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bxperimental charged particle inclusive and exclusive parameters for several nuclear systems are

compared with microscopic model predictions based on the Vlasov-Uehling-Uhlenbeck equation, for various

density-dependent nuclear equations of state (EOS). Inclusive variables and multiplicity distributions are
in good agreement, and are not sensitive to the EOS. Rapidity spectra show evidence of being useful in

determining whether the model uses the correct cross sections for binary collisions in the nuclear medium,

and whether momentum dependent interactions are correctly incorporated. Sideward flow parameters do

not favor the same nuclear incompressibiUty at all multiplicities, and there are indications that the present

model may provide only an upper limit on the true stiffness of the EOS. Findings relating to impact

parameter averaging and the mass and energy dependence of transverse flow are also presented.

Theoretical estimates of the peak density attained during the compressional phase of

relativistic nucleus-nucleus collisions are typically in the range 2 to 4 times normal nu-

clear matter density. Model simulations indicate that certain observables stabilize at about

the same time that the nuclear density reaches its maximum, and remain essentially un-

changed during the subsequent stages of the collision process.1'2 Collective sideward flow is

one such observable, and shows promise of providing valuable information about the equa-

tion of state (EOS) of compressed nuclear matter. Fluid dynamic models3 were the first

to predict collective nuclear flow, but lack the detailed predictive power of a microscopic

approach. The intranuclear cascade, which neglects compressional potential energy, was

the first microscopic model to successfully reproduce a wide range of experimental results;
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however, the current consensus is that the cascade model yields a collective flow signature

that is finite. but consistently smaller than experimentally observed.' ' There have

been previous comparisons ' between experimental flow data and microscopic models

with realistic EOS implementation over the full range of nuclear densities. Due to statisti-

cal errors, or uncertainties associated with filtering the predictions to simulate expeiimental

sample selection criteria and detector inefficiencies, these comparisons yielded only prelimi-

nary esiimates of EOS properties. In addition, more basic questions have yet to be resolved

- uncertainties in the nucleon-nucleon cross section in the nuclear medium. ' and the ne-

glect of momentum dependence in models with EOS implementation through a local

density-dependent mean field potential.

The model "'" used in this study is a microscopic simulation which can be considered
19

a solution of the Ylasov-l.'ehling-Uhlenbeck (VUU) equation. It proceeds in terms of

a cascade of binary collisions between nucleons, A resonances, and pions according to the

experimental scattering cross sections for free particles, corrected by a Pauli blocking factor.

The isospin of each particle is explicitly incorporated. The dependence on the equation of

state enters via the acceleration of nucleons in the nucleai mean field. It is assumed that

the local potential. U, is determined by the density of nucleons within a radius of 2 fm,

with a functional form U{p) = ap + bp1. The parameter 7 fixes the incompressibility, K,

and the remaining two parameters are constrained by nuclear equilibrium conditions. 7= 2

corresponds to A' = 380 MeV, and implies a "stiff71 EOS, while 7= 7/6 corresponds to K =

200 MeV. usually characterized as either .1 "'medium"1 or ''soft" EOS. A special "supersoft"

case, in which dU/dp = 0 above p = p0 (equilibrium nuclear density), conforms to the

assumptions of the intranuclear cascade model. Since K is defined in terms of the second

derivative of the binding energy at p0, both the K value and the functional form U(p) must

be specified in order to fix the EOS at higher densities.

Before making detailed comparisons of charged particle exclusive parameters, it is

appropriate to verify that inclusive spectra are adequately reproduced by the model.

Accordingly, we first present a comparison of inclusive parameters for two experimental

samples from the Bevalac streamer chamber and a relatively large set of VUU model events.

In order to minimize the difficulty of correctly filtering model predictions to simulate the

experimental sample selection criteria and detector distortions, cuts have been imposed to

remove the projectile and target spectator regions. These cuts (see below) remove Z > 2



spectator fragments which are not correctly identified in the streamer chamber, and for

which a production mechanism is not incorporated in most models. The experimental

samples contain a total of 1357 1.2 GeV/nucleon l0Ar beam events with observed charged

multiplicity .U > 30. 571 of the collisions were on a KC1 target, the remaining 7S6 on a

Balo target. The condition .\/ > 30 selects just over 20% of the inelastic cross section in

the case of the KC1 target, and just under 40% in the case of the Balo target. The streamer

chamber, trigger, particle identification criteria, and additional experimental particulars are

described elsewhere.' '" For each of the three values of EOS stiffness mentioned above, we

have generated model statistics amounting to typically 5 times the experimental samples,

using a total of about 50 hours of Cray X-MP CPU time.

The kinematic cuts remove particles with momentum (momentum per nucleon in the

case of composites) < 0.27 GeV/c in the rest frames of the target and projectile. Fig. 1

shows distributions of A/', the multiplicity of charged particles after imposition of these

cuts. In correcting for observational losses and remaining Z > 2 composites, the detector

filtering process reduces M' for each VUU event by about 12%; otherwise, the plotted VUU

spectra are unaffected by filtering. Below M' ~ 25, the sample selection criterion M > 30

causes the roll-off in the M' spectra, and events in this lower tail of M' are discarded in

the subsequent analysis. The consistently good agreement between experiment and VUU

in Fig. 1 is an indication that matching M' distributions is an effective way to establish

correct impact parameter averaging for a model.

Fig. 2 shows rapidity distributions, after applying the above spectator cuts and the con-

dition A/' > 24. The dotted curves (labeled Ql&o-body) correspond to a version of the VUU

model in which all binary collision cross sections have been reduced by 30%. The total num-

ber of 2-body collisions decreases by about the same factor. Likewise, the dot-dash curve

demonstrates the effect of an increase in collision cross sections. These curves demonstrate

that rapidity spectra are useful both for determining whether the model uses the correct 2-

body collision cross sections, ' and for addressing questions about momentum dependent
1 fi 1 ft

interactions (MDI), which influence the number of collisions. Thus, these spectra can
1S

fulfill the need for collective flow signatures (sensitive to both the EOS and MDI) to be

supplemented by another parameter sensitive to just one of these. The factors 0.7 and 1.4

were chosen in light of the study by Bertsch et al. of the effect of varying the cross sec-

tions over a 2 to 1 range, and the finding of Aichelin et al. that MDI reduce the number of
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FIG. 1: Distributions of AT, the total multiplicity
of charged particles after cuts (see text). The
dashed lines axe the predictions of the VUU model,
normalized to the same total number of events.
Since the 3 VUU equations of state give essentially
the same spectra, the 3 predictions have been
averaged together in this plot, (The same is true
for Figs. 2 and 3.)

0.5

FIG. 2: Nudeon rapidity distributions for M' >

24, with spectator cuts. The results for the modi-
fied binary collision cross sections are shown only
at rapidities where there is a significant difference
between this calculation and the unmodified VUU
model.

1.2 GeV/nucleon Ar

nucleon-nucleon collisions by 30% in the case of La

+ La at 0.8 GeV/nucleon. The current agreement

between VUU (which does not incorporate MDI)

and the experimental ^apidity spectra suggests

that any reduction in collisions due to MDI may

need to be counteracted by an increase in the

collision cross sections, possibly attributable to in-

medium effects.

Fig. 3 presents distributions of transverse

momentum per nucleon in three rapidity intervals.

The good overall agreement between predictions

and experiment again confirms that the VUU

model accurately reproduces parameters which

are not sensitive to the nuclear EOS.
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The plot of (px{y)), the mean transverse momentum/nucleon in the reaction plane as a
1*5 ft 1 1 ^ 1 '? T

function of rapidity, is now widely accepted "' " a s the most useful parametrization of

sideward flow. Fig. 4 shows {px{y)) for the same samples as in Figs. 1 tc 3, along with VUU

predictions for the 3 equations of state. While the multiplicity M' is still defined as in Fig.

1. with target and projectile spectator cuts, the projectile spectator cut has been omitted

when calculating px. This has been done because the best sensitivity to the EOS coincides

with rapidities yT <$, 0.7 in the upper half of the available multiplicity range as plotted

in Fig. 1. and this region is excessively depopulated when the projectile spectator cut is

applied. Ionization measurements on comparable samples confirm that the level of Z > 2

spectator-like fragments in this region is not large enough to distort the pJ comparisons.

Over the relatively narrow multiplicity interval available for Ar -+• KC1, no significant

dependence of (p1) on M' can be detected. We have confined the VUU comparisons to the

rapidity region where the overall detector efficiency is high, and there is useful sensitivity

to A'. The Ar + KC1 results in Fig. 4 favor incompressibilities in the medium to stiff range.

Fig. 4 also shows (px{y)) for Ar + Bal2 in three M' intervals. Here, the VUU predictions

show the same qualitative multiplicity trend as the experimental data, with the directed

flow effect reaching a maximum at intermediate multiplicity, as expected. The extent of

the agreement between the model and experiment is not affected by changing the defini-

tion of M' (i.e., changing the cuts). Over most of the M' spectrum, K values in the medium
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FIG. 4. Mean transverse momentum/nucleon in the reaction plane, as a function of rapidity. The VUU
predictions are shown only over the rapidity region where there is useful sensitivity to the incompresaibility,
K (see text).



to stiff range are again favored. How-

ever, the predicted (px) drops off faster

towards the highest multiplicities than in-

dicated by experiment. (The last multi-

plicity interval, M' > 59, corresponds to

the uppermost 5% of the inelastic multi-

plicity spectrum for Ar + Bal2.) If it is

postulated that this effect arises from a

stiffening of the EOS at the higher den-

sities associated with maximum multiplic-

ity, then Fig. 5, which shows the M' de-

pendence of the peak VUU nucleon den-

sity, provides an indication" that a very

sharp increase in stiffness would be needed.

It is also possible that the differing multi-

plicity dependence is associated with the

fact that MDI16"18 effects are neglected in

the VUU model. At the very least, there

are theoretical indications that a model

without MDI can lead to overestimates of
1 T 1R

the incompressibility, ' with the conse-

quence that the present work may yield

only upper limits on the true stiffness of

the EOS.

Fig. 6 shows (px{y)} for 83 high mul-

tiplicity U + U events (~25% of the in-

elastic cross section). As in the case of 1.2

GeV/nucleon Ar + KC1, the multiplicity

dependence is weak, and a medium to stiff

K value is favored, but with poor statisti-

cal significance.

We emphasize that while appropriate
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FIG. 5: The M' dependence of the mean nucleon

density inside a sphere of radius 2 fm, at the time

and position of maximum density in the VUU sim-

ulation of Ar -I- Bal2 collisions. The three arrows

along the M' axis denote the mean values for the

three M' intervals for Ar + BaJ2 shown in Fig. 4.

The half-maximum half-widths of the distribution

of density at the peak are in the range 0.7 - 0.9 po.

0.9 GeV/nucleon U + U

Z ioo h

(V

A
M

* - 1 0 0 i-

' 120>mult2B0

'. — K-3B0 MeV
" - -K=200 MeV
' — supersoft

mult S120

r

1 0 0.5 10.5

FIG. 6: As Fig. 4, but for collisions of 238U +



cuts can partly circumvent the need to simulate detector distortions and inefficiencies when

comparing a model with experiment, there is no simple substitute for correct simulation of

the impact parameter averaging associated with multiplicity and/or trigger selected sub-

samples. In order to illustrate this effect, we have taken VUU events for A'= 3S0 MeV and

plotted (px{y))max iis a function of both impact parameter, b. and participant multiplicity.

M'. Taking the peak of these plots, we define the ratio PfcAJ = (px(y, b))max/(p
x(y, M'))max-

For 1.2 GeV/rmdeon Ar + KC1. we find Pj,v/ ~ 1.24: for Ar + Balo at the same energy,

we find PjjYf ~ 1.16. With the pos ible exception of the very heaviest systems, it is evident

that non-trivial uncertainties arise if it is assumed" that P^\i ~ 1.

Table I summarizes all currently available transverse flow results from the Bevalac

streamer chamber, based on a total of over 10° fully reconstructed events. YUU predictions

have been generated for 6 systems corresponding to the boldfaced entries in Table I. As

discussed aDove. it is not possible to conclude that one particular EOS is unambiguously fa-

vored, nevertheless, the percentage changes predicted using either the medium or hard EOS

are in each case consistent with the data. Doss et al." have reported a plateau or a decrease

in the transverse flow with beam energy above 0.65 GeV/nucleon, but point out that it is

TABLE I: Transverse momentum/nucleon in the reaction plane, averaged over forward rapidi-

ties (yr £ 0.7), for streamer chamber samples with a minimum bias trigger and a multiplicity

cut which selects ~'25% of the inelastic cross section. The Ne beam results are preliminary.

Beam energy: 0.4 0.8 1.2 1.8
(GeV/nucleon)

Ne+NaF 25 48 60

Ar+KCl 50±4§ 65±5 95±5

La+La 72±6§

U+U 85±10*

Ne-f-BaI2 160
Ar+Bal2 120±10

Ar+Pb 60±7 140±7§

§ Central trigger data from the GSI/LBL group; reported in refs. 6 and 23.

t These U+U collisions were at 0.9 GeV/nucleon.



well possible that this effect is influenced by the Plastic Ball response. Moreover, Doss et

al. parametrized the flew in terms of the slope of (px{y)) near mid-rapidity; if the shape of

(px(y)) changes with energy, then the quantity given in Table I ((p1) at forward rapidities)

need not scale in the same way. Overall, it is not clear that the balance of experimental

evidence supports the view" that there is a softening of the EOS at the higher densities

associated with beam energies at and above 1 GeV/nucleon.

We thank C. Hartnack for valuable comments, and we gratefully acknowledge the

computing facilities provided by the San Diego Supercomputer Center. This work was

supported in part by the U.S. Department of Energy under grant DE-FG03-S6ER40271.

t Present address: Department of Physics, Harbin Institute of Technology, Harbin, PRC

X Present address: Department of Physics, Muhlenberg College, Allentown, PA 18104

1. H. Stocker and W. Greiner, Phys. Rep. 137, 277 (1986).

2. J.J. Molitoris, F. Stocker, and B.L. Winer, Phys. Rev. C 36, 220 (1987).

3. W. Scheid, H. Miiller, and W. Greiner, Phys. Rev. Lett. 32, 741 (1974); G. Buchwald, G. Graebner,

J. Theis, J. Maruhn, W. Greiner, and H. Stocker, Phys. Rev. Lett. 52, 1594 (1984).

4. Y. Yariv and Z Fraenkel, Phys, Rev. C 20, 2227 (1979); J. Cugnon, Phys. Rev. C 22, 1885 (1980);

Y. Kitazoe, M. Sano, Y. Yamamura, H. Furutani, and K. Yamamoto, Phys. Rev. C 29, 828 (1984).

5. D. Beavis, S.Y. Fung, W. Corn, D. Keane, Y.M. Liu, R.T. Poe, G. VanDalen, and M. Vient, Phys.
Rev. Lett. 54, 1652 (1985).

6. P. Danielewicz and G. Odyniec. Phys. Lett. 157B, 146 (1985).

7. J.J. Molitoris, H. Stocker, H.-A. Gustafsson. J. Cugnon, and D. L'Hote, Phys. Rev. C 33, 867 (1986);
E. Braun and Z. Fraenkel, Phys. Rev. C 34, 120 (1986).

8. D. Beavis, S.Y. Chu, S.Y. Fung, W. Gorn, D. Keane, Y.M. Liu, G. VanDalen, and M. Vient, Phys.
Rev. C 33, 1113 (1986).

9. D. Beavis, S.Y. Chu. S.Y. Fung, W. Corn, A. Huie, D. Keane, J.J. Lu, R.T. Poe, B.C. Shen, and G.
VanDalen, Phys. Rev. C 27, 2443 (1983).

10. H.-A. Gustafsson, H.H. Gutbrod, B. Kolb, H. Lohner, B. Ludewigt, A.M. Poskanzer, T. Renner, H.

Riedesel, H.G. Ritter, A. Warwick, F. Weik, and H. Wieman, Phys. Rev. Lett. 52, 1590 (1984);

R.E. Renfordt. D. Schall. R. Bock, R. Brockmann, J.W. Harris, A. Sandoval, R. Stock, H. Strobele, D

Bangert, W. Rauch. G. Odyniec. H.G. Pugh, and L.S. Schroeder, Phys. Rev. Lett. 53, 763 (1984).

11. J.J. Molitoris, J.B. Hoffer. H. Kruse. and H. Stocker, Phys. Rev. Lett. 53, 899 (1984).

12. H. Kruse, B.V. Jacak, and H. St6cker, Phys. Rev. Lett.. 54, 289 (1985); J.J. Molitoris and H. Stocker,

Phys. Rev. C 32. 346 (1985), and Phys. Lett. 162B, 47 (1985).



13. D. Keane, D. Beavis, S.Y. Chu, S.Y. Fung, W. Gorn, Y.M. Liu. G. VanDalen. M. Vient, J.J. Moiitoris,

and H. Stocker. in Proceedings of the 2 Conference on the Intersections between Particle and Nuclear

Physics, Lake Louise, Alberta, 1986 (CONF-S60575), p. 844.

14. M. Gyulassy, K.A. Frankel. and II. Stocker, Phys. Lett. HOD. 1S5 (1982).

13. G.F. Dertsch, W.G. Lynch, and M.B. Tsang. Phys. Lett. 189D. 3S4 (19S7).

16. L. Wilets, Y. Yariv and R. Chestnut. Xucl. Piiys. A301. 339 (1978); A.R. Bodmer. C. Panos. and

A.D. MacKellar. Phys. Rev. C 22. 1025 (1980); B. Schiirmann and W. Zvvermann, Phys. Lett. 158B,

366 (1985).

17. C. Gale, G. Bertsch, and S. Das Gupta. Phys. Rev. C 35, 16G6 (1987).

18. J. Aichelin. A. Rosenhauer. G. Peilert, II. Stocker, and W. Greiner, Phys. Rev. Lett. 58. 1926 (1987).

19. E.A. Uehling and G.E. Uhlenbeck. Phys. Rev. 43, 552 (1933).

20. M. Vient, thesis, U.C. Riverside. 1988 (to be published); M. Vient et al. (to be published).

21. K.G.R. Doss. H.-A. Gustafsson. H.H. Gutbrod, K.II. Kampert, B. Kolb, II. Lohner, B. Ludewigt, A.M.

Poskanzer. H.G. Ritter, H.R. Schmidt, and H. Wieman, Phys. Rev. Lett. 57, 302 (1986).

22. A. Bonasera and L.P. Csernai, Phys. Rev. Lett. 59, 630 (1987).

23. P. Danielewicz, H. Strobele, G. Odyniec, D. Bangert, R. Bock, R. Brockmann, J.W. Harris, H.G. Pugh,
W. Rauch, R.E. Renfordt, A. Sandoval, D. Schall, L.S. Schroeder, and R. Stock, in Proceedings of the

International Workshop on Gross Properties of Nuclei and Nuclear Excitations XV, Hirschegg, Austria,

1987, p. 91: H Strobele et al., these Proceedings.

24. The correct implementation of a "stiffening" of the EOS beyond a certain density requires a more
elaborate functional form for the mean field potential, U(p); however, the data in Fig. 5 imply that
even a discontinuous jump from K = 200 MeV to K = 380 MeV at some critical density would not
explain the differences in (px(M')} shown in Fig. 4.


