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Dispersion Relations for a Plasma-Filled Helix-Loaded—Waveguide

M.A. Makowski, E.B. Hooper, B.W. Stallard

The propagation of waves on bounded, magnetized plasma columns arises in
connection with a variety of applications. To this end dispersion relations are de-
veloped for a variety of multi-region circularly symmetric configurations. These
include, a sheath helix in free space, a plasma column in free space, a plasma filled
conducting tube, a plasma filled sheath-helix in free space, a sheath helix within
a conducting cylinder, a plasma filled sheath-helix within a conducting cylinder,
and a plasma column within a sheath-helix contained within a conducting cylin-
der. The latter configuration is of the most interest for whistler wave excitation
for plasma thruster applications, since it includes the effect of a vacuum region

separating the plasma column from the helical excitation structure.

I. Introduction

High-frequency electromagnetic waves on magnetized plasma columns are of interest
for a variety of applications. In the frequency range in which these waves interact primarily
with electrons, they are used to generate and heat plasmas and, in some cases, to take
advantage of distortions in the electron velocity distribution function.

Inductive excitation of waves can be accomplished using antennas outside the plasma
column. Helicon waves excited this way have been used to generate cool, dense plasmas.!—*
These plasmas are of particular interest for plasma processing,”® generation of plasmas
for lasers,” and as a medium for wave acceleration of ions to high energy.®

Whistler waves propagate on the same branch of the plasma dispersion relation as
helicons but at a sufficiently high frequency that their characteristics are affected by the
cyclotron resonance. Excitation of these waves has usually been done by launching them
along the fieldlines from a microwave horn or similar launcher.®~1% The present authors
are conducting an experiment,'*!® to excite whistler waves on a column by inductive
excitation from the edge; energy is absorbed when the waves propagate down the magnetic
field to the resonance. The resulting expansion of the anisotropic, nonthermal plasma in

a magnetic nozzle can impart momentum to a structure through the magnetic field, thus
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generating thrust. The goal is a high exhaust-velocity rocket of interest for near—earth and
interplanetary travel.

As part of this effort, we need to understand the propagation and excitation of these
waves on a uniform plasma column. In both the model and the experiment the plasma is
surrounded by an annular region with a constant dielectric constant inside a cylindrical
metallic waveguide. A helical antenna used to couple slow waves to the plasma modes
is modeled in the analysis. The plasma is represented in the cold, high frequency ap-
proximation and ion motion is neglected. The resulting formalism holds for electron-wave
excitation at all high frequencies.

We focus primarily on deriving the dispersion relation for waves in the full multi-region
cylindrical system. The dispersion relations developed below thus provide an understand-
ing of the bounded plasma/waveguide normal modes in more complicated geometries than
previously studied so that efficient coupling schemes can be developed. The results are
compared with previous calculations in the appropriate limits, providing a connection with
existing work. The details of the coupling in parameter regimes of interest to the exper-
iment, and of other features characteristic to applications, will be based on these results

but presented in a separate publication.

II. Field Equations for Regions of Uniform and Anisotropic Dielectrics
A. Plasma Model

In the dispersion relations to be developed below there will be one or more radially
separated regions. As shown in Fig. 1, each region is filled with either a uniform isotropic
dielectric or a uniformly magnetized plasma described by an anisotropic dielectric tensor.
Boundary conditions at the interfaces couple the waves in adjacent regions.

For the purpose of this paper we neglect the ion motion. However, we use this model
only when evaluating the dispersion relations and resulting field profiles. Other plasma
models consistent with the form of the dielectric tensor adopted below can also be substi-

tuted. The cold plasma dielectric tensor valid at electron cyclotron frequencies is

€, & 0
e=| €& € 0 (1)
0 0 e,
is assumed in which . )
w, wp
ez:l—ﬁ E.L:l—;?-_—wg— (2ab)



v (2¢)
w2 w2
=1——2Z2 =1—=—27r
n =1= St e =1- s (2de)
cne, =€ + & 2f)

where w, = eB,/m. is the cyclotron frequency, w, = y/nc.e?/egm, is the plasma frequency,
w is the angular excitation frequency, m. is the electron mass, e is the electron charge, B,
is the magnitude of the axially directed magnetic field, € is permittivity of free space, and

ne is the electron density.

B. Field Equations for a region of Homogenous Isotropic Dielectric

Maxwell’s equations for a region containing a homogenous isotropic dielctric can be

written in the form

V.E,=ik.E  +ikoZoz x H, (3a)
V, xE, =ikoZoH,2 (3b)
V,(ZoH;) = ik, ZoH, —ikoerz x E, (3¢)
V, x (ZoH,) = —ikoe, E, (3d)

where E and H are electric and magnetic field intensities respectively, ko = w/c is the free
space wavenumber, ¢ is the speed of light in vacuum, k, is the component of k parallel
to the z-axis, €, is the relative dielectric constant for the region, Zp = \/[-To_/;.; is the
impedance of free space, and pg is the pexmeability of free space.

The perpendicular components of the fields can be written in terms of the parallel

components as follows

. z .
E, = -5k x V.(ZoH:) ~ .V, E.] (4a)
L

ZoH, = ;’;[e,koa x V,E: +k.V,(2Z0H.)] (40)
1

in which k, = y/ke — k2 is the perpendicular wavenumber. In simple situations, these
equations can be decoupled by assuruing that either E, or H, vanish independently to form
transverse electric (TE or H) modes and transverse magnetic (TM or E) modes respectively.

Below, due to the presence of the plasma, the field components are coupled leading to the
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more general EH and HE modes. In cylindrical coordinates the general solution may be

written in matrix form as

E, L
Eo | _,kk:| 0 4 T
ZhHr - k‘2 0
ke,
ZnHe 40 0

Z, oH, ()

N N
a7
o
3
Q)
D

where Zy = Zoko/k,. Define

Xem,j(p) = AD Tn(0) + BOYm(p),  Xim,i(p) = AD Jo(p) + B Yin(p)  (6ab)

a em,j 6 m,j
Xem,i(P) = ——Xé;—-’-, Xom j(p) = 2ot (6cd)

where J,, and Y;, are Bessel functions of the first and second kind respectively and j is a

region index. The individual fields components for the m** azimuthal mode are then

. o . 1
€ U v m. . imé
E; V2 -V.Lthm,J(kOVur) + korxemd(kol’.ur)- N (7a)
in, [im 1,
Egj) B._Viz' thm,J(kO 7') =V X'em,j(koy.l.j )| e ™, (7b)
j ! |
E(J) Xhm,j(kov, r)e""e (T¢)
. in €; tm ;
Z,HY = UJ_V; [-——-;’E- kothm’j(koy""T) + V‘ijgm,j(kovur)] etmd (7d)
1
() inz_ | € im . ' é
ZhH = :TTVE. [n2 J_thm J(ko ) + E;Xem,](koz{ur)] et™ ’ (76)
ZhHY) = Xem,j(kov,,r)e™, (71)

where v,; = \/@ > 0, n?, = ; —n}, 0; = sga(n?)), n} = kI/k, k] = k3v? o5,
= k,; /ko and j is a region index. We are interested only in propagating modes and
implicitly assume k2 > 0.
The Bessel functions J,, and Y;, have been used which are the appropriate choice for
o; > 0. Alternatively, the immaginary counterparts of these functions (Im and Kr) need
to be substituted in the event o; < 0.




C. Field Equations for a Magnetized Plasma

In a region containing a magnetized plasma the field equations are more complicated
owing to the tensor dielectric. As above the perpendicular gradients of the field components
can be written in terms of the transverse components. The primary differences are in the

H, and H equations.
V. E.=ik,E, +ikoZos x H,
V_L X E_L = ikoZoni
V_L(ZOHz) = ikzZoH_L - Zkoi X (EJ_ . EJ_)
VJ_ X (ZQHL) = —ikoe,Ezi

w=(5 ). ®

In a manner analogous to that outlined by Allis, Buchsbaum, and Bers'® coupled dif-

8(a — d)

where

ferential equations for E, and H, may be obtained. The system of equations takes the

form
(V2 +a)E. = b(Z, H.,) (10a)
(V2 + )ZoH, = dE, (100)
where
a=—(k— kgeL)ei’-, b= k,ko?-, (11ab)
L 4
¢ = —(k? — k2S25L)y, d = —kyko 252, (11cd)
€y €

Either E, or H, can be eliminated to yield identical fourth order equations which may be

written as
E,
(V2 +5)(2 + ) (77 ) =0 (12)

where p? and p2 are solutions to the infinite region Appleton-Hartree dispersion relation
p* — (a + ¢)p® + (ac — bd) = 0. (13)

We then have

p? ((a+ )% Vla— o7 +4bd. (14)

VR
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Note that p? and p? are functions of k. and effectively constitute a pair of perpendicular
wavenumbers for the plaéma region.
After some algebra the transverse field components can be written in a form analogous

to that of the isotropic solution. Here we have

. 1 8E;
E, S €& —€ S %o gg
1 9FE,
Eg — —iAn —€x 8 —8 —€x For 06 (15)
ZyH, | e t s € .ZF'La—g_L
0
ZrnHg —t € —€ S Zy 8H,
kor 08

where s = n? —¢,,t = fﬁ?‘ —¢€,,and A =1/(s? - €2).

The normal procedure at this point would be to write the general forms for E, and
H, and derive the expressions for the transverse field components. However, because of
Eqns. (10ab) E; and H, are not independent of one another. In cylindrical coordinates

the general solution for E, may be taken as
E. = [ApmIm(uR1p) + BpmJm(vR1p)] e™° (16a)

where u = p; /ko, v = p2/ko, R1 = kor1, p = r/r; is the normalized radius, and r; is the
plasma radius for our study. The plasma, when present, will always be confined to the
innermost region (0 < r < r;). Substitution of Eqn. (16a) into Eqn. (10a) then gives for
H,

ZyH, = [@Apm Im(uR1p) + BBpmJm(vR1p)] €™° (165)
where a = (a — p?)/bn, = d/n.(c — p%) and B = (a — p2)/bn, = d/n.(c — p?). Define

1An,

Xpm,e(p) = — [Apmeer Jm(uR1p) + Bpmeez Jm(vR1p)], (17a)
R,
' Z.Anz ! !
Xpm,e(P) = R, [Apmearudp(uR1p) + BpmeeavJ n(vR1p)] (178)

where £ is an index ranging from 1 to 3 and where

€11 = S — ey, e12 = 8 — Pex, (18ab)
€21 = €x + as, e22 = € + Bs, (18cd)
€3 =t + aey, €3z =t + Pey. (18ef)



The transverse fields may then be compactly written as

im :
E, = [Rlx;m,l(p) ; —p—Xpm,z(P)] eime, (19a)
B = |~ iy 0) + tpma(0)] (19%)
im im
I, = [Rlx;m,z<p> + -;-Xpm,s(p)] imo, (19¢)
] im imé
ZpHg = *RIXpm,s(P) + 'p—Xpm,2(P) e . (18d)

III. Boundary Conditions
A. Helix Model

Helix loaded waveguides will be considered below. The sheath helix approximation!”
is used in the derivation of the dispersion relation involving helices. In this approximation
the helix is treated as an anisotropic, infinitely thin cylindrical conductor with infinite
conductivity in the direction parallel to a helix of pitch angle, ¥, and zero conductivity in

the direction perpendicular to the helix angle. The sheath helix boundary conditions are
EQ) = Eg) =0, ES}) = ES;") (20ab)

where v is the direction parallel to the helix, w is the direction perpéndicular to the
helix and the superscript refers to field values on either side of the helix. In cylindrical

coordinates (r, 6, z), the helix unit vectors are
v = 0 costp + Zsine (21a)

W = —fsint + 7 cos . (21b)

Equations (20ab) are equivalent to the following conditions which are algebraically easier
to apply!®
EM = E® =0, E() = E®. (22abd)

The sheath helix model contains the essential physics of the helix without adding undo
complexity to the dispersion relation. The primary feature neglected by the sheath helix

model is the coupling of azimuthal modes to one another'”. The azimuthal mode coupling
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results from the boundary condition at a discrete helix and requires the use all normal

modes to match the fields at the helix interface.19:2°
B. Boundary Conditions at a Perfect Conductor

The standard boundary conditions prevail at the interface of a dielectric region and a
perfect conductor, namely the vanishing of E;;, and H,,r which in cylindrical coordinates
become

Eg(a;) =0, E.(a.) =0, (23ab)

Ho(ac)=0 (23¢)

where a. is the radius of the conductor.

C. Boundary Conditions at a Dielectric Interface

The standard boundary conditions apply at the interface between two regions of dif-
fering dielectric constants. These are the continuity of E¢an, and Hyer across the interface.

In cylindrical coordinates these conditions become
E{"(aq) = By (aa), E((ag) = EP(aa) (24ab)

H{Y(ag) = HP(aa), H®(aq) = H® (aq) (24cd)

where a4 is the radius of the dielectric interface.

D. Boundary Condition at Infinity

In order to obtain physical solutions in unbounded regions, the solutions must nec-
essarily vanish at infinity and at a rate such that the integrated power in the mode is
finite. The Bessel function satisfying these conditions is K,,. Thus bounded solutions in
an infinite region require both that oe < 0 and that A = A% = 0 in Eqns. (7a-f)

where the oo sub- and super—scripts refer to the outermost region.

IV. Derivation of Dispersion Relations

We now proceed to derive the dispersion relations for a variety of arrangements of
generally increasing complexity. Several of the dispersion relations do not contain plasma

effects but are included to verify plasma dispersion relations. The derivations also include
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expressions for the field amplitude coefficients, Apm, Bpm, AW Agr)z, Bg}.,),, ..., So that

hm»

field profiles may be obtained for specific solutions to dispersion relations.

A. Single Region Problem (Fig. 1A)

A particular problem of interest is that of a plasma filled waveguide. The boundary
conditions of section III.B will be applied in turn to eliminate the amplitude coefficients

Apm and Bp,,. First, the condition on E, yields

The condition on Eg, Eqn. (23a) gives
0= —R; [Apme21uld},(uR1) + BpmeazvJ,, (vRy)] (26)

+ m [A,,me31 Jm(uRl) + Bpmegg Jm(’le)] .

Substitution of Eqn. (25) into (26) yields the dispersion relation, which after some simpli-

fication can be written as

0= Do = egluRlJ:n(uRl)Jm(le) - egzleJ,'n(le)Jm(uRl)

: (27)
—im(B — a)exIm(vR1)Im(uR;)

Aside from notational differences, this is the dispersion relation first arrived at by Allis,
Buchsbaum, and Bers'®. Standard circular waveguide modes are recovered in the limit of

no plasma (wp, — 0).

B. Two Region Dispersion Relations

We consider a two region problem (Fig. 1), both with and without a sheath helix
separating an outer region, r; < r < rg, containing an isotropic dielectric from an inner
region, 0 < r < r;, containing either a magnetized plasma or a second isotropic dielectric.
To assess the effects of a conducting wall the dispersion relations are also obtained in the
limit r9 — oo.

For the two region case in which the innermost region is plasma filled, the superscript
on the outer region amplitude coefficients will be dropped.The regions may be distinguished

in these cases by p, e, or h appearing in the subscript.



1. Sheath Helix in a Conducting Cylinder (Fig. 1B)

The conducting cylinder located at r = r, imposes the boundary conditions E§2)(r2)

= 0 and E,(f) (r2) = 0 which respectively yield

@) _ _ 4@ Im(v,R2)
ma - hm Km(VL2R2) (28)
and I ( R )
B® = 4@ ma7t2) 29
Y NOW S =

The sheath helix condition, E.(,l)(rl) = E,(,2)(r1) = 0, where r = r; is the radius of the

helix gives upon elimination of BS,?,Z and Bfﬁl respectively

A = AR g @0
and 2) 102V, Kl (v,R)) T
2= A e, e &
where
Uy, = tan — ;%%;, Ty = tanh — % (32ab)
T = In(v ,R1)Km(v, ,R2) — Im(v, ,R2)Km (v, , R1), (33a)
T = Iy (1, RO K (3 Re) = I (v, B2) K (v, R1). (33)

Next the sheath helix condition on the continuity of E; gives upon elimination of Bgi)l

(1) Im(V.LI R, )Km(l/_uRz)
hm T .

A? =4 (34)

The final sheath helix boundary condition on the continuity of H, upon elimination of
AR A8 B and Bﬁl also yields a relation between Aﬁzl and Aslln),, namely

A‘Efn)z _ o2V, T"Km(VJ.zR2) €1I,',2,(VJ_1R1) - Vfi \Il%l_[;zn(yan)

Ag’% o, IL(v,Ri) eT" e —v2, U2 TT, (35)

where
T, = I:Tl(UL2R1)I{m(UL2R2) - Im(ULzR2)I{:n(V.L2R1)3 (36&)
Th= Im(u.uRl )I{:n(V.LzR2) - Irln(UJ.zRZ)Km(V‘Lle)' (36b)

10



Equating expressions (34) and (35) yields the dispersion relation for the sheath helix in a
waveguide
Im(u.u R, )I;n(VuRl) o2V, &1 Iv"rzl(VJ.le ) — Vfl \I}glIEn(lan)

TT =, @l UL T, (37)

2. Sheath Helix in an Infinite Medium (Fig. 1C)

The dispersion relation for the sheath helix in an infinite medium can be obtained
from Eqn. (36) in the limit Ry — oo. The result is

alngIm(VilRl)I:n(VJ_le) — elI:Yz&(V.LlRl)—foqlgll?n(V.LlRl)

> = - . 38
anLsz(VJ.le)K:u\VJ..le) 62K:721(V4.2R1) - szwglKrzn(szRl) ( )
The corresponding field amplitude coefﬁcients in this case are
AD = A® =0, (39ab)
AW — _ A% g L1
em hm nz 11 I:n(V‘LlRl), (39C)
: K (l/ Rl‘)
B(Z) —_ (2) 02V, m\V, . 411
em ma n, ‘1,21 K".R(V.LZRI) ’ (39d)
Im(V R])
B2) = 4N Smiiat 1) 39e
e hm Km(V_LlRl) ( )
In the case that €; = e = 1, whichimpliesv,, =v,, =v,, ¥1; = ¥g;,and o1 =07 =
-1, we recover, aside from notational changes, the dispersion relation derived by Piercel?+?!
L (v, R)Kn(v.R) _ ( mn, )2
= — t ——ee
Lo, R Em(v, Ry~ "+ oY+ 2, (40)

3. Plasma Column within a Perfectly Conducting Cylinder (Fig. 1D)

For this situation, the plasma is assumed to be confined to the region 0 < r < r;
while for r; < r < rp the medium is assumed to be isotropic with dielectric constant ;.

Application of boundary conditions Eqn. (23a) and Eqn. (23b) respectively yields

B =—A m_____-'-l__.., 4
hm h Km(l/‘Lsz) ( l)
I (I/ Rz)
B.,, = -A. —_m\ L2 </ 49
mI{:n(VJ.zRQ) ( )
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From boundary condition Eqn. (24c) and Eqn. (24d) we have

Ahm = —-%—Z—Q[Apm‘]m(URl) + Bpme(le )]7 (43)
K' (v,R
Aem = —'"—(,;*-’:—I)[ApmaJm(uRl) + BpmBJm(vRy)): (44)

From boundary condition Eqn. (24a) we find after eliminating Apm, Bhm, Aem, and Bey,

Fi(u) + 52— |5 +ia-| Jm(uR;)
Bpm = ""Ap 2V 2 [ 2 B T’ ] (45)
G1(v) + 52— [—"T +ipLe] Tm(vRy)
where
tAn, . .
F1(u) = R1 [enuRlJm(uRl) - zmenJm(uRl)], (46(1)
iAnz
Gi(v) = le22v Ry J),(vR:) — imeraJm(vR1)]. (460)

Application of the final boundary condition, Eqn. (24b), and elimination of Apm, Brm,

Aem, and Bey, yields another equation containing only A,m and Bpm, namely

Fz(u)+m |28 — i3 e ] Jm(uRy)

Bym = —Apm (47)
Ga(v) + 52— |24 — i % | Im(vRy)
where
iAnz , .
Fg(u) = [631 uR1 Jm(uR1) —1tmeo Jm(uRl)] ; (48(1)
zAn, . )
Ga(v) = [eszvR1 T (VR1) — imega Jm(vRy)) . (48%)

Equations (45) and (47) constitute two simultaneous linear equations in two the two un-
knowns, Apm and Bp,m. The dispersion relation is obtained by their elimination which

results in

Fi(u) + 52 [ ™ I—] Jm(uR1)

Gl(v) t o, "2".1.2 [ Vie + 'BT"] Jm(le) (49)
Fy(u) + 52— [ 2% - i% %] In(uRy)
Ga(v) + ot |2 — i3 | Jm(e)
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4. Plasma Column in an Infinite Medium (Fig. 1E)

To obtain the dispersion relation for the plasma column in an infinite medium take the
limit of R; — co. In this case, T¢/T ~ T" /Ty ~ K! . (v,,R1)/Km(v,,R1). The resulting

dispersion relation is

IIR1

Fi(u) + 52— [0 +iog2{ag] Jn(uR)

K7, (vy o Ry) R =
Gl(v) + a';u [ + ﬂKmEv R:;] m(le)

m(V Rl) (50)
Fao(u) + -—r; [ “Rl ’n, ‘T‘L‘;Km v, F1 ] Jm(uRy)
€2 Kim(v ,R
Ga(v) + 5 dzv.Lz [;:%1 ZT‘%K'"( RI)] Jm(le)
The field amplitude coefficients may be found from
Fl(u)+ LR T m? Rlﬂ
Bpm _ T2V, Km 'Lle (516)
. = K (v, R1)
P G1('U) toms 02!’ _L2R1 T ﬂKm(”J_le)}
Bim _ Jm(uB1) + Jm(vR1)Bym/Apm (51d)
Apm Km(v,R1) ,
Bem _ aJm(uRy) +B8Jm (”RI)BPm/AP’" (51e)
Apm m( )

5. Plasma Filled Helix in a Conducting Cylinder (Fig. 1F)

As above, the plasma is assumed to be confined to the region 0 < r < r; while for
r; < r < rp the medium is assumed to be isotropic with dielectric constant e;. Application
of boundary conditions Eqn. (23a) and Eqn. (23b) lead to the same result as above, Eqns.
(41) and (42).

Setting EM =0 yields

Fi(u) + Jm(uRy)tany

Bym = —Apm G1(v) + Jm(vRy) tan ¢ (52)
while setting EP =0 gives upon elimination of B¢y, and By,
!
Aem = —iApm 202 ! Ym(U“Rz)‘I‘zl- (53)

n, —T—"- Ym(l/“Rz)

13



Equating the z—component of the electric field on either side of the sheath helix yields

upon elimination of Bpm and By,

Y (v ,R1) Jm(uR1)G1(v) — Im(vRy )Fl(u)

A m = m
hm = 4y T G1(v) + Jm(vRy) tan (59
This can be simplified by noting that |
1An,
Jm(uR)G1(v) — Jm(vR1)Fi(u) = — 7 Dy (55)

where Dy is defined in Eqn. (27) and is the dispersion relation for the plasma filled cylinder.

Hence

Anz Ym(V‘_sz) Do
Ry T Gl(v) + Jm(le)tantb'

Finally, the continuity of H, across the sheath helix, after elimination of Bpm, Bem, and

Apm = —1Apm (56)

Aem, results in

ooV, T Y (v, R2) o,

Abm = —tApm G1(v) + Jm(vRy)tan T YT, — v2 O3, TT)' (57)
where ‘
®; = [Fy(u) + aJm(uR;) tan ¢] [G1(v) + Jm(vR;) tan 9] (58)
— [G2(v) + BIm(vRy) tan 9] [F1(u) + Jm(uRy) tany].
Combining the last two results then gives the dispersion relation
ADy oav , TYT" (59)

Ri®  &Y'T.— 2051,

Note this form of the dispersion relation isolates plasma terms on left hand side of the

equation from the helix terms appearing on the right hand side.
6. Plasma Filled Helix in an Infinite Medium (Fig. 1G)

In this case the field amplitude coefficients are given by
Aem =0=Apm. (60ab)

The relation between Apm and Bpm is unchanged and given by Eqn. (52). We have for

the remaining coefficients

— 02 V_L2 I{m(VLle)
Bem = B R B)’

(61)
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An,Do 1
P™ RiKm (v ,R1) G1(v) + Jm(vRy ) tan ¢’

The resulting dispersion relation is

Bhm = —iA (62)

AD, [€2K:121(V1_2R1) - Vfg ‘IJ%IKrQn(V.L:Rl )] = U2VL2R1K"1(VJ.2R1)K',71(VJ.2R1 )(Pl' (63)

C. Three Region Problem (Fig. 1H)

The three region problem is the most interesting physically, as it represents the most
realistic geometry; one in which a vacuum or near vacuum region separates the helix from
both the wall and the plasma. This dispersion relation determines how close the plasma
must be to the helix in order to obtain good coupling to the plasma wave.

The derivation of the dispersion relation proceeds as above but with much greater
complexity due to the added region. Many of the details will be skipped. The dispersion
relation which results is a fully populated 4x4 determinant. Since there is relatively little
simplication to be gained in the limit r3 — oo, this case will not be considered.

The boundary conditions at the wall yield, analogous to Eqns. (41) and (42)

(3) Im(V.LsR3)

) _ _
ma - Ahm I{m(VL3R3) (64)
and I' (v, Ry)
BG) — _AB) 2m\Ys13) 65
em emK:n(V_LsRIS) ( )

where R3 = korz, ra = radius of the solid conductor.

The helix boundary conditions for the electric field at » = r,, the radius of the helix,

gives
(3) — _; 4(3) I3VUs To3 K (v, Rs)
A Ay me YU Km(v,.Rs) 32 (66)
021, Ta3¥as 3y _ L) p (2) 7t
TRl Ry im = Aen () + Ben Ko (v, B2) (67)
T3 3 2 2
m*‘l% = A In(v,,R2) + B{ K (v, R2) (68)
where
mn; mny,
= tantp — —E_ = tanyh — —0E_ b
Uy = tanp N U3y =tane o LRy’ (69ab)
Yoz = Im(VL3R2)I{m(V;aR3) - Im(VL3R3)Km(vJ.3R2)’ (70a)
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53 = I (v o R2) K (v, s R3) — I, (v, s R3) K, (v, R2). (700)

Next the helix boundary condition for the magnetic field at r = ry, the radius of the helix,

yields
@) 1Dy __te [4op (2) g
hm 0’3V_L3nzT£{3Km(VJ_3R3) - U2VJ_2nz [ I ( R2) +B K ( R2)] (71)
+ U2z [Agr)zIm(V.LzRZ) + Bgr)th(VJ.zRZ)]
where the Dy is the “helix dispersion relation” given by
Dy = e3733, T35 — st‘I’ng%T'%e (72)
in which
’23h = I:n(V.LaR2)Km(V.LaR3) - Im(V.LaR3)K:n(VJ.aR2), (73(1)
23e = m( R2)K:'n(VJ.SR3) - I:n(V.LaR3)Km(V4.sR2)' (73b)
Anticipating that linear combinations of the form
AP L, B5) 4 BEKon(v,, Ry) (74)

and its derivative with j = 1, 2 will frequently arise, we digress now to derive some relations

which will expedite the remaining algebra. To this end define

AP = AD In(v,, ;) + Bl Km(v,, R;), (75q)
B = AU I (v, Ry) + Bim Krn(vi, Ry, (756)
AD = ABIn(v,,R;) + BAKm(v,,R;), (75¢)
BY = AD I (v, R;) + BEK, (v, R))- (75d)

The A’s and B’s subscripted with j = 2 may be expressed in terms of those subscripted

j =1 and conversely. The result is

AR = v B [T AR - TuBR|,  BE = —v,Ba [THAR - T10uB(7)|, (T6ab)
AD = By [T AR ~ 1128, B = —v, R [THAD ~ T1oiBY)|, (T6cd)
AR = —v Ry [Thap A = TaBR)|, B = —vRe [T AR - Y18, (76ef)
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2 2
.«422)-— [ 12h~A(2) Tl?BEl)]’ B(Z) —v, [ aleii)_TllzeBg)]’ (76gR)

where
Y12 = In(v,, R)Km(v, R2) = Im(viy o) Kom(vs R ), (77a)
126 = In (v, R)Km (v, Ra) — I (v, , Ro) K (v, Ra), (77b)
12¢ = Im(vi, R1) K (v, R2) — Ly (v, R2) K (v, Ra). (77¢)
12 = (v, R K (v, Re) = I (v, Ro) K (v, Ra), (77d)

and where use of the Wronskian

1
W{In(2), Km(2)} = Im(2) K], (2) — Kn(2)1;,(2) = - (78)
and the identity )
12¢T12n — T12TY, = TRRR, (79)

have been made. With the notation introduced above the previous results of Eqns. (66),
(67), and (68) can be rewritten as

A(z) A® Tos

hmm» (80)
To3 ¥
B® — _; %2, 123%%2 ) _ “\Il
e2 nsz(V_LaR3) hm 22 Ah2 ’ (81)
(2) _ O2Vi,Ns 1Dy (2) )
B,y = e {aavlsnszsT'z’:,-A — WUy A5 } (82)
Continuing, the continuity of Fy at the plasma-vacuum boundary gives
ApmFi(u) + BpmG1(v) + w1a A + 0, AP =0 (83)
where R Ty2D 2RiY,, T
n, moav oV
wip =~ ;% [m (Mo “Tu‘r'}:{ _ o, BTy, 22] , (84a)
124l €203V,5123123 N
_ ianZ manLGlez‘I’22 _ . n
Wie =~ v R [ & v, RaTrg| . (84b)
Similarly, continuity of F, at the plasma-vacuum interface gives
ApmIm(uR1) + BpmJm(vR1) + won A + w3, AP =0 (85)
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in which

_ ' oav,, 112Dy
wor = v, R, [T12e P U ,2,3] , (86a)
. Y2 ¥
Woe = —iv, , Ry [a V“nz 12 22] . (86b)
2

The last two boundary conditions, those on the continuity of Hg and H,, respectively yield

ApmFa(t) + BpmGa2(v) + w3n AL + w3, A2 =0, (87)
aApmIm(uRy) + BBpmIm(vR1) + wan A2 + wee A2 =0 (88)
Where in, Ry [e2 1Y, ooV, TionDH mogaT12¥a9
Wan = o2 [ n? - o3v, 42 23 TY, T T R ] ! (89a)
W3e = ::ﬁi [02" zi%w” _ mITz:ue] , (890)
Wap = VJ_,Rziq—z—V‘%ﬂﬁ, (90a)
wye = v, , Ry Y5, (90b)

Equations (83), (85), (87) and (88) yield the dispersion relation in the form of a 4x4

determinant

Fy(u) Gi(v) win wie
| Im(uR1)  Jm(vRi) won woe| _
Aq = F(u) Ga(v)  wan wze| 0. (91)

aJm(uR)) BIm(vR1) win  wae

Once a solution to Eqn. (91) has been found the ratio of the amplitude coefficients,
Bpm/Apm, .A /Apm, and A /A,,m may be solved for using any three of the equations
forming the determinant, A4. From Eqns. (82) and (81) Bg’ /Apm and ng) [/Apm may
be found. From the A’s and B’s for j = 2, the A’s and B’s for j = 1 may be derived
from Eqns. (76). Also derivable from either subscripted set of .A’s and B’s are A(z) ] Apms
B [Apm, AL /Aym, and B /A,m through the use Eqns. (75). Finally, A(3) ) | Ay
(‘" ) [Apm, A /Apm, and B3 /Apm can be found from Eqns. (71), (64), (66) and (65)

thus completing the solution of all amplitude coefficients.
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