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Finite Beta Plasma Equilibrium in
Toroidally Linked Mirrors

V1. Ilgisonis,® H.L. Berk, and V.P. Pastukhov®
Institute for Fusion Studies
The University of Texas at Austin
Austin, Texas 78712

Abstract

The problem of finite pressure plasma equilibrium in a system with closed mag-
netic field lines consisting of quadrupole mirrors linked by simple toroidal cells with
elliptical cross-sections is analyzed. An appropriate analytical procedure is developed,
that uses conformal mapping techniques, which enables one to obtain the magnetic
field structure for the free boundary equilibrium problem. This method has general
applicability for finding analytic solutions of the two-dimensional Dirichlet problem
outside of an arbitrary closed contour. Using this method, the deformations of the
plasma equilibrium configuration due to finite plasma pressure in the toroidal cell are
calculated analytically to the second order in A-expansion, where A ~ 3/¢E , 3 is the
ratio of plasma pressure to the magnetic field pressure, € is the inverse aspect ratic and
E is the ellipticity of the plasma cross-section. The outer displacement of the plasma
column is shown to depend nonlinearly on the increase of plasma pressure, and does
not prevent the achievement of substantial J ~ 10% in the toroidal cells.
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I Introduction

Toroidal linkage is expected to decrease the particle loss level from mirrors and increase
the electron temperature of confined plasma.!*? These features are the basis of the neutron
source project recently suggested.® In this last reference the neutron source is composed of
two parallel pairs of minimum- B mirrors linked by simple toroidal cells. The special features
of this design are the enhanced plasma pressure in mirrors with respect to toroidal cells, and
the high ellipticity (£ > 10) of the magnetic flux tube cross-sections in the toroidal cells. This
high ellipticity is a favorable feature® which enhances the permissible toroidal 8 (the ratio of
plasma pressure to magnetic field pressure), and reduces neoclassical transport. Compared
to open-ended systems, the closed field line feature leads to an increase of neutron source
efficiency in 10-20 times. Further, like mirror systems, operation at high § ~ (1/2—1) in the
mirror regions is possible.* ® It is important to emphasize that the value of 3 in toroidal cell
is a crucial quantity to provide attractive parameters of a neutron source such as achieving
a desired neutron fluence in the shortest time.

The presence of finite pressure plasma in the toroidal cells can result in the appearance
of the additional displacement (nonuniform along the torus axis) of the plasma column.
The value of such a displacement was estimated in Ref. 3 in linear-3 approximation under
an assumption of very high ellipticity £ > 1. However, to be sure that the estimates®
can really be used, more accurate calculations of the equilibrium plasma configuration are
needed. The additional question to be solved is the character of the flux surface deformation
due to multipole currents. Generally speaking, in the case of finite-3 equilibrium, such a
deformation can be more important than the simple displacement of the plasma column,
and hence, be a more crucial factor limiting maximum plasma pressure in toroidal cells.

In this work we presen' -ather accurate calculations of the finite pressure plasma equi-



librium configuration for the Linked Mirror Neutron Source device (LMNS) suggested in
Ref. 3. All the magnetic fields and constant pressure surfaces are calculated analytically
up to second order in a $-expansion for arbitrary values of ellipticity. It is shown that the
nonlinear deformation of the flux surfaces due to finite plasma pressure reduces the strong
influence of the B-increase on the convex shape of the plasma column within toroidal cells.
To obtain the correct analytical solution for the magnetic fields, a relatively simple method
of how to solve the Dirichlet’s problem on the outside of an arbitrary closed ordinary curve in
the cross-sectional plane, is also developed. This method is briefly described in Appendix A.

The equilibrium configuration obtained can be a basis for subsequent stability analysis.

II Linked Mirror Geometry

The schematic view of the Linked Mirror device magnetic configuration is presented in Figure
1. Each mirror cell, closed between cross-sections 11-1-3 and 5-7-9, looks like a pair of
quadrupole mirrors such as in 2XII-B® with high pressure sustained, for example, by neutral
beam injection. The magnetic field line linkage is provided by means of simple toroidal cells
(cross-sections 3-4-5 and 9-10-11).

In accordance with Ref. 3 we shall begin our considerations from a vacuum magnetic
configuration. which can be described in toroidal cell by the following magnetic field com-

ponents:

Bx=By=0; Bs=By; B=B/(1+krX). (1)

\We have introduced here the coordinates {X,Y,S} in the toroidal cell, where S is a lon-
gitudinal coordinate along the toroidal axis with curvature k1, and X and Y are cartesian
coordinates in the plane perpendicular to that axis. The corresponding metric tensor g;; has
the components: g, =0 (1 # j); g11 = g2z = L 933 = (1 + kr X)?. Below we shall use the

dimensionless coordinates: X/a — z; Y/b — y; k7S — ( where a and b are the minor and



major axes of the boundary magnetic flux tube with the ellipticity £ = b/a > 1. Instead
of dimensional curvature kr we introduce the dimensionless parameter € = kra. We assume

the parabolic distribution of initial plasma pressure p in toroidal cells:
p=po(l - ¥),
where pg is the pressure on the torus axis z = y = 0, and
U xz? 4yt (2)

is the label of the flux tube surface which is constant along the magnetic field line. The
ellipse ¥ = 1 corresponds to external boundary of the plasma column. For the above

pressure distribution the parameter 3 is defined as:

b= gl 2w BZ -

= B

III Description of the Method

A plasma equilibrium in the closed magnetic system can be achieved under the following

condition:
L dl
F(B-V)BxB-V(p +p1)ps=0. 3)
The subscripts *||" and “L” correspond to the magnetic field direction, and the integration is

carried out along any closed magnetic field line (in particular, along the axis of the system).
Without rotational transform, condition (3) can be satisfied by means of an appropriate
choice of the curvature and magnetic field magnitude along the axis. Although the geometry
of the toroidal cell is prescribed as a simple toroidal field (see Sec. II), it is easy to show
that the global equilibrium condition (3) can always be satisfied by an appropriate choice
of plasma parameters in the mirror regions. In particular, to leading order in the paraxial

expansion, condition (3) is satisfied by a specified shift of the plasma column with respect to



the geometric axis in mirror cell, or(and) by bending the mirror cell axis (it corresponds to
the closing of dipole currents).? To the next order in the expansion (the closing of quadrupole
currents) condition (3) can be satisfied by a slight elliptical deformation of constant pressure
surface in the mirror midplane, and so on. Therefore, below we shall assume that the
condition of global equilibrium given by Eq. (3) is always satisfied, and consider in more
detail the equilibrium plasma configuration in the toroidal cells. As boundary conditions
for this consideration we shall fix the form and position of constant pressure surfaces in
cross-sections 3, 5, 9, and 11 (see Fig. 1) between toroidal cells and mirrors. Although this
is only approximate, and the increase of the plasma pressure in the toroidal cells is able to
change the plasma configuration in the mirrors as well, such a change is weak due to higher
plasma pressure in the mirrors with respect to toroidal cells.

Let us roughly estimate the effect of the presence of a finite-3 plasma in toroidal cell. To

provide the needed equilibrium the perpendicular current

is generated together with corresponding Pfirsch-Schliter current

i~ 5 a—BE :
Such an estimate can be made because the main part of the gradient of the magnitude of the
magnetic field is in the z-direction. This toroidal current generates the additional poloidal
magnetic field By ~ 3B,/ E, and in its turn the perpendicular current generates an addition
§Bg ~ BB, to the toroidal field.

Although the above currents appear due to toroidal curvature, the toroidicity parameter
¢ does not appear immediately (the curvature comes here in the combination { = k7S only).
[t means that the 3-deformations of the field structure (and hence, of flux surfaces) appear
earlier than toroidal corrections, and are the principal ones. Therefore, it is reasonable to

analyze 3-corrections te lowest order in the e-expansion.
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The first 3-correction to ¥ should be found from the equation
B-VU=0. (4)

Seeking W as the sum ¥ ~ W, + ¥, where ¥ = z? + 32 |¥,] < |¥,]|, we find from our

estimates of B, and Eq. (4) that

B8

68(‘1;1 ~ 'E‘ 8.1:,y\1"0 .

Hence. the magnitude of ¥, appears to be of order ~ AWy, where A = 3/¢E. From this
it follows that A is the real expansion parameter rather than 3. Hence, we should seek
U as an expansion series in powers of A. To find the second order correction to ¥ it is
necessary to repeat the procedure of solving the equilibrium equation, i.e. to find the next
order corrections to currents, magnetic field components, and so on.

The value of A can be estimated from the simple topological consideration. Indeed, to

provide the LMNS geometry drawn in Fig. 1 it is necessary to satisfy to the inequality

1

where A, is the thickness of magnetic coils and shield. Condition (5) guarantees the presence
of some gap between cross-sections 1 and 7 of LMNS. Supposing A, = (0.5 — 1.0)b, we find
casily from (3) e£ < (0.5 - 0.7) < 1, and hence A > (1.5 — 2.0)8 > B. In addition to E it
is convenient to introduce £ = E + 1 (such a quantity appears in the detailed calculations)

and to determine A as
E
el

Below we shall convert from a set of parameters {¢, 3, E} to another set {¢, A, E}, assuming

A=

the following ordering

e A<

for arbitrary £ 22 (E > 1).



IV General Formalism

In accordance with the consideration given in the above section, we shall consider the plasma

equilibrium configuration parameters as series in A:

=
I
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A"V (z,y, () +e€...

0

3
1

A" X (z,y,() +€.. ) ,

o
>
f
™w
P]tlg;
S
gL

(ZA" (z,5,¢) + ) o ®

Bé—B()(l"}'lﬂZ/\n IyC)+€ )

Neglected terms are denoted here by dots.
The components ¥, of the function ¥ should be found from Eq. (4) which, to lowest

order in €, takes the form:

B Tn ,
jﬁ{wwfz»\n (\p'+z(v 0.+ 2 ay)qxn_m_l)}=o. (7)
Here and below the prime denotes the partial derivative with respect to (.
To solve this equation up to the certain order n, the function ¥, must be given, and com-

ponents X, T,, where m =0,1,...,(n — 1), must be calculated. The currents determining

the magnetic field should be found from the equilibrium equations:

B x Vp
B

2VB x B
=___B_3———

j.L = (8)

B-V -Vp. (9)

ol="

Expanding the parallel current in a series

3B
J= OZ’\ xyg)

-1



we can rewrite (9) in the following form:

, 1 N
J0+—56y\110+?;)\ {J,,+—E—6,,\Iln

+T§) ((x,,ﬁ, + %By) Jnom-1+ é% [Zom, \Ifn_m-ll) } =0. (10)
The Poisson’s brackets for scalars S, @ are defined as
(S,Q]=46,S 0.Q - 0.5 9,Q .
The magnetic field components should be determined from Maxwell’s equations
rot B=j; divB=0. (11)

To leading order in € the last equation (11) can always be satisfied by specifying the poloidal

field through a single S-component of vector potential Ag, that gives

1 1
B,\'%a—-E—ayAs ) Byz—garAs.
If we take
E‘ o0
‘43 = 0/3}30 = Z AnAn y
E 5
we find
0A 0A
Xln —_— 9 Tn =-— E )
dy oz

and then we can express

j“ ~ a'l(c?rBy - E—layBx)

through Ag as well. This procedure leads to the Poisson’s equation

$an (Jn+—g—AJ_A,,>=O, (12)

n=0

where A = 9?/9z% + E~%9?/9y? is dimensionless 2D Laplacian operator.



In accordance with Eq. (8), the perpendicular current determines the toroidal field:

1 BBy & A" E &
— 0. Bc =& — 0,¥, —e3By= A"O AL
E 75T T2 ; E "E,;,
o0 . B 20
9.Bs = 'Bfo Z A0V, + eBEO Z AMO AL (13)
“~ n=0 =0

The last item on the right side of both these equations is always the quantity of order ¢
with respect to first one, therefore it should be omitted here. Then the systems of equations

defined by (13) can be easily integrated:

3BO§:A"\1:,.+F(Q. (14)

n=0

Bs =

(SN

The arbitrariness of a function F is removed by the boundary condition. Taking into account
the absence of induced field at infinity and that asymptotically Bs — Bg as A — 0, we find
from Eqs. (6) and (14) that Z, = ¥, and, hence,

BS=BO<1+§(\1/—1)+J...> . (15)

Thus we have determined one set of variables (Z,). In addition, using (12) we can also
eliminate the current components J, from Eq. (10). Then the set of equilibrium equations

(B (8).(9). and (11) results in two independent scalar equations:
> n-1
Uy + > A" (xp; + > [Am, \pn_m_l]) =0; (16)
n=1 m=0

E

1 E > 1
— O, Ve — = A A At =0, ¥, - =A A
(y 0 E L 0+’§1 (an n E Ln

E

S(E E
= [ALAn-m- y Am - \pm»\p -m- =0. 17
+7§0(E[L 2 An] 4 5 (U, U] (17)
To these equations it is necessary to specify boundary conditions. In regards to the longitu-
dinal dependence (on (), we may use the above assumption that ¥(z,y) is given at the ends

of the toroidal cell, that is



A ((=7/2)=0 (Vn20). (13)

The second condition (18) was a consequence of the symmetry of the system being considered.

As regards the dependence on perpendicular coordinates (z,y) let us note that Egs. (16)
and (17) describe the equilibrium configuration inside the plasma, therefore, Eq. (17) is
valid up to the external plasma boundary ¥ = 1. Outside the plasma there is no reason to

introduce the ¥-function, and instead of Eq. (17) we should use the equation
AA,=0. (19)

The solution of the vac: 1m Eq. (19) must be matche . o the solution of internal region given
by Egs. (16) and (17) at the boundary surface W =1 together with partial derivatives of A,
(7n > 0) due to the continuity of the magnetic field components. In addition we must take
into account the absence of an induced magnetic field at infinity. Finally, these conditions
can be formalized as

¥=1+4+0

Yn2>0 0.,4n =0; 0OryAn —0. (20)

¥=1-0 224yl —o0

Equations (16). (17), and (19), together with boundary conditions (18) and (20), entirely

determine the plasma equilibrium problem being considered.

V Iterative Solution
We shall find the solution of Eqgs. (16) and (17) to different orders of A.

A. First order

Starting from the given form (2) of magnetic surface, we obtain to the leading order of
Eq. (17)
, E
A.LAQ = 2y ﬁ s

10



or, integrating over ¢ with condition (18).

ALA0=2y§ (¢-2). (21)

The internal solution for Ay can be found as a power series, and due to symmetry of LMNS

configuration with respect to the horizontal plane y = 0, we need only keep the terms with
odd powers of y,

Ao = aoy + anzy + anz’y + aoay” . (22)

The quantities a;, in (22) do not depend on perpendicular coordinates z,y. By satisfying

Eq. (21) we find the relation
anE? + 3ags = E(¢ - 7/2) . (23)

The other coefficients must be determined by matching to the external solution.
[t is more convenient to carry out this matching directly for field components than for
their potential. because they are continuous at the boundary ¥ = 1, and must disappear at

the infinity (20). Then, instead of (22) we can write
Xo=ag; +anz + a2112 + 3a03y2 ,
TQ_—' '—Eany—ZEame (24)

inside the plasma. Outside the plasma Xg, T, as well as Ao, are also harmonic functions,
but due to quite different behavior of internal and external solutions, it is usually a difficult
problem to carry out analytically the needed connection except for simple boundaries (e.g. a
circle) or for particular solutions (see, e.g., Ref. 7). Of course, there is no such problem in a
case when the internal solution must vanish at the boundary® and hence, the exterior field
analysis can be omitted.® 19

In Appendix A we present a method of how to obtain an external solution which can be

connected to the internal for an arbitrarily specified boundary curve. It is shown that the

11



coordinate transform (z,y) — (u,v) separating variables both in Laplacian operator and in
the boundary condition, can always be found by means of implicit Fourier expansion. This
allows us to write the external solution in the universal form

N

Xo = Z Cme ™% cos mv ,
m=1
N
T, = Z Cne ™“sin mv , (25)
m=1

where constants C,, and the number of modes N in (25) are determined to provide the
matching with internal solution (24) at the plasma boundary, which is expressed in terms of
a polynomial of finite order.

Knowing the transform (z,y) — (u,v), we can then simply equate the internal and
external solutions expressed through variables (u,v) at the boundary. Two examples of how
to find this transform for a given form of the boundary contour are presented in Appendix
B. In particular, for an elliptical boundary with ellipticity E we have £ = cos v, y = sin v
at ¥ = | (see the first example in Appendix B). Substituting it into (24) and using (25), we

can find from (20) and (23) all the coefficients a;,:

ay, = 0; am=7"/2“(§

- /2 . 1+2E
a21=(£"—£~;r—/—); agy = (¢ —7/2) 3B

[t is easy to see that to provide the matching, it is sufficient to keep only the first two terms

in the series (25). Thus, the quantity Ay is determined entirely:

T 2 3z — y?
po= (= D) (1424 220 .
0 Cz.y( gyt 3E> (26)
With 4, known, we are able to find the first order correction to the flux function ¥ from

(16) and (18). that is
. , 3yt -1zt -
V=g -ma{l-2y =) . (27)



Let us analyze the form of the boundary flux surface ¥(z,y) = 1 taking into account the
first order correction (27). The maximum deformation of vacuum surface appears at { = r/2

(cross-sections 4 and 10 in Fig. 1), where that surface obeys the equation:

2 2 2
T o (142 D (22 4)) o1
z /\4:c+,\4E.t +y ( + 1: 5 . (28)

The typical form of the curve (28) at the moderate value of ) is presented in Fig. 2b. We
shall consider the equilibria where plasma boundary cannot displace along z-axis more than

the plasma minor radius. This limits the quantity A:

6F
A< Aoy = ——eo——
= 72(E — 4) (29)

The main difference between the formula (29) and the estimate given in Ref. 3 is in the
accurate calculation of induced poloidal magnetic field which decreases going away from the
plasma center. However, for an ellipticity £ = 13 which was chosen in the LMNS proposal,?
the estimate (29) gives a value of permissible beta just enhanced by a factor (E/E)? ~ 1.17.
More important is the fact that in accordance with (29) at lower £ < 4 the plasma column
cannot displace by such a large distance by any A (the z coordinate of boundary curve (28)
cannot exceed \/—E:). Furthermore, even for £ > 4 the factor in front of y? in (28) appears to
be negative at a A value just lower than the one given by (29). It infers a hyperbolic character
for the plasma boundary instead of an elliptical one. The separatrix between elliptical and
hiperbolic flux surfaces appears at A ~ Agep:

42 FE E-2
™ 9FE ~3\E-3°

(30)

/\sep =

For the considered structure of the magnetic field the appearance of such a separatrix is an
artifact which indicates that for A > A, we are beyond the applicability region of Eq. (28),
and higher-order terms neglected during our A-expansion are intrinsically important.

Since the limitation A < Ay, is always stronger than inequality (29), it means that

applicability of the plasma boundary description given by Eq. (28), is breaking down at a

13



smaller value of A than t e value A ~ Amax given by (29). Moreover, for £ < 3.37 Eq. (30)
predicts Asep > 1, which indicates a basic limitation of neglecting higher-order terms in the
A expansion.

<o correct our analysis for A > A,.p, higher-order terms obviously need to be taken into

account.

B. Second order

Substituting the first order solutions (26) and (27) into general Eq. ' and integrating over
¢, we find
2 w2 Ty
— / 1 [— — ——
AA=f (f( 3E)+ 3 E) 77 (31)

where for brevity we denoted by f the combination f = (({ — 7). Lo carry out the above
mentioned procedures of solving Dirichlet’s problem outside the plasma and the matching
of internal and external solutions, we need to represent the piasma boundary deformed in

accordance with (23) in a form of Fourier sum:

Ll =P+ AV, = 1t

E-1 E-»
rrzc‘ v—Af 5 (1+ 5~ cos 2v) ,
E-2
= si = in 2v .
yr sin v+ Af N3 sin 2v (32)

[t is easy to prove that Eqs. (32) are equivalent to Eq. (28) with an error of order A2. The
determination of the needed coordinate transform (z,y) — (u,v) for such a boundary T is
similar to the second example given in Appendix B. Having found the transformation, we

obtain the solution of Eq. (31) as a polynomial
7 (2 (-55) -7 (1-g))w(1-v -2 e o)
A== (2 l—-—= ) — = l - = 1 - - = -= -
=sE M Umgp) T E)) W\ ¥ g gl o)

14



(o (-3 ERE )

Substituting (33) into (16), we find the second order correction to the flux function in the

plasma region:

2 3 4
V= {0 -2 5 @)+ 200 -2 - )}
5 1 x4 2
r3p (F(-5p) - (1= ) {r -2 eatv e Tyt et ey
2 ((E-1)(E -2 E-1 2 :
_ % {( )2( )(.r"’—gf"+‘.2y2 5 (y2—3rz)> +x2—y2+(l—f)z2(x2—3y2)} . (34)

The three terms in (34) have different physical origin. The first term is the main one, which
describes the largest shift of the deformied plasma boundary (32) by the main poloidal field
with potential (26). The second term arises due to additional (~ A?) corrections in B,
found fraom the equilibrium equation, and the third term arises by accounting for the plasma
boundary deformation in the matching of the internal and external solutions. The third
term arises because, to obtain the correct matching for each new order in A, it is necessary
to substitute simultaneously all the lower order solutions into the boundary condition (20).

The typical shapes of magnetic flux surfaces ¥ & Wo + AW, + A?¥, in the middle cross-
sections of the toroidal cells are presented in Figs. 2 and 3 for different values of A and
E. Contrary to the first order approximation the invalid separatrix doesn’t appear for any
A < 1. Therefore, in the area of applicability, all these calculations give reasonable answers.
This is the first reason why we are able to restrict our calculation to second order terms
in A-expansion. The second reason is that, as can be seen from the general equations (16)
and (17), the third order corrections have an additional factor ~ I/E’, which reduces the
influence of higher-order terms to only slight distortions of the flux surfaces. Thus it appears
that taking into account yet higher-order terms than A? will not change either the qualitative

flux surface structure or quantitative estimates for the plasma column displacement.

15



The dependence of the maximum plasma boundary displacement in the z-direction with
increasing A is presented in Fig. 4. It is interesting that for reasonable values of E such a
displacement does not exceed the plasma minor radius (max|r(m) < 2, where I": ¥g + AV, +
AW, = 1) for any A < 1; and for A > 1 the expansion procedure becomes incorrect. The
more favorable and significantly nonlinear dependence of the above displacement on X is the
main difference between present results and the previous first order estimates in A. For a
concrete device in which the plasma boundary displacement could be limited by a number
of physical and technical restrictions which are not obvious a-priori, the permissible value of

Amax £ 1 will be found from Fig. 4, and the corresponding equilibrium beta is given by
B < €EAmax - (35)
VI Conclusion

The method of solving Dirichlet’s problem described in the Appendices allowed us to ana-
lytically obtain the form of the flux surface in the toroidal cell. To calculate the magnetic
flux surfaces and the plasma equilibrium configurations for present day stellarators with
non-circular cross-sections, advanced numerical codes are usually used. For example, the
code VMEC!! operates with 23-mode harmonic spectrum to represent the shape of plasma
boundary (which looks typically like a deformed ellipse) in stellarators ATF, Heliotron-E and
LHD." The use of the above-described variable v instead of conventional poloidal angle for
the Fourier expansion seems to be able to decrease the needed number of Fourier modes and
to facilitate the calculational procedure due to the known behavior of the external solution.
[t should be emphasized that there is in principal no limitation in making such calculations
to higher order in the A-expansion; either analytically or numerically.

Let us mention that although the respective plasma boundary displacements are smaller

in case of lower ellipticity (see Fig. 4), the equilibrium beta nevertheless increases with

16



increase of E (see (35)). Moreover, as can be seen from Figs. 2 and 3, the nonuniformity of
different flux surface displacements appears to be more apparent in the case of low £.

We have considered the finite 3 distortion of the plasma equilibrium separately in the
toroidal cells. It is clear that had we analyzed the entire closed system, condition (35) could

be changed because

1. the additional flux surface deformation can appear in mirror cell® '* as well, and there-
fore, the form of that surfaces in cross-sections 3, 5, 9, and 11 between mirrors and

toroids can differ from ellipses;
2. the unfavorable flux surface distortion must be integrated along the whole system.

The first consideration will also alter the flux surface structure we have presented. How-
ever, such changes are only slight because they appear to next order of the expansion. The
last of the above considerations leads effectively to modification of plasma equilibrium pa-
rameters into the mirrors and, as was mentioned in Sec. III, does not significanly result in
the additional deformations of plasma configuration in the toroidal cells. For the parameters
chosen in LMNS proposal® (¢ ~ 2.9cm, k7 = 0.5m™!, E = 13) the estimate (35) does not
really limit the toroidal beta value.

Thus the presented analysis confirms the possibility of the creation of plasma configura-
tion in the Linked Mirror device with equilibrium consideration allowing a moderate plasma
pressure (3 < 10%) in the toroidal cells. In the nominal design given in Ref. 3, considerably
lower toroidal beta (~ 2%) was taken. Hence, the equilibrium of the toroidal linkage of the

3

proposed neutron source® is well within equilibrium restrictions.

17



Appendix A: Analytical Solution of Dirichlet’s Prob-
lem on the Outside of an Arbitrary Given Curve

A. Problem formulation

Let us introduce the cartesian coordinates X,Y in the plane, where the closed curve I is

given. For definiteness we shall consider the smooth ordinary curve without self-intersections.

The Dirichlet’s problem:

To find the function p(X,Y) on the outside of I':

Po 0% _
Acp—axz+—3—y—2—0, (A1)
el =9(X.,Y); (A2)
r

where ®(.X,Y) is the given function.
This problem can be solved by using Green’s functions. However, by such a method it may
be difficult to carry out the integration explicitly, and obtain the needed solution analytically.

Instead. let us suppose that we have found the coordinate transform (X,Y) — (u,v), for

which

I. the lines u(.X'.Y") = const are closed curves, and u(.X,Y) = uy describes the curve T';

[ )

Laplacian operator has the similar form

A 1 [ 92 + 0?
T 7 \8u2 T ave
as in cartesian coordinates;

3. Jacobian J doesn’t equal zero anywhere outside of I'.

18



These three requirements mean that our transform is not degenerate, and allows us to
separate the variables of the Laplacian operator as well as for the boundary curve.

In this case we can immediately expand the solution of Eq. (A1) as the series
o(u,v) = Y (ane™ + Bne™™)(pn cos nv + v, sin nv) , (A3)
n=0

where a,, Bn, 4n and v, are constant.

Furthermore, we also represent the function ®(X,Y) in the following series form

P = Z(d)n cos nv + (in sin nv) ,

n=0

and use (A2) to determine a relationship for the coefficients:
/’-n(anenuo + ﬁne—nuo) = (bn. y

VUn(ne™ 4 Bpe ™) = &, (A4)

The relations (A4) don’t determine all the Fourier’s coefficients in expansion (A3), hence,
the uniqueness of the solution (A3) requires additional boundary conditions (e.g. when the
normal derivative of ¢ is given at the curve I', or the asymptotic form of ¢ at the infinity
is specified). At any event. the initial problem (Al) and (A2) is now reduced to finding the

needed coordinate transform (X, Y) — (u,v).
B. Coordinate transform
1 Existence

First of all we shall demonstrate that the needed transform really does exist for any curve
['. \We can obtain such a coordinate transform by posing a straightforward electrostatic
problem. We imagine a uniform metallic cylinder with the cross-section T', and we put
an electric charge on this cylinder to provide a finite surface charge density. Outside the

cylinder an electric field appears, and its potential pg can be chosen as the effective radial
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coordinate u. Indeed, ¢g(X,Y) is a harmonic function outside of I', ¢£|r = const and all
the other equipotential surfaces g = const are closed around the cylinder. For any such
harmonic function the conjugate function v(X,Y) always exists. Physically the function v
is to within an overall numerical factor the number of electric field lines of force on the given
line u = const. Such a variable v is 27-periodic and orthogonal to the variable u, because the
electric field lines of force are orthogonal to the equipotential surfaces u = const. Hence, the
variables (u,v) obviously satisfy requirements 1 and 2 in subsection A. The Jacobian of the
transform (X,Y) — (u,v) cannot equal zero anywhere outside of I', because the electrical
field is defined everywhere, and the presence of an z-point on the plane cross-section of the
surface pg = const will be a contradiction of the maximum principle for harmonic functions,
because there is no additional charge anywhere outside of .

Thus, such an electrostatic analogy guarantees the presence of needed variables (u,v)
for any closed ordinary curve . In addition, from this analogy we can find that the lines
u = const in any plane perpendicular to the axis of our cylinder tend to be circles at the

infinity, and have the asymptotics u ~In R (R = (X? + Y?)/2) when R — oo.

2 Transform construction

et us mention that since the lines u = const are closed, the variable v is angular-like. Hence
the desired inverse transform can always be expressed as a Fourier series over the variable v:

X = ZXn(u)cos nv ,

n=0

Y = Z Yo.(u)sin nv . (AS)

For the simplicity and according to symmetry of LMNS geometry with respect to horizon-
tal plane ¥ = 0, we shall restrict here our consideration with symmetric transforms only.

Therefore we have chosen the X in (5) as an even function of v, and Y — as an odd one (it is
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also easy to analyze the case without symmetry). Inverting the transform (A5), we obtain:

g——%:%ZnYncos nv ;
§%= —-} > Y!sin nv;
1
g_;é =5 ) nX,sin nv; (A6)
g—%: % 3" X, cos nv;

where prime denotes the derivative with respect to u, and the Jacobian

5 5 Bu ! o
J = (au o gu L) = Z (nYn X' cos nvcos mv+ nX,Y, sin nvsin mv) .

X 9y 9y X
(AT)

m=0

To provide the needed form of the Laplacian operator (see the requirement 2 in subsection

A). the Cauchy-Riemann conditions must be satisfied:

Ou OJv  Ou ov (A8)

oX 8y ' 8Y X’

These conditions lead immediately to the equations:

Yn >0 X! =nY,: Y, =nX,, (A9)

and the general solution of Eqs. (A9) is
X, =Cnpe™ + Cre™™

Y, = Cpe™ = Cre™™ . (A10)

The constants Cyn, Cn (n = 0,1.2,...) must be chosen to satisfy requirements 1 and 3 (see

subsection A). Using (A7) and (A8) we find that the Jacobian is a non-negative function:
ox\* (or\’
J= = — 1] >0,
& ) ' (a) -
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which equals zero only in case when
z nX,sin nv=0
n=0

ZnYncos nv=20. (Al1l)

n=0

Remembering the asymptotic structure of the transform of the electrostatic analogy, we find
that all the coefficients

Cas1 =0 (A12)

Only with this condition can the lines u = const tend to circles at infinity, and can u(X,Y) be
a single-valued function. Due to (A1l), if the Jacobian of such a transform is zero anywhere
it will satisfy

X;sin v=— Z nX,sin nv,
n=2

Yicos v =) nX,cos nv.

n=2

\We will arrange that X,,Y; > 0 by changing the starting point and/or the direction of the
variable v. Since only the amplitudes X, Y] contain the term that increases with increase
of u, the positivity of Jacobian is guaranteed everywhere outside of I, if

> > nlX,|

r n=2

XhYl (Al3)

.
Otherwise, the curve I can have some self-intersections. Let us note that due to (A12) being
satisfied on I', condition (A13) has to be valid everywhere outside of I'. Thus, all the possible
singular points of our transform have to lie inside the contour T.

Finally, we have to find the coefficients Cy, C,, Cn (n > 1) by expressing the equation
for the curve I' in terms of the Fourier harmonics of the variable v. Examples of how to do

it are presented in Appendix B.
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Appendix B: Transform Examples

Let us demonstrate how to apply the above transform method to obtain the analytical
expressions when I' are simple curves, which contain a small number of modes in their

Fourier expansion.

A. Elliptical border

Let ' be an ellipse described by the equation
Y2
[ Xt =d, (B1)
where a is the minor ellipse axis size, and ellipticity £ > 1. Observe that to provide the
equivalence of Eq. (B1) to the needed equation u(X,Y) = ug it is sufficient to keep only one
mode in the expansion (A5), i.e. to put all the coefficients C,,, C., equal to zero except for

C1, Cy (A10).

Fquation (B1) is rewritten as

, Y2
-2 1
<.\1 + ﬁ)

and we find

(B2)

Y) = Fa .

U=1uUg

Formula (B2) allows us to obtain the coefficients C,, C, with certain degree of arbitrariness,
because the quantity ug is not strongly determined.

Assuming u — +20 at X, Y — oo, we obtain
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C, = —a 3 e*? (B3)
If we choose
_llnE+1
=L R ECT

we get the known semi-elliptical coordinates

X =avE?-1sinh ucos v,
Y =a+vVFE? — lcosh ucoscos v .

These coordinates are known to separate variables for the Laplacian operator that is used for

(B4)

the solution of the elliptical plasma equilibrium problem. However, they cannot be applied
to the situation when £ — 1.
Having the arbitrariness in the choice of ug, we may put, for example, ug = 0. In this

case our transform has a form

X =a(E-1) (sinh U+ — )cos v,

E-1
S —_ eu — M
Y =a(E-1) (coshu+E_l)sm v, (B5)
which results in usual polar coordinates at the limit £ — 1 (u — In R).

The Jacobian of the considered transform
1
J =5 (X}(u) + Y (u) + cos 20 (V(u) = X3(u)))

can be equal to zero only when X; = Y; = 0, which is prohibited outside the ellipse I' due
to (B3).
Thus, the above transform (in particular, (B4) and (BS5)) satisfies all three requirements

mentioned in Appendix A.

B. Moon-shaped border
Let T' be described by the equation
(X —e(X?P =¥ + (Y +2eXY) =1+ (1 =26%)( X2+ V2 =1)+€e* - 562 +4) = 0. (B6)
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For an arbitrary € < 0.5 this curve is similar to 2 moon-like deformed circle, which tends to
be a usual unit circle at ¢ — 0. Substituting the general form (A3) of our transform into
(B6) together with the condition (A12), and forcing all coefficients in front of the non-zero
harmonics to equal zero, we find that the transform is
X = e* % cos v+ eX¥¥cos v,
(B7)
Y = e*"“sin v — e2*0~¥sin 2 .
This describes the curve I given by (B6) at u = ug (the quantity ug can be chosen arbitrarily).

Let us prove the positivity of the Jacobian, which could be equal to zero only when
9,X =0,Y =0

{see Appendix A). Using the explicit expressions (B6), we find that the Jacobian equals zero
for u > uy: €3“~%) = 2¢ That is impossible for ¢ < 0.5, which corresponds to the general

condition (Al3).

C. Remark

The analvtical solution of the above-mentioned Dirichlet's problem can be found in the
form of an expansion vver dilferent eigenfunctions. In particular, the spherical functions, the
mltipole charges and other functions can be used as a basis for such an expansion. However,
the proposed method of the implicit Fourier expansion given in Appendix A is often more
accurate and compact in cases when the contour T is a simple curve which contains a finite
number of terms in a series (A5). It should be noted that most of the boundary contours
appearing in practical problems of electrostatics, or plasma equilibrium, or hydrodynamics
can be usually represented by such a finite sum (precisely or approximately), while the
representation by means of another basis usually needs many terms of an infinite series to

obtain comparable accuracy.
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Figure Captions

1.

[ 8]

Structure of magnetic field lines in the toroidally linked mirror system.

Typical constant pressure contours at the middle of toroidal cells with £ = 4
(a) A=0; (b) A=0.2; (c) A =0.8;

1) plasma boundary, 2) plasma column center.

3. Typical constant pressure contours at the middle of toroidal cells with £ = 13

(a) A =0.2: (b) A = 0.8

1) plasma boundary, 2) plasma column center.

. Plasma boundary position

~

1) F=13.2) E = 4.
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