation sethods to take
account of the large higher order carrections?

Limits of validity of factorization

Gribov et al‘ (6LR) present a nice argument to
fird tbe lower limit op x beyond wbich factorization
breaxs down. They present their argument both as a
very intuitive physical picture and as a corresponding
statement abou* Feyaman graphs. Ne will sketch the
physical picture. The hard collision in Fig. 1 cas be
considered as a distinct physical process occurring on
a time-scale t z 1/0 that is nuch shorter than +the
ordinary hadronic processes in the rest of the event,
provided only that the energy @ is large on a scale of
1 GeV. The (dressed) partons entering the hard colli-
sion should De the only ones to participate jin the
hard collision if factorization is to be valid, i.e.,
they skould be independent of the other partons during
the hard scattering. Note that in the wave function
these partons must interact with other partons: their
independence from otber partons is only true and only
matters in the vicinity of thke hard scattering.

This independence implies a spatial separation
from other partons with which there could be signifi-
cant interaction, and from this GLR develop a useful
quantitative criterion for the validity of factoriza-
tion. The criterion is that the fractien of a hadron
occupied by tke relevant partons is much less than
one. The relevant partons are those that, defined on
a scale @,. are within about ozne unit of rapidity of
the active parton under consideration. Interactions
with partons of very different rapidities are already
taken into account in the factorization theorem. Not-
jce that it the scale 0 of the hard scattering that is
relevant here, not +s or some other scalz. The nuober
of relevant partons in a hadron is then xf(x,Q}, where
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flx&p) is the total number density of partons summed
over vall parton species. In the circumstances with
which we are concerned, the gluons are by far the nmost
numerous, So we could just let f£(x,8) be the gluon
distribution.

He must treat the hadron as being Lorentz con-
tracted, so that we have a two-dimensional problem.
Validity of factorization reguires then that a certain
quantity H(x,Q) be much less than one. This quantity,
we may call the packing fraction of partons, and it is
defined by

Hix, Q) = xf{x,Q} Bz (3

partcn/ahadron’
He need to know the radii of the partons and of the
hadrons in order to use this formnula. The hadron
radiys is ambiguous, because of the increase in o _ .
with energy. Up to SSC energies, it is a sutficiéﬂf
approximation to take Rﬂad o to be 1/m_. It is
reasonably obvious that the %Ptan radius is propor-
tiona! to 1/Q, but is not immediately obvious what the
—onstant of proportionality should be. Should it just
be the wavelength (« 1/Q@), or should it be taken as
related to the gluon-gluon cross-section

oz N uS(G)zlﬂz? (4

Since the normalization N in eg. (4) is large (around
50}, the consensus of the subgroup was that it is
sufficient for our purposes to define

W= xf n'zraz_ (51

So we must require this to be much less than one in
order for factorization to be valid.

A second criterion enters into GLR’s considera-
tions whon it is recalled that £(x,Q) has been evolved
from lowe- values of Q. Consider Fig. 2, where we
have drawn the (x,0)-plane. The shaded region 4 is
where the condition H{{1 is violated; in that region
scerdard perturbative methods are invalid, and as &
minimum some kind of resummation hy a Reggeon-like
technique is needed. Let us define the boundary of
the forbidden region A as x = x__(Q). The question to
be addressed now is: HKhen we evalve fix,Q) from lower
values of @, whrat effect has the existence af the
forbidden region .. our calculations of the evolution?

For the evolution we use the Altarelli-Parisi
equation:

alx, /3100 = [ (dy/y) dly/x,a (@) £ly,Q). (&)

Suppose we wish tv obtain f(xi,ﬁ } at some small value
cf x, and at some large vaiue o% Q, from £(x,0,) at
some iower value of energy, 00. *hen in eq. ?6) we
need to use the whole of the region xi( x {1 and
@ ¢ @ ¢ @,. This apparently puts a severe restriction
on the region in which we can do calculations, for.we
nust keep x, above the minimum value x = x__ (@) not at
@ .= @,, where we want to calculate f, butfat 0 = @ )
where™ the evolution starts. In Fig. 2 this is tge
restriction that we stay above the line b.

However, GLR make the observation that it is not
the whole of the mathematicaliy necessary region that
is actually important in the cvolution of the distri-
butions. If the target value of x is small, then the
predominant contribution to the solution of (6) comes
from a relatively small range of x for each value of
Q@. Therefore the evolution can be regard=d as follow-
ing trajectories in the {x,Q)-plane. The wvalue of
fix,,0,) is determijned mostly by the behirior of

?
f(x}ﬂ)iin the neighborhood of the trajectory that goes

(3)

through "1'°1" In the evolution, when we need the
value of “£(x,0) in the forbidden region, it is a
reaspnable approximation to replace f£lx,0) by its
maximun value, which corresponds to H = 1.

Linx Qo InQ

i

’ o

Fig. ? BRegions of validity of the Altarelli-Parisi
equation.

The range of x and @ in which we can legitimately
evalve £(x,Q8) from its value at @ = @, is thereby
extended to more-or-less the whole of thg tx,2)-plane
that lies outside the forbidden region. However, the
results of calculations tsing the usual unrmodified
Altarelli-Parisi are incarrect if the trajectories
pass through the forbidden region. The fix-up of
replacing £ by its limiting value with H=1 remedies
this: +the replacement equation is non-linear near the
farbidden region. A nore cogplicated nodified evolu-
tion equation is given by GLR'; it is supposed to be
valid over the whole of the exterior of the forbidden
region, including the neighborhood of the boundary.
It includes non-linear terms that take account of what
one may call ’parton overcrowding’ when the density W
gets close to u©nity. These  terms arise
diagrammatically in a manner similar to the perturba-
tive description of Beggeon theory.

He have checked that the curves of partaes distri-
butions given by EHLO have a parton packing fraction
of at most a per cent or so, and they are therefore
safe from breakdcwn of the formalism wused for the
calculations.

GLE do in fact give estimates which could be used
to estimate the useful range of x for perturbative
calculations. - Howsver, these are based or saddle- .
point approximatisns, and it is not clear how trust-
worthy these are at t*e energies w2 are ‘considerimg.
In particular, it is nct @anifest how good the normalz
izations are. Anyone working throngh their review
should alsp be aware that estimates given early in the
paper are Dbased on crude approximations +that are
greatly improved iater in the paper. GLR do not
appear to base results on numerical solutions of the
Altarelli-Parisi equation, and the subgroup’s feeling
was that it is necessary to use just such numarical
data in order to make sound estimates of where the
forbidden region is.

Two other points are worth noting. The first is
that Eﬂkﬂ give curves for parton distributions down to
x = 10 and out to @ = 10 GeV. Row, tke energy g
that should be used in the parton dist: butions in the



factorization formula is

energy, viz.,

of order the parton suh-

T (xAst)ilz. n
Thus central production of a system with x % 10°%
corresponds to a scale for the parton distributions of
only p t & GeV. Even if one gaes to the kigsmatic
limit of forward production, whkere x, = 20 and
Xg = 1, we still only get 0@ = 400 GeV. which is a long
way from @ = 104GeV. So the most extreme values on
EHLQ’s curves are not applicable to the 8SS¢, The
second point is that evolutisn of the Altarelli-Parisi
can be c~arried out more accurately and orders of
magnitude fagter than EHLO’s calculation -- see Tung's
contribution™.

Cailculability

Suppose that we are in a region of x and @ where
we can apply factorization. One issue implicitly
addressed in the previous section was whether the
validity of low-order perturbation theory at small x
is affected by the pile-up of iogarithms in higher
arder. A typical way in which these logarithms arise
is from the irtegral over longitudinal momentum of a
particle inside a Feynman graph. This was schematic-
ally shown in eq. (2), where the 1/y factor on the
right-hand side could reprseat the value of a parton
distribution.

Now, the canonical expectation7 {from Begge theo-
is that partun distributions behave like 1/x at
small x. Horeover, ¢the 1/x behavior, modified by
logarithms, is typical in fixed-prder perturbation
theory. However, when we perform the Altarelli-Parisi
evolution, these logarithms modify the small-x behav-
ior to make it stee,zr than 1/x at those values of x
with which we are capcerned. Indeed, if one tries
fitting a power law (at small x) to the curves for
£(x,0) given in Sec. 2 of EHL3, one finds an effective
power_xtgat varggsbhut that is typicaily in the range
of x °°7 tax . (Note that EHLG plot x times £
rather than f itself.) Hence the integrals over the
momentum fractions x, and x, in Fig. 1 are dominated
by the central values of Qhe x’s rather than having
contributions egually from all ranges of x, which is
what would result from 2 1/x distribution (cf {(2)).
Similar remarks apply %o the Altarelli-Parisi equation
{6). It is essentially this deviation from 1/x behav-
ior that produces the trajecteries in the (x,Q}-plane
that give the dominant contributions to the Altarelli-
Parisi evolution. These we diucussed in the provious
section.

ryh

The true asymptotic formulae for the parton dis-

tribu&inns at small x and large O are rather compli-
cated . So it suffices for our purpose= to be nore
gqualitative, and a toy example will give the general

idea of the way in which the logarithms are avoided.
and that  the

Suppose that we define &F = 3£/31n0,
evolution of f satisfies:
of = 1 ayry couy) gy, @, (8)
with
Cix,y) = (y/x) [1 + a Intys/x)]. (9)
First, we will set o = 0 and assume that fix)} is x-l_z
at the value of @ where we start the evolution., Then
of = :: ay y 1t s xS 110)

(%)

If £ has its canonical value of zero, then

af = x dntasx.

The logarithm acts to steepen the distribution when Q@
is higher than the starting value. The distribution
is therefore no longer proportional to 1/x at the
higher values of Q.

Let us now add in the one-loop term in eq. {103}.
The order a part of &4f is
ate? 7 ih - e . (11
If we again put in the canonical value € = 0, (11}
becores
a t20) 1in%, (12)

which has one more logarithm than the lowest-order
contribution. This is an exanple of the pile-up of
logarithms in higher order calculations that was
refer-red to earlier.

Suppose now that the ipitial distribution is
steeper than in the canonical case, i.e., that € > 0.
Then the leading pow=r behavior of tha one-loop part
of &f, as x--30, is

2 x-l-z !—{
which bas no logarithms compared to the lowest-order
term. This result arises because the main contribu-
tion to the integral ccrmes from the neighborhood of
its lower linit, whereas the logarithms only arise if
all ranges of In{y} in eg. {B) caatribute equally.

The conclusion, ¢then, is that the standard meth-
ods -- using low finite-order calculations of the
Altarelli-Parisi kernel and of the parton cross-sec-
tions -- are valid provided only that @ is far enough
above 1 GeV to have a_(Q) small and that the parton
density Hix,@) is well Below unity.

Large cross-sections at low ETIJS

How that we believe that we can trust perturba-
tive methods down to very small x, we must take thenm
seriously as a calculation of cross-sections for jet
production at transverse energies of a few Ge¥.  The
cross-sections, as we will now show, are at a level of
tens of millibarns, which isplies that most events at
the S5C will contain 2 kard scattering. This, clear-
1y, has a great impact on estimates of the backgrounds
to new physics at tae SSC, particularly because an
important backgroui, much discussed at this workshop,
arises from ordinary ’minimum bias’ events superim-
posed on a hard scattering event, At the high lumi-
nosities- typical of those planned for' the 5SC, there
nay be several events per beam crossing, “on average.
Because the jet cross-sections are noy at the same
level, the charactgr of minicum-bias events will
change. 5Steve Ellis called this result the ‘death of
low pr'.

These large cross-sections for Jjet production
have already been noticed by Paige (private communica-
tion) and doubtless by other people. Our point is
that they should be talen as valid predictions of QCD,
and be used both for their own sake, as interesting
physics, and in realistic background calculations.
Precise numerical caleculations can be made by the
standard programs already available, so the point here
is only to emphasize the order of magnitude of the
cross-sections and their significance.
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« Consider the cross-section for jet preduction per
unit rapidity at a transverse energy Q. This is
dg/dydlnl 2 N Q 2 astaiz [xf(:,d]]z, {13}
where N is a normalization. The 1/0“ factor arises an
purely dimensional grounds, and x is O/vs. Naw, if
the parton distributions Lave the canonical 1/x lehav-
ior, then (for fixed Q) the jet cross-section is
independent of the total energy and is fairly small.
However, the parten distributions are substantially
steeper, as we saw in the previous section. Thus,
when Js increases, x decreases in proportion, the jet
cross-section increases, ana this increase has, rough-
ly speaking, a power-law behavior.

We may estimate the number of jets of <the type
considered per hadron-hadron collision by

2 2

- 2
R=N as(G) (x£) (m'IO) . ($1:3]

The normalization factor N can be extracted from, say,

the formulae in Sec. 3 of EHLG, and it is large,
around 10. He have Estimated the total hadron-hadron
cross-section by am_“; its logarithmic increase with

energy is minor compared to the effect we are investi-
gating.

Evidently at high enough energy the jet cross-
section is higher than the total cress-section -- on
average there is more than one jet per collision. The

character of ‘minimum bias’ events, i.e., run-of-the-
mill events, must change then. The energy range of
the SSC is just where this change occurs. This is

easily verified by substituting some numbers into eq.

12y, 1f we set a_ = 1/5 and take xf = 10 from EHLG,
then we find that R = 3% (per unit rapidity). Hhen we
remember the large availadle range of rapidity, this

implies that a large fraction of events at the §8SC
will contain jets of several GeV energy. Normally one
expects minimum bias events only to contain particles
of low transverse momentum; this will no longer be
true at the S5C.

These large cross-sections are important for the
background calculations that were so prominent at this
warkshop. But they also provide an important piece of
@CD physics which should be investigated: They give a
window onto periurbative physics at very low x, a
region with very little experimental data at present.

It is important to check the corresponding re-
sults for current hadron colliders, that is, at s
atound 1/2 to 1 TeV. Llet us estimate the ratio B inm
eq. (12), for the same value of Q. Since we now have
x 2 10°°, we should set xf t 3. This gives R 3 1/&4%

(5)

per unit of rapidity. In other words, the cross-
section is of a size that is easily measurable. In-
deed, wmany events of this type should already have
been seen. They are characterized by having what we
can tera ’mini-jets’. He suspect that the “hot-spots’
seen Dby UAS are in fact caused by these mini-jets.
The hot-spots do not at first sight appear to be jet-
like: Although confined to a small range of rapidity,
the particles in the hot-spots have their directions
unifornly distributed in azimuthal angle. Bowever,
the experiment does not oeasure particle energies or
momenta, and we know froo e e -annibilation that two-
parton final-states at this energy do not provide
manifestly jetty events of the scrt we are now accus-
toned to at 100 GeV transverse energies. The situa-
tion obviously needs investigation. HBini-jets will
become rarer at higher values of G, but should also
become clearer. They should form part of a continuous
distribution, all of which should fit with the predic-
tions of perturbative GCD.
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