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PRESENT STATUS OF THE VMI AND RELATED MODELS*

Gertrude Scharff-Goldhaber

Cornell University and Brookhaven National Laboratory
Upten, New York 11973
UusaA

This article traces the evolution of the Variable Moment

of Inertia model in its relation to the shell model, the
Bohr-Mottelson model and the Interacting Boson Model.

The discovery of a new type of spectrum, that of '"pseudo-
magic" nuclei (isobars of doubly magic nuclei)} is reported,
and an explanation for their dynamics is suggested. The
type of rotational motion underlying the ground state band
of an e~e nucleus is shown to depend on whether the minimum
number of valence nucleon pairs of one kind (neutrons or
protons) is < 2 or > 2. 1In the former case the "alpha-
dumbbell model" holds; in the latter the "two-fluid model."

In the preceding talk Abe Klein, who has in the past contributed significantly to
our field, discussed the relationship of the mathematical expressions correspond-
ing to various nuclear models. T shall in the following present a phenomenologi-
cal account of the Variable Moment of Inmertia (VMI) model. As you kmow, this
model has not only been successful in describing spectra of ground state bands
(0+,2+,4+,6+,...) in non-magic e-e nuclei, but also those of higher bands, in-
cluding "yrast" bands above band crossing, and finally, bands in odd-A nucleil).

A review entitled "The Variable Moment of Inertia Model and Theories of Xuclear
Collective Motion™"?) gives a detailed account of the manifold aspects of the model,
in particular of its relation to shell structure, of modifications proposed by
various authors, and of its relation to "microscopic" (HFB) nuclear theory. In
this talk I shall concentrate mainly on the VI model in its two parameter wversion
as it applies to spectra in e-e nuclei before band-crossing takes place, and on
the understanding of nuclear dynamics it has yielded.

First, I shall trace the origin of the VMI model and describe its properties.
Second, I shall discuss a recently discovered phenomenon, namely the level struc-
ture of pseudomagic nuclei. Third, it will be shown that this model permits a
general and amazingly precise interpretation of the dynamics of yrast bands in
terms of rotational motion based on two distinct nuclear configurations. Fourth,
I plan to make a few remarks concerning the resemblance of the "VMI equation of
state" for the effective moment of inertia with equatioms of state o¢ systens of
condensed matter, and discuss the significance of this resemblance.

1). The first clue suggesting that spectra of ground state bands in even-even
nuclei reflect one and the same mechanism was Edoardo Mallmann's3®) observation
(1959) that the energy ratios Ry = Ej/Ep for J = 6 and 8 lie on "universal" curves
if plotted vs. R4. He concluded on the basis of rather meager data that the uni-
versal curves range over 1 < R4 £ 3.33 (the rotational limit). TIhis finding iz~
plied that the spectrum Ej can be presented as a function of two pzrameters char-
acteristic for a2 given nucleus. With the aid of Arthur Xerman, Mallmann searched
for a constrairt of a triaxial nucleus model which might vield the "Mallmann
curves,"” but their attempt failed.




Mallmann'®s startling phenomenclogical result was almost totally ignored by theo-
rists. The reasons for this neglect arz somewhat complex. They may perhaps ke
most easily understood from £ig. 1 which depicts the chreneclcgy of events that
took place after the introduction and general acceptance of the nuclear shell
model in the late forties: To the right of this figure onme f£inds the well-knowm
level scheme of the Bohr-Mottelson strongly deformed nucleus, whose level ener-
gies are inversely proportional to the effective mcment of inertia, which was
thought to be independent of the state J. In order to take rotation-vibration
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Fig. 1. Schematic graph depicting evolution of models of
collective motions in e~e nuclei from the early 1950s on.

mixing (as observed in molecules) into ascount, a second term < [J(I+1) 12 with a
very small coefficient was thought to suffice. Surprisingly, the resulting value
for § was found to be 2 to 3 times smaller than that of a rigid rotor; this pesed
a difficulty which Bohr and Mottelson first tried to resolve by intrcducing the
idea of "irrotational" motion. However, the resulting irrotational 4 turmed out
toc be 4 ot 5 times smaller than the observed moment of imertia. The region or
regions in the chart of auclides where rotational bands occur, i.e. the regions
with many valence nuclecas, were thought to be governed by "strong coupling.” A
simultaneocus study of all known excited states in even-even nuclei which I carried
out showved, however, that only if both numercus neutrcon and proton pairs are pres-
ent, low-lying 2+ states as observed in rotaticnal bamds (40 -+ 130 keV) cccur. It
soon became clear that in regions with fewer valence nuclecns a different but zlso
uniform type of band structure obtains, namely a "near-harmonic" structure for
which the second excited state {(or cluster of states) has % 2.2 times the energy
of the first 2+ state. This, together with the previcusly reported "Kraushaar-
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Goldhaber" branching ratios for tranmsition rates cccurring in this type of level
scheme encouraged J. Weneser and myself to propose a "vibrational model,™ which

was the antecedent of the interacting boson (or phoncn) models. This medel had
remarkable predictive powers, both with regard to level energies and transiticm
probabilities. Bohr and Mottelson's new theory of nuclear collective motions for
the domain of weak coupling (i.e. few valence nucleons) offered a basis for such

a2 model, in which the bosons are provided by nhi o {n = 1,2,3,...}) quadrupole os-
cillations of the surface of the closed shell core, to which a few (e.g. fg/Z)
valence nucleons are weakly coupled, thus lifting the degeneracy of che multiplets.
However, I was troubled right from the start by the ract that not omnly are the en-
ergies of the first 2+ states in singly or doubly closed shell nuclei excessively
high, but also the energy ratios of levels are far from near-harmonic: they range
from v 1.8 > E3/E; > 1 (vhere Ey and E; denote the first cund second excited
states)™). Very soon afterwards, Wilets and Jean based their “gamma-unstable”
model on the experimental evidence we had presented. As we now know, the symmetry
properties of the "vibrational” mcdel are ia harmony with Iachello and Arima’s
SU(5) group, examples of which occur at the beginning of the rare =arths region
(i.e. near the beginning of the neutron (82-126) and proton (50-32) shells), where-
as the gamma-unstable model is most closely related te the 0(6) grcup which happens
to agre= best with the level scheme of 1°8Pt (i.e. close to the end of the shells).
But T am getting ahead of myself: As we then pointed out, there is an zbrupt jump
from the near-harmonic to the rotational structure, as the neutrea numper increases
from 88 to 90. The question came up whether nuclei can only be either "vibratiomal”
or "rotati -zu." or whether there is an intermediate type of dynamic behavior. The
theorist s answer was that this question could only be tackled by intermediate
coupling calculations, which were "impossibly messy.”"” Therefore, an experimental
approach to this question seemed to be called for. Fortunately, the first 2+
states of osmium nuclei seemed to imply exactly an intermediate behavior, and the
very first experimental evidence of band structure found in these nuclei’) indi-
cated a gradual trensition from one type to the other, as shown by the dashed limes
in fig. 1. The t: sition was even more impressive, when energy ratios EJ/EZ were
plotted. This then gave Mallmann the idea to go one step further and plot Ry vs.
R4 -

The level schemes of e-e osmium nuclei could be fairly well interpreted in terms
of the triaxial model, and even better by a triaxial nucleus which undergoes beta-
vibrations®). However, interest in these fascinating regularities of nuclear
structure was from the middle fifties on somewhat overshadowed by twe basic prob-
lems, namely that of the mcment of inertia (2 to 3 times smaller than rigid) and
that of the '"gap" (between ground states and first excited states of e-e nuclei

at and near closed shells), which were eventually solved with the introcduction of
a pairing forced followed by the adoption of the BCS methed of taking pairimg cor-
relations between pairs of '"time reversed" nuclecns into account (with which the
problem of the superconductor had been solved). This development led to interest-
ing calculations of level schemes by Kisslinger and Sorensen and of a few moments
of inertia of stvengly deformed nuclei (which could be calculated with 20% accu-
racy by Griffin and Rich, and by Nilsson and Pryor.) It probably was for this
reason that so little attention was paid to Mallmann's brilliant insight. Within
the next several years, however, Important new results were obtained which stimu-
lated further thought: Gregory Breit's suggestion for a measurement of electric
quadrup~le moments of 2+ states (Q,;) by means of the "reorientation effect” led
to the discovery that these states in "vibrational™ nuclei have much larger Qp,
values than can be accounted for by our original model. At zbout the same time,

a large number of higher spin states were populated in strongly deformed even-even
nuclei by means of alpha (or heavier ion) induced reactions. This method (in con-
trast to the previous experiments carried out exclusively with radicactive nuclei)
permitted the study of grossly neutron deficient isotopes. Their ilevel schenes
wvere found to deviate appreciably from the J(J+1) rule. An analysis by S. M.
Harris in terms of a "fourth order cranking model," which leads to am expansica of
the moment of inertia in even terms of w, the rotational velccity {where the semi-
classical relationship (Jw)? = J(J+1) holds}, however, allowed very gocd fits.



Another approach to the same problem was taken by Diamond and Stephens, who had
first fitted such bands with tha triaxial model plus beta vibratioms, and then
discovered, in collaboraticn with Swiatecki, that an equivalert interpretation
of the spectrum is obtained by means of a "beta-stretching model,"” in which the
deformation, just as the interatomic distance in diatomic molecules, is taken to
incresse with angular momentum. This latter approach, just as Harris'’, leads to
a two parameter expression for the energy levels, but it requires im addition an
assumption for the dependence of J on the deformation 8, i.e. a "hidden" third
parameter.

WYhile both these papers were concerned with strongly deformed though umnstable nu-
clei, T felt encouraged by the Mallmann rule to search for am analytical descrip-
tion for the ground state bands of all even-even nuciei. I was joined in this
effort by an experimentalist, Maric Mariscotti, who had just completed his Ph.D.
thesis in Argentina and came recommended by Mallmann, and later by an English
theorist, Brian Buck7). We started out with the beta stretching model, but found
that it was preferable to eliminate the deformation parameter 3 and to determine

d by minimizingE with respect to 4, rather than to 8. Hence we named the new model
"Variable ioment of Inmertia (VMI)" model. Subsequent comparison with Harris' model
showed that the two, in their two parameter versions, are completely equivalent.

The dependence of the parameter Ao (fig. 2) deduced from the cbserved band energies
suggested that the extension of the model to negative values of Jo might be possi-
ble. Indeed it was found®) that extension to 4o * -« results in good agreement

7

with the data (fig. 3). The VMI equaticns, which include a "harmonic’ potential
energy term, in addition to the rotational term

=S gogyz+ I (1)
BEl
24 3

lead tod3 -4, g2 = LCIH) 3

2C

as shown in fig. 4, both for positive and negative values of 4,. The important
point to be kept in mind is that for negative values of g, the ground state is
spherical: $(0) = 0, as may be deduced from the left side of fig. 4. TFig. 5
shows the parameters C and J in combination with the "scale factor" E,, as well
as the hardness parameter h, as functions of the measured ratio R,, over the whole
range of validity of the model. Of particular interest is the relatively minor
decrease of J,E, starting from the rotational limit (R, = 3.33...) at which point
4oE; = 3, almost cdown to the value Ry, = 2.23, at which £, vanishes, and
E=(J(J+1))2/3 and ¢;=(J(J+1))1/3. The limit of validicy of the model occurs at
Ry = 1.82, where E;=/J(J+1) and I =/J(J+1). As is apparent from fig. 3, below

R, = 1.82 orly bands for singly and doubly magic nuclei occur (with one exceptiom,
which will be discussed in section 2). The interpEetation of this behavior is
quite obvious: The higher the "threshold energy" % J, 2, the more dces the nucleus
resist cr.omking. As the magic number is reached (i.e. when all valence nucleon
pairs have been removed) at R, = 1.82, the nucleus, now being perfectly spherical,
can only be excited by promoting one or two nucleon pairs to a higher orbit, thus
bringing about deformation, which permits cranking from the 2+ state on.

Das, Dreizler and Klein%) presented a proc: showing that the VMI and Harris nodels
are equivalent to all orders. They also compared the VMI medel which describes
"yrast bands” in terms of rotational motions with an anharmoniec vibrator medel,
which yields a description of these bands in terms of the empirical "Ejiri

formula':
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(This figure was first published in ref. 7.)
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aJ + kJ(J + 1}, which leads to (&)

_dd =2), _ 3 - 4)
Ry =g R % .

In fig. 6 experimental values for Rg vs. Ry are compared with the Ejiri predic-
tions (curve a), the VMI predictions (curve ¢) and, finally, the Bohr-Mottelson
predictions including rotation-vibration mixing (curve b). Their results clearly
favor the rotational description. Deviations frem tle VMI model due to band
crossing were at first studied mainly in bands of strongly deformed nuclei, e.g.

(3)

12

R

Fig., 6. Eg/E; is plotted vs. E4/E;. The solid curves correspond to
predictions from a) the Ejiri formula Ry = 1/8 J(J-2) Ry - 1/4 J(J-4),
which is identical with the prediction from the anharmonic vibrator
model; b) the Bohr-Mottelson two-term expansion in J{J+1); and

c) the VMI model. The figure is reproduced from ref. 9.

in 158py, whose "critical spin™ state, above which the deviation occurs, is

Jer = 12, as seen in the now customary 4 vs. w? plot (fig. 7). Very scon after-
wards it became clear however that while deviations in "spherical™ nuclei occur at
considerably lower J.., the corresponding angular velocities w are at least as
high or even higher, as e.g. in the spectrum of !%%pd., L. Peker, S. Pearlstein znd
J. Hamilton have recently analyzed ground state bands in actinides, namely 232Th,
238y, and 2“8Cm, which were populated by Coulomb excitatiom up to J = 28 at GSI

in Darmstadt. Mo band crossing was observed, which may be attributed to the fact
that these nuclei have very low rotational energies (and hence angular velocities).
It is interesting to note that although VMI model fits with more than two param-
eters improved agreement with the data, as might be expected, even with just two
parameters fits within 1% of the observed level energies were obtained.
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"vibrator" (10%pPd) (E, = 555.8 keV; C = 10.23 (10% keV3)). The VMI
predictions ar>» shown by solid lines. For the rotor Jc = 12, while
for the vibrator J, = 6 or 8.

2). The recognition of the existence of "pseudomagic nucleil?) evoived from a
new, more stringent test of the validity of the Variable Mowent of Imertia {(VMI)
equations near the lower limit, i.e. for near-magic nuclei. Whereas previcusly
only states with J < 8 had been known in this region, the present test includes
states with J < 14. As stated before, between ..9'0 = 0 and do = - o, the ground
state moment of inertia is J (0) = 0, and nuclei in this region are ome or two
pairs of particles or holes away from singly magic®). Below Ry = 1.82 are found
yrast bands of singly and doubly magic nuclei, which are characterized by appre-
ciably higher excitation energies of the first 2+ state than their non-magic
neighbors.

At the time the extended VMI model®) was proposed, the omly striking exception
noted was for 298Po which, with Ry = 1.96, lies in the "spherical region®

(1.82 < Ry < 2.23)(fig. 3). We statet then that one is tempted to imclude 2°%Pg
in the "magic branch,” which extends tu the right from Ry > 1. The results of a



studyll) of the yrast bands cf Te and Cd nuclei suggest an explanatiom for the
exceptional structure of the 208py gpectrum: it was found that for £3270 which
possesses 2 valence protons and 2 neutron holes away from the closed shells 390
and 82 respectively, Ry lies even below the VMI limit, narmely at 1.716, i.e. in
the magic region, and Rg lies "on the magic bramch”! (fig. 8). Since ZgEPolzq

is also characterized by 2 valence protons and 2 neutron holes {away from the
magic number 82 and 126 respectively), it seems tempting to propese the hypothesis
that two particles of one kind (neutrons or protons) may couple to two holes of

the other kind to form a "'pseudomagic” nucleus.
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Fig. 8. Log plot of R.J vs. R,. The R; values for the neutron
rich Te nuclei deviate increasingly from the model predictions
as N = 82 is approached, i.e. "backbending" cccurs already
above the 4+ state.

A previously started experimental investigation of nuclei pertaining to the
"spherical” region, 1.82 < R, < 2.23, namely of the neutron deficient Pd (Z = %48)
nuclei, appears to support this hypothesis. Whereas in ref.?) only states with
J < 8 were included, we populated yrast bands in 19%P412), 192pg spd 100P533’1“),
and 28Pd15), up to J = 14. While the results for 28Pd!5) and 102,10%,108pg ¢yrn
out more or less as expected (fig. 9) (i.e. the Ry and Rg values agreed with WMI
predictions (and for 28Pd and 102Pd the agreement continues to J = 12 and 14,
respectively)), the spectrum of 100pg displays an increasing dowaward deviation
from the VMI predictions, indicating "backbending'" already above the 4+ state.

As 100pg possesses four proton holes and four neutrons away from the magic number
50, this result suggests that also two nucleon pairs can couple to two hole pairs
to form a pseudomagic nucleus, but that in this case the reduction in enersgy



spacing is not as abrugt as in the case of one nucleon pair being coupled to cone
hole pair: here the 6+ and 8+ states are far from degenerate, implying that the
moment of inertia does not increase as radically as in nuclei with one particle
pair - one hole pair.
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the limit of wvalidity (1.82) of the VMI model, are close to the
continuation of the WI curves. For J > 10, only the values for
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the presence of four proton holes and four neutron particles, i.e.
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Fig. 10 compares the experirmental data also to the predictions from eq. 5. In
order to carry out the comparison, we have extended the "Ejiri curves" to

R4 = 1.82, the limit of validity of the VML model. (One notices that below

R, = 2, the sequence of states according to the Ejiri formula beccrmes invertad,
so that the 18+ state eventually coincides with the 4+ state. Behavior of this
type has never been observed.) 1It is seen that in contrast to the good fit of
the VMI model (with the exception of 1%CPd), the agreement of the Pd spectra with
the Ejiri curves (which contain the IBM predicticas for SU(3), SU(3) znd 0(6)) is

far from satisfactory.
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and Rg values with VML is cousiderably better tham with IBA.



The hypothesis of the occurrence of psevdomagic structure can be further tested
using all known spectra of nuclei possessing one (two) particle pairs - one (two}
hole pairs, as shown in fig. 1l. It is obvious that the expected features indeed
occur in all cases known, namely, in l1‘3&&1:22, EEqua, (88Sr is considered to be

doubly magic), 35Ti,g, ‘z'sCrzu, 1gﬁXe.,8 and 2ggi{nlzzm). The only exception is
S€Fe, an isobar of ssNi, whose 6+ and 8+ states are quite close to the VMI curves.
It may be noted here that for the one particle pair - one hole pair excitation in
L+eTi, level energies based on a generator coordinate method and cn two different

shell mocdel calculations deviate appreciably from the experimental spectrun,
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Fig. 11. The values log R; for pseudomagic nuclei as well as for doubly

and singly magic and "ordinary" non-magic nuclei are plotted against R,.
(Recent energy values, taken from Sakai and Rester (1977), are used.)

In one of the pseudomagic nuclei, namely 132Te, "backbending® cccurs
already above the 24+ state, while in the remaining nuclei it occurs above
the 4+ state. In the nuclei containing twe particles and two holes the
transition is considerably more abrupt than in those containing four par-
ticles and four holes. Also shown are the Rg vaslues for nuclei with 2p,2n
holes (x) (36Ar,S52Fe) and 2p,2n particles (O) (%%Ti), which cecincide
precisely with the VMI curve. (For the sake of clarity, the Rg values for
the neutron-rich 12%Te to !30Te and Po nuclei are omitted from the graph.)



although the two shell model calculations agree well with each other!7). One may
raise the question whether the presenceof one valence proten pair and one wvalence
neutron pair or of one proton hole pair and one neutron hole pair might alsa pro-
duce a pseudomagic spectrum. However, this Is not the case. As is seen fron

fig. 11, the Rg values for {8Ar;g (h-h) 35Tis; (p-p) and 3ZFeyg (h-h) agree excel-
lently with the VMI curve.

It seems plausible that the exceptional behavior of yrast bands in pseudconagic
nuclel is related to the fact that the nuclear quadrupole moment changes sign at
the magic number. Hence the presence of a particle pair and hole pazir may be ex-
pected to bring about a partial cancellaticn of the proiate versus the oblate
shapels). The backbending observed at low J in these nuclei (J < 4 instead of

J 2 8) may be attributed to a change in shape brought about by the effect of
cranking which counteracts the cancellation of opposing shapes and thus leads to
an abrupt shape change. The lack of pseudomagic behavior in >6Fe can probably be
attributed to the poor overlap of the orbits of the proton hole pair (f;;5) with
those of the neutron pair (p3/2 or P!/Z), which suppresses cancellation. It would
be interesting to ccompare the yrast band energies of two pseudomagic nuclei which
might yield to experimental investigation, namely 3€C, zn isobar of %0, for which
only E, and E; have so far been determined, and lcgcd, an isobar of IO@Sn, for
which no excited state appears to be known.

3). The VMI model offers a straightforward explanation of the unexpectedly large
Qo4+ values of "vibrational”™ nuclei as demonstrated by a plot of & vs. J showm in
fig. 12 for a few representative examples. The functions J(J), compuied from the
spectra usinz equations (1) and (3), are fairly independent of J for strongly de-
formed, stabie nuclei, such as 1804f in the rare earths region, and 2%8Cn in the
actinide region. (The numbers in parentheses indicate values for the stiffness
parameter C.) However, moments of inertia of unstable nuclei, such as 170Hf, and
"transitional" nuclei, such as '29%e and !2%Pt, increase by a large factor with
increasing J, from the small initial value §, = 9(0), and for "vibrational”™ muclei
¢ increases from 0 (or almost 0) to fairly large values already at J = 2. Since
the electriec quadrupole moment is .losely related to the ''mzss quadrupole monment"
(according to the "hydrodynamic" Bohr-Mottelson model Q = 2 and J = 22), the large
Q-+ values are in parfect harmony with large $(2) values. Since, hewever, vary
few Qo4 values have been measured, and since even these few are not very accurately

g(c) + £(2)
2

known, we have cdefined a moment of inertia.foz = , which may be corre-

lated with Qpo = [1€7n/g B(EZ)(C—rz)]l/2 over the whole range of non-magic e-e nuclei
for which these values are availablel®). Fig. 13 presents the resulting 1lsg log
plot, which immediately leads to the following three conclusions:

a) A strong correlation between J and Q exists over the whole range of
nuclei (for which S and Q range over ™ 2 orders of magnitude).

b) This correlation clearly consists of three distinct parts, namely a
linear part for small moments, a quadratic part for the larger monments, and
finally a2 part in which no increase of § occurs.

¢) YNo dependence on either A or Z is observed, whereas the B.M. "hvdro-
dynamic prediction” gives /g2 =al/3/22 (¥ a75/3).

The linear part consists of light, deformed nuclei such as 12¢, 2%4g,325, etc.,
as well as of medium weight (A ~ 100) and heavy (A ~ 200) "vibrational™ nuclei,
all characterized by possessing not more than 2 valence aucleon pairs away froam
one closed shell. The straight line drawn through the experimental values cor-
Tesponds to the equation d =3 Q, where n denotes the nucleon mass and e the umit
charge. The absolute magnitude of J in this region is described to an accuracy
of * 50% by a rotating Alpha-Dumbbell mecdel with
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HEL70 ) 4238 c@24%2, cm2*8), bands in transition nuclei (Xel20,
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parentheses. This figure was first published in ref. 8.



d=2MRY 2.4 x 107 42/3 gey-1
Q=4e RX 9.6 x 1072 a2/3 ep
R=1.14a13 g

8/Q N 2.41 x 1073 (eb)~! kev~?!

where R is the radius of the nucleus. The picture is one of two ¢ particles con-
nected by a massless rod, whose length is equal to the nuclear diameter. The de-
partures of § and Q are strongly correlated with shell structure: The most nearly
magic nuclei tend to have small values, while those furthest from shell closure
have values up to & 1.5 x cdel- The quadratic part of the correlation which in-
cludes values for '"transitional” nuclei as well as for stromgly deformed rnuclei

in the rare earths and actinide regions up to A v 230 has been described by a
"two-fluid" model, consisting of an "inertial" fluid and a superfluid, whereby the
former participates in normal rigid rotation whereas the latter deces not. It is
assumed that the ratio of imertial to total fluid is the same a2t every point of a
given nucleus, and that this ratio depends only on the spheroidal Zeformaticn de-
duced from Qq;; and further, that charge and mass distributions zre homogeneous.
Fig. 14 compares the model predictions for § vs. Q2 with observed values. The
two-fluid nodel leads to the relatica §/Q2=a5/3/22 ¥ const., where the approxi-
mate constancy follows because above mass 100, Z rises somewhat more slowly than
A. While excellent agreement is obtzined for a wide range cof nuclei, the heavi-
est nuclei,vhich are all spontanecusly fissioning, show no increase in § whereas

Q values increase by Vv 50%. This behavior may be due to the fact that these nu-
clei may have & slight proton excess at the poles brought about by

Coulomb repulsion. Nuclei in this group are characterized by very low values for
the stiffness parameters C. It is significant that for nuclides of a given spe-
cies decreasing half-lives for spontaneous fission are associated with decreasing
C values?®). A nicroscopic explanaticn of the 4 vs. Q relation is still outstand-
ing, althoug* one was attempted?!) by a new approach to collective motion which
leads naturalrly and nonredundantly to a separation of the kinetic energy into rc-
tational, vibrational and other intrinsic motions. However, the effects of the
Pauli principle have not yet been included. Nevertheless, our phenomenclogical
study of the moment of inmertia has shed considerable light on the dynamics of
nuclei with £ 2 nucleon pairs away from one of the closad shells, i.e. nuclei
corresponding to the B.M. weak coupliag region: <che transition from the two-
fluid t-pe of rotation to the rotating alpha dumbbell may be thought of as a phase
transition of the nuclear matter. It appears that IBM I which does ncot discrimi-
nate tetween proton and neutron pairs, as well as the "intrinsic state" correspond-
ing to the geometric model??) refer only to the two-fluid phase (as may be gathered
from the fact that a strong correlation between the number of valence nucleon pairs
N and the basic VMI variable R, exists only for N 2> 11).

An in‘eresting contribution to this conference??) concerned the comperison of
mements of inertia and transition quadrupole moments up to higher spin states of
yrast bands, in particular also in the band crossing region.

4.) The cubic equation for the nuclear moment of inertia, which, as we have seen,
gives a rather precise description of the spectra of e-e nuclei nesr the ground-
state, has two singularities: one at 50 = 0, (which appears to be a second order
phase transition) and one at Jo = - o, (wvhere a first order phase transition takes
place). As we have seen in section 3, the second order prhase transition coincides
exactly with the transition from the alpha-dumbbell configuration (or phase) to
the two-fluid configuratiomn. It is tempting, therefore, to compare this "A-bedy
system" to many-body systems which are also, in first approximatioa, describable
by cubic equations, such as the "van der Waals gas." I have ccompared these two
systems a number of years agozu) o- an iIntuitive basis, and concluded that the
moment of inertia in the nuclear . appears to ccrrespond to the densirv of



the condensed gas, the angular momentum to the pressure, and the parameter g,
(or the number of valence nucleonrs) to the temperature.

Recently, in collaboration with Max Dresden who has beccme an expert on Catastrophe
Theory, we have compared?5) the ¥MI mcdel for the nucleus with two systems of con-
densed matter, namely, in addition to the van der Waals gas, with a type of ferro-
electric system called perovskite. (Catastrophe Theory is amalogous to the Landau-
Ginsburg theory of phase transitions; both approaches omit a treatment of critical
fluctuations.) Without giving a detailed account of this comparison, I sheuld like
to stete here our main results: each of the three systems has a critical peint
(second order phase transition) when the two counteracting forces controlling it
are in balance: In the nuclear case, the competition refers to the temdency to
preserve the spherical shape cf the closed shell which conflicts with the tendency
te deform the nuclear shape; the parzmeter §, vanishes when both tendencies are
exantly in balance. In the van der Waals case these tendencies are just the re-
pulsive and attractive regions of the intermolecular forces. In the ferroelectric
case, the combating tendencies are the polarization which tends to pull the crys-
tal apart, and the elastic forces tending to restore the origimal shape. Balance
is established in this case when the dielectric constant €, passes through in-
finity. A first order phase tramsition occurs in the nucleus, when §4 + - .

We have discussed before the physical meaning of this first order phzse tramsi-
tion which occurs when the closed shell is reached. In the van der Waals case,

the corresponding situation occurs when the attractive force vanishes, and there-
fore, the critical temperature T, = 0, so that it would take infinite prcssure tn
liquefy the gas. In the ferroelectric case, the corresponding situation occurs
when the dielectric constant €5 * 0, so that no externally imposed field can pro-
duce an internal electric field. 1In addition, we discussed the condensed matter
analogies to the critical angular momentum state in the ground state band of the
nucleus, at which a deviation from the VMI model occurs. The relationships be-
tween the variables and parameters in the three systems are deduced. Although
these are somewhat more complex than th.se "“guessed" in ref.Z2%), they are in
general agreement with the latter.
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