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Alpha particle effects on the internal kink mode

Yanlin Wu and C. Z. Cheng
Princeton Plasma Physics Laboratory, Princeton University
P.O. Box 451
Princeton, New Jersey 08540 USA

Abstract

The a-particle effects on the internal kink mode stability are studied. Finite Grad-
Shafranov Shift, plasma {3, and plasma shape can significantly enhance the trapped particle
drift reversal domain in pitch angle space and reduce average magnetic drift frequency. The
drift reversal effect on the ideal kink mode is small, but the G, threshold for the fishbone
mode can be much lower than previously predicted.! In addition, the ion diamagnetic drift

has a stronger destabilizing effect.
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The effects of energetic particles on the internal kink modes in tokamaks have been
studied extensively.}”® Most of the previous works were focused on circular cross section
systems and assumed a narrow hot particle pitch angle distribution. When the frequency
w is well below the energetic particle magnetic drift frequency wy and diamagnetic drift
frequency w.., the sign of the trapped hot particle potential energy is proportional to w, /w4,
and the energetic trapped particles have a stabilizing effect if w./wy > 0, and vice versa.
As the hot particle beta 3, is larger than a critical value, the fishbone mode appears with
w ~ wy. For fusion a-particles, however, due to their uniform pitch angle distribution,
w./wy may change from being positive to negative as the pitch angle changes from a
deeply trapped state to a barely trapped state. The finite inverse aspect ratio ¢,, plasma
B, and plasma shaping effects can enlarge the drift reversal domain. Thus, the net effect
of trapped a-particles must be integrated over entire trapped pitch angle domain. In this
paper, we investigate o-particle effects on the internal kink mode due to the magnetic
drift reversal eflect and the core ion finite Larmor radius effect through diamagnetic drift
frequency. Although a particular Solovev equilibrium is used, we believe that the result
from the study is qualitatively valid for general equilibria.

Consider an axisymmetric toroidal plasma, consisting of a core isotropic component
and o-particles with n, < n, and T, > T, but 8y € B.. The magnetic field for an
axisymmetric toroidal system takes the form B = V¢ x Vi + 1(¥)V e, where ¢ is the
poloidal flux and ¢ is the toroidal angle. We choose presure p and I(v) as p = po — p'¢
and I? = 12+ 26 R2p'y /(1 + k?), where po, p’, Ro, x and I, are positive constants, the prime
refers to the ¢ derivative, and ¢ is a real constant. Here x describes the ellipticity, é is the
trangularity of the plasma shape, and k = 1 and § = 0 represents a circular flux surface in
the large aspect ratio limit. The exact solution of the Grad-Shafronov equation had been
obtained by Solovev and is given by
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¥ = [Z%(R® - R36) + “-(R* - Rﬁf];@%@j- (1)



Changing the coordinate system from (R, Z, ¢) to (x, 6, #) by leting

1 K2 2 Z+\/R* — R3¢
- 2(R2 _ B2 2 (R2 — R2)\2 = “yz_v -
X_K\/z (R? — R38) + —(R* — R3), 0= tan™ ()

we have

K*p’ 2 KX
= R=+/R:+2 6, Z = ——===—=sin#.
(7 2(1+K2)x 6+ 2x cos RL’—Rgésm

The toroidal precessional drift frequency of a trapped particle can be expressed as®
wq = OyJ/0gJ, where the longitudinal invariant J = § v,d¢ involves an integral over the

bounce orbit of a trapped particle, vy = \/2(E — uB) is the parallel velocity, E = v%/2 is
the energy, and p is the magnetic moment. To the fist order in inverse aspect ratio the

trapped particle toroidal precessional drift frequency is

Wqg = (1 + K'2)wd0 g Xs/('ch)v (2)
where wyg = 2E/(p' R%xs), Xs is the x value at the g = 1 surface,

Gy +3G; - (7258528,Go + 4G — 5Ga)e -
9= G() - 2€G1

the average plasma poloidal beta is 3, = Rip™/(4B?), Go = K,G, = 2E - K,G; =
2E(k*)—2(1-k*)K,G3 = 2[(1-Kk?)E(k*)—(1-2k*)K]/3,G4 = [4(1-k?)E+(4k*—1)K]/3,
K(k?) and E(k?) are the complete elliptic integrals, k* = (1 + ¢ — X)/(2¢), A = pBo/E,
§=(x/1)0y1, and € = x/R? is the local inverse aspect ratio or the derivative of the Grad-
Shafranov Shift (A’ = ¢). For trapped particles we have k* < 1. The effect of ellipticity
is mainly to reduce the magnitude of precessional drift frequency. Since (3 — 4k%*G,) is
positive for all pitch angle value, the finite Grad-Shafranov Shift, shaping factors « and 4,
and plasma £ will reduce the precessional drift frequency and broaden the drift reversal
domain in the pitch angle space. The destablizing effect of the finite Grad-Shafranov Shift

can be understood as particles spend longer time in the bad curvature region. The above
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result is very similar to that of Connor et al.” Note that in the previous calculation of
a-particle effect on internal kink mode,! the effects due to finite 3, plasma shaping, and
inverse aspect ratio corrections were not included, and wy = wiG1xs/Xx Was used.

Figure 1 plots trapped particle domain in (g,\) space and the wy = 0 curve (Solid
curve). For a given radial location, w; changes from being positive to negative as pitch
X decreases, which means that w./wy also varies from being postitive to negative. If the
trapped particles are destabilizing to a certain MHD mode for w./wq > 0 in certain pitch
angle region, the trapped particles in the pitch angle region with w./ws < 0 would be
stabilizing. Thus, the net effect of trapped a-particles must be integrated over the entire
trapped a-particle population. If the drift reversal domain is large enough so that the net
contribution from the term w, /w, is negative, then the ideal MHD stable kink mode can
be destabilized by the a-particles. Also shown in Fig. 1 is the wy = 0 curve (Dashed line)
without the finite inverse aspect ratio ¢, shaping factors « and ¢, and plasma J effects. It
is clear that the drift reversal domain increases due to these corrections.

Assuming a slowing-down distribution function with uniform pitch angle, the dispersion

relation for the n = 1 internal kink mode is given by*??3

D(w) = —iy/w(w — wa) + 7 + ©a0Wi = 0 (4)

where w,; is the ion diamagnetic drift frequency, @, is the shear Alfven frequency, and
7y is the ideal kink mode growth rate. Including the shapping effect v, takes the form®1°
Yo = 3m@a(1l — qo)[B7 — 0.09/(1 - §)Yr?/R?, with 8, = —(R?/r}) [3° r*['dr.

The normalized kinetic potential energy dWj is mainly contributed by the trapped

o-particles and is given by

= g [ o) o [ g S S-S,

47‘3 1-r k‘b wq wWq Wy

where r = x/R, ky = /2/rK(k?)/~, ky = (cos(gf)) which is a bounce-averaged quantity,
and S(wz/w) = In(1 —wg/w) + 211 if ¥ < 0 and 0 < w,/wy < 1, otherewise, S(wy/w) =

4
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Figure 1: The wy = 0 curves in the trapped particle (r, X) domain. Curve (a) uses the

present wy = wgyog with K = 1.5,8 = 0.3 and o = 0.5, and curve (b) uses wy = wdoﬁpiGl.

In(1 — wy/w).

The marginal stability condition can be understood by assuming a mean value &y to
approximate the pitch angle integral effect on wy. The effect of magnetic drift reversal is
to reduce the average precessional drift frequency @q. The marginal stability conditions
for both the ideal kink and the fishbone modes are determined by w(1 — 820 (w)?/B2) = wai
and v = Bo/(7B0)(@a + wln | 1 — &y/w |), where By = 4@3/(37w.w4). Since the number
of trapped alpha particles satisfying resonance condition depends on w,o(w) represents
the fraction of trapped alpha particles satisfying resonance condition and is less than one.
Note that at 3, = 0, the marginal stability for ideal kink is possible for w,;/2 < w, < Wi
and v, < w.i/2.

At marginal stability, the real frequency of the ideal kink mode is given by w = w.; /(1 —




B20(w)?/B2), and the stability boundary is given by

_3w,£)‘4ﬂa Wi Wy
o 80Py g gy By ®)

As @4 decreases, the marginal stability boundary curve for the ideal kink mode has a
steeper slope in the (B4, 7s) space. On the other hand, the contribution of w.; is to reduce
v if | 1 — @g/w.i |< 1, and vice versa.

At marginal stability the real frequency of the fishbone mode is much larger than
wai, but smaller than @y, and is roughly given by w = 0.78w,[1 — 0.3v,@a/(Baws@a)] for
4yywq/(3Baw.wa) < 1. The marginal stability boundary is given by

4@3 1.28w,; 0.3vpq
= — 1 .
ﬁaa(w) 37“-‘)-«‘;’.4 \/1 U—)d ( + ,Baw*(:)A ) (6)

Thus, for the fishbone branch, the effect of reducing @y or increasing w.; is to reduce the

critical B,, and vice versa.
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Figure 2: Marginal stability curves in the (8,,7s) plane for w,; = 0 and k = 1. Curve (a)

uses wq = wqog s/r with § = 0.3, and curve (b) uses wg = weG1 7,/7.



In the following we present numerical solutions of the dispersion relation, Eq. (4). With
the fixed parameters E, ='3.5M6V, Wa/wdo = @Wa/wao = 10,7,/R = 0.1,g0 = 0.8, Fig. 2
shows the marginal stability curves in (84, v) space for w.; = 0. In the domain under the
curves, the plasma is stable; the left boundary is for the ideal kink mode, and the right
boundary is for the fishbone mode. The solid curve is obtained by using wy = wqog 75/, the
dotted curve is obtained by using wq = wioGi 7/ (plasma beta and inverse aspect ratio
effects are neglected), and the dashed line uses wy = wyo 7s/r Which represents the deeply
trapped limit. Here g < G; < 1. It is clear that the drift reversal gffect is reducing the
average g, and thus the critical 3, for both the ideal kink and the fishbone modes. The
drift reversal has a small stabilizing effect on the ideal kink branch; the slope of the curve
is proportional to 1/, near 3, = 0. However, the drift reversal has a large destabilizing
effect on the fishbone mode; the threshold for the fishbone is substantially lowered since
the critical 8, ~ &2, We note that even when the total plasma 3 is below the ideal internal
kink threshold, the fishbone mode can be excited with large 3,. The result for deeply
trapped limit [(curve (c))] is presented for comparison purpose.

Figure 3 plots the marginal stability boundaries in the (f4.,7s) space for ellipticity
and trangularity é dependences. The fixed parameters are the same as in Fig. 2. In general,
as k or ¢ increases, the field line curvature and thus wy will decrease, which can be seen
from Eq. (2). It is clear that as k or é gets larger, the stable domain becomes narrower
mainly due to the destabilizing effect on the fishbone mode. The 3, threshold for the
stabilization of ideal kink mode is only slightly decreased by k and 4. But, the threshold
for the fishbone mode excitation can be significantly reduced by « and é. As pointed out
by Kerner® and Connor,!° the ideal magnetohydrodynamic (MHD) critical 8, and thus v,
depend weakly on the ellipticity &, but strongly depend on the trianglarity §. For Solovev
equilibrium® 83, is proportional to (1~ &)™, and & reduces 4. Since the marginal stability

boundary for the ideal kink mode is only weakly modified by 4, the effect of § through +,
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Figure 3: The ellipticity « and trangularity § dependence of the marginal stability curves
in the (fB,,7s) plane for w.; = 0.

has a strong stabilizing effect on the ideal kink mode. On the other hand, the effect of §
through v, competes with its destabilizing effect on the fishbone mode.

Figure 4 shows the core ion finite Larmor radius effect (finite w.;) on the stability
boundary in the (8,,7) space for k = 1.5 and § = 0.3. For typical tokamak parameters
we expect w.i/wio < 0.1. As w.; increases the v, threshold decreases for the ideal kink
mode, but decreases much more for the fishbone mode. We note that the threshold for
the ideal kink mode is reduced by w.;. This is due to the increase of frequency and the
decrease of wy so that there are more particles with wy ~ w,; and | 1 — wg/w.; |[< 1. Then,
from our analytical theory [(Eq. (5))] the 7, threshold for the ideal kink mode is reduced
by w.;. For the fishbone mode the 3, threshold is further reduced by w,; as predicted from
our analytical analysis. The results show that due to the magnetic drift reversal effect w,;

reduces the stable domain much more than the previous calculation indicated.!

In summary, the effects of trapped fusion a-particles on internal kink modes have




L] Al I A rl L} T T 1 L L L LS
0.08 |- ——=0.0
———=0.1
——¢=02 -

' B

~N \
l#ll‘\lll‘ll

0 0.005 0.01 0.015

Ba

Figure 4: The diamagnetic drift frequency (= w.i/wdo)-dependence of the marginal sta-

bility curves in the (8,7 ) plane for k = 1.5 and § = 0.3.

been investigated. Finite Grad-Shafranov Shift, plasma 3, and plasma shaping effects can
significantly enhance the trapped particle drift reversal domain in the pitch angle space
and reduce the magnitude of the precessional drift frequency. The stable domain for both
the ideal kink and the fishbone modes can be significantly reduced. For typical tokamak
parameters, the core ion diamagnetic drift effect can narrow the stable domain in the
presence of alpha particles, even though it has a stablizing effect in the ideal MHD limit.

One of the authors Yanlin Wu is grateful to Dr. R. B. White for useful discussions. This

work was supported by the United States Department of Energy under contract number

DE-ACO02-76-CH03073.
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